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Abstract. We solve a longstanding problem by providing a denotational model
for nondeterministic programs that identifies two programs iff they have the same
range of possible behaviours. We discuss the difficulties with traditional approaches,
where divergence is bottom or where a term denotes a function from a set of envi-
ronments. We see that making forcing explicit, in the manner of game semantics,
allows us to avoid these problems.

We begin by modelling a first-order language with sequential I/O and unbounded
nondeterminism (no harder to model, using this method, than finite nondetermin-
ism). Then we extend the semantics to higher-order and recursive types by adapt-
ing earlier game models. Traditional adequacy proofs using logical relations are
not applicable, so we use instead a novel hiding argument.

1 Introduction

1.1 The Problem
Consider the following (call-by-name) language of nondeterministic commands:
M:= x| printe M | ux.M | Mor M

where p is recursion, and ¢ ranges over some alphabet A. A closed term can behave in
two ways: to print finitely many characters and then diverge, or to print infinitely many
characters. Two closed terms are said to be infinite trace equivalent when they have the
same range of possible behaviours.

As stated in [P1o83], “we [... ] desire a semantics such that C[c] (o) is the set of tapes
that might be output”, i.e. a model whose kernel on closed terms is infinite trace equiv-
alence. Some models of nondeterminism, such as the various powerdomains [Plo83]
and divergence semantics [Ros04], identify programs that are not infinite trace equiva-
lent, so they are too coarse. Others count the internal manipulations [Bro02, Esc98] or
include branching-time information, so they are too fine (at best) for this problem.

In this paper, we provide a solution, and see that it can be used to model not only
the above language, but also unbounded nondeterminism, input (following a request),
and higher-order, sum and recursive types. Our model is a form of pointer game seman-
tics [HOOO], although the technology of pointer games is only needed for the higher-
order types. This gives a good illustration of the power and flexibility of game seman-
tics.

Proving the computational adequacy of the model incorporating higher-order, sum
and recursive types presents a difficulty, because the traditional method, using a logical
relation, is not applicable to it. So we give, instead, a proof that uses the method of
hiding. As a byproduct, we obtain a very simple proof of the adequacy of the game
model of FPC [McC96].



1.2 Why Explicit Forcing?

Before turning to our solution, we consider two kinds of semantics that have been stud-
ied. In both cases, suppose the alphabet is singleton {v"}.

1. A divergence-least semantics is one where a term denotes an element of a poset, ev-
ery construct is monotone, and [ux.x] denotes a least element L. Examples are the
Hoare, Smyth and Plotkin powerdomain semantics [Plo83], all the CSP semantics
in [Ros98], and the game semantics of [HM99]. Divergence-least semantics cannot
model infinite trace equivalence, by the following argument taken from [Plo83].

Put M=_1lorv./.L M =1lorv.Lorv.v.L
Then M=lorlorv.w.L<M <K lorv.v.Llorv.vw.L <M

Hence M = M’, contradicting infinite trace equivalence.

2. A well-pointed semantics is one where (roughly speaking) a term (or at least a
closed term) denotes a function from the set of environments. Examples are the 3
powerdomain semantics [Plo83], all the CSP semantics in [Ros98], the semantics
using infinite traces in [Bro02], and divergence semantics [Ros04]. In general, well-
pointed semantics ars appropriate for equivalences satisfying the context lemma
property: terms equivalent in every environment are equivalent in every context.
However, infinite trace equivalence does not satisfy this property, as the following
two terms! involving x demonstrate:

N =xor puy.(v.y or uz.z) N’ = v .xor uy.(V.y or puz.z)

Clearly ux.N' can print v'* whereas ux.N cannot, so any model of infinite trace
equivalence must distinguish N from N’. But N[M/x] and N’[M/x] are infinite
trace equivalent for every closed term M.

Naively, N and N’ can be distinguished by saying that N’ is able to print a tick and
then force (i.e. execute) x, whereas IV is not. And that gives our solution.

This idea, that a model should make explicit when a call-by-name program forces its
(thunked) argument, is present (often implicitly) in game semantics, where (as argued
in [Lev04]) “asking a question” indicates forcing a thunk. That is why our solution fits
into the game framework. However, the game models in the literature are divergence-
least, and this property is exploited by adequacy proofs using logical relations. This is
even true of the nondeterministic model of [HM99], where strategy sets are quotiented
by the Egli-Milner preorder? and so they become cpos. The novelty of this paper is that
it avoids such quotienting.

1.3 Structure Of Paper
We extend the language of Sect. 1.1 in three stages.

! discovered by A. W. Roscoe in 1989 (personal communication), and independently in [Levb].
% The quotienting is needed there to make composition associative, because strategies are not
defined to include infinite traces.



Firstly, in Sect. 2.1, we bring in erratic (aka internal) choice operators of arbitrary
arity, which compels us to consider finite traces as well as infinite traces.

Secondly, in Sect. 2.2, we add requested input, for example printing a request such
as Please enter your name, then waiting for the user to enter a string. This
kind of I/O is familiar to beginning programmers. At this stage we can still give a non-
technical denotational semantics—we do that in Sect. 2.4.

The third extension, in Sect. 4, is higher-order and recursive types. Before doing
this, we introduce the basic structures of pointer games in Sect. 3, which we use in the
model.
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2 First-Order Language

2.1 Erratic Choice and Omni-Errors
To allow choice operators of various arities, we define:

Definition 1
An erratic signature Y is a family of sets { P, },cp, together with a set U, such that
either all P, are nonempty or U is nonempty. ]

Any such Y—together with an alphabet .A—determines a language £(Y, .A) in which

— each h € H provides an erratic choice operator choose” of arity P,
— each u € U is an omni-error, meaning that any program, at any time, is allowed to
abort, printing Omni-error message u.

The syntax is
M:= x| printc M | pux.M | choosegeph M,

For each context I = xg, . . ., X,,_1, we define a terminable LTS L(Y, A, I") with labels
AU {r}. Its states are the terms I" - M, and its terminal states are the free identifiers.
The transitions are

px. M Lo Mpx.M/x] choosegeph M, L M; (pe Py
print c. M SM

and we also write M % for every closed term M and u € U.

Usually, U would be empty, so omni-errors cannot happen. But if P}, is empty, for
some h € H, then the program choose” has no way of behaving other than to raise an
omni-error. And if U is empty too, then there is no way at all for the program to behave
(deadlock); so the language cannot be implemented. Rather than bring up the issue of
failures, Def. 1 simply excludes this situation.

A program in this language can behave in 3 ways:



1. print finitely many characters then diverge
2. print infinitely many characters
3. print finitely many characters then raise an omni-error.

For a closed term M, let us write [M]i,s C A* X A“ for the range of behaviours of
type (1)—(2) that M can exhibit. Let us write [M]g, C A* for the set of finite traces
(without omni-error) of M, and write [M] for the pair ([M]in, [M]inf). The range of
behaviours of type (3) that M can exhibit is precisely [M]s, x U. So the complete
range of behaviours of M is [Mlinf + [M]sn x U, which we call [M]y. We define
infinite trace equivalence to be the kernel of [—].

Proposition 1 1. For some signatures and alphabets, infinite trace equivalence is strictly
finer than the kernel of [—]ins.
2. For all signatures and alphabets, infinite trace equivalence is the kernel of [—].
O

Proof. (1) Consider v'.choose” and choose” , where P, is empty. (2) By the nonempti-
ness assumption, every finite path extends to a path that is either infinite or ends in an
omni-error. (]

Henceforth we regard Prop. 1(2) as defining infinite trace equivalence, and ignore omni-
errors.

2.2 Requested Input

For the second extension (see Sect. 1.3), we define an /O signature to be a family of
sets Z = {1, }oco- Each o € O provides a requested input operator input? of arity I,
that prints o and then waits for the user to supply some ¢ € I,. We say Z is countable
when O and each I, is countable.

Given a signature Z, we write Rz for the endofunctor on Set mapping X to
> ocoX o, We then obtain a strong monad Tz on Set (the free monad on Rz) map-
ping A to uY.(A+ RzY). This monad can be used, in the manner of [Mog91, PP02], to
model requested input. Note that this includes as special cases the monads designated
in [Mog91] as “interactive input”, “interactive output”, and “exceptions”. We accord-
ingly regard each output ¢ € A as an element of O such that I/, = 1, and we regard
print c. M as syntactic sugar® for inputf.; M.

2.3 Bi-Labelled Transition Systems

To describe the behaviour of a system using requested input, the following variation on
an LTS is most natural.

Definition 2 (BLTS)

1. A bi-labelled transition system (BLTS) L, wrt an I/O signature Z = {I,}.c0,
consists of

3 The operational difference between these constructs appears to be denotationally immaterial,
at least in the sequential setting.



— aset S of states, each of which is classified as either a silent state or an o-state
for some request o € O—we write Sg; and S, for the set of silent states and of
o-states, respectively

— arelation ~ from S to S, and, for each o € O, a function S, x I, —= §

More abstractly, it is a coalgebra for the endofunctor P + Rz on Set.

2. A terminable BLTS is the same, except that there can be terminal states.

3. A terminable BLTS, is deterministic when each silent state has precisely one suc-
Cessor.

4. Given a terminable BLTS £ wrt Z + Z', the hiding of L, written £ | Z is the
BLTS wrt Z obtained as follows: each o-state d (where o € Z') becomes silent,
andd ~ d' if d: 1 = d’' for some i € I.

O
As with LTS’s, we can obtain trace sets of states, in the following way.
Definition 3 (strategies) Let Z be an I/O signature, and let V' be a set.

1. An play wrt Z is a finite or infinite sequence o0gip017; ... where o, € O and i,. €
I, . It awaits Player if of even length, and awaits o-input if of odd length ending
in o. A play terminating in V wrt Z is a Player-awaiting play extended with an
element of V.

2. A nondeterministic infinite trace (NIT) strategy into V consists of
finite traces a set A of input-awaiting plays
divergences a set B of Player-awaiting plays
infinite traces a set C of infinite plays
terminating traces a set D of plays terminating in V'
such that if s is in A, B, C or D, then every input-awaiting prefix of s is in A.
We write TH'T V for the set of all NIT strategies into V. Clearly T)'T is a strong
monad on Set.

3. A Player-awaiting or infinite play is consistent with a strategy o when every input-
awaiting prefix is a finite trace of o.

4. For d € V, we define nd (the monad’s unit at d) to be the strategy

({3 {3 {dh)

5. Given a family of strategies {0 }ic1, where o; = (A;, B;, C;, D;), we write | J,; 03

for the strategy
Ua.Us.Uec. Uy

i€l i€l i€l 4€l
6. Given o € O, and for each ¢ € I, a strategy 0; = (A;, B;,Ci, D;), we write
input{c; o for the strategy

({o}UH{ois|i € I,,,s € A;},{ois|i € I,,s € B;},{ois|i € I,,s € C;},{ois|i € I,,s € D;})

7. A strategy (A, B, C, D) is deterministic when
— any Player-awaiting play consistent with it has at most one immediate exten-
sion to a play in A or D, and is in B iff it has no such extension



— any infinite play consistent with it is in C.

8. Given a Player-awaiting (resp. infinite) play s wrt Z + Z’, we write s | Z for
the Player-awaiting (resp. Player-awaiting or infinite) play obtained by removing
moves in Z'.

9. Given a strategy 0 = (A, B,C,D) into V wrt Z + Z’, the hiding of o, written
o [ Z, is the strategy wrt Z given by

({(s1Z)olso € A 0 € Z},
{s|Z|s € BYU{s|Z|s € C, s| Z awaiting Player},
{s1Z|s € C, s| Z infinite},
{(51Z)elsv € DY)

O

Proposition 2 1. The strategy 7z is deterministic, and input® preserves determinism.
2. Given signatures Z and Z’, the hiding of

nu is nu
UO}; is U(O’i {Z)
iel iel
. o . Jinputic; (oi1Z)ifoe Z
NPUticy, i 15 {Uielo (0:12) ifoeZ

where each o; is a strategy wrt Z + Z'.
O

Definition 4 (BLTS to strategies) Let Z be an I/O signature, and let £ be a terminable
BLTS wrt Z. Write V for its set of terminal states.

1. For each state d € .S, we write [d]z, or just [d], for the NIT strategy (4, B, C, D)
into V' where an input awaiting play so (respectively divergence s, infinite play s,
terminating trace sv) is in A (resp. B, C, D) iff there is a sequence of transitions
from d to some o-state (resp. infinite sequence from d, infinite sequence from d,
sequence of transitions from d to v) whose sequence of non-silent actions is s.

2. Two states d and d’ are infinite trace equivalent when [d] = [d'].

O

Proposition 3 For any state d in a terminable BLTS, [d] isinput{c; [d : i]orJ, 4 [d']
or nd according as d is an o-state or silent or terminal. 0

2.4 Operational and Denotational Semantics

Now we are in a position to treat the second extension (see Sect. 1.3). An erratic signa-
ture Y = { Py }nen and VO signature Z = {I,},c; define a language £(Y, Z) whose
syntax is given by

M:= x| ux.M | choosezeph M, | inputi.; M;



Each context gives rise to a terminable BLTS wrt Z, called L(Y, Z, I'). Its states are the
terms I" = M, and its terminal states are the free identifiers. ux.M and choose Ze P, Mp

are silent, and inputj.; M, is an o-state. The transitions are

px. M ~ M[ux.M/x] choosegeph M, ~» M for each p € P,

(inputfelo M;) : 2= M; foreachi € I,

These transition systems have the following properties.
Lemma 1 Suppose I',x = M and I' = N. Suppose that M is not x.

1. M is silent iff M[N/x] is. If, moreover, M ~» M’ then M[N/x] ~ M'[N/x].
Conversely, if M[N/x] ~ @ then M ~» M’ for some M’ such that Q@ = M'[N/x].

2. M is an o-state iff M[N/x] is, and then M[N/x] : i = (M : i)[N/x] for each
i € I,.

3. Foreachy € I', we have M = y iff M[N/x] = y.

Proposition4 1. [x] = nx

2. [choosezeph M) = Upep, [Mp]
3. [inputf.; M;] = inputic; [M,]
4. If I',x - M then [ux.M] = pu[M], where we define 1(A, B, C, D) to be

({lo---ln_1lollo%, ..., ln_1x € D,lo € A},

(ol alllo%, . by 1x € D1 € BYU{lo--lp_1]lo%, .- ln_1x € D,x € D},
{lo-ln—1lllox,...,ln—1x € D,1 € C} U {loly - - |lox, l1%, ... € D},

{lo-+ - lu_aly|lox, ..., ln—1x € D,ly € D})

5.1 x+ Mand I' b N, then [M[N/x]] is [M]*[N], where we define (A, B, C, D)«
(A, B',C", D') to be

(Au{ll'o|llx € D,l'o € A"},
BU{llllxe D,I' € B'},
Cu{ll'llxe D,l" e C'},

{ly|lly e D}y U {ll'y|lx € D,l'y € D'})

6. Let Z be countable. If Y contains () and a set > 280, then every strategy into I” wrt
Z is [M] for some term I' - M in L(Y, Z).
O

(1)—(5) give us a compositional description of [—], i.e. an adequate denotational se-
mantics. However, we lack a characterization of those strategies definable using only
countable choice.



3 Arenas and Pointer Games

3.1 Arenas and Strategies

The remainder of the paper uses the pointer games of [HO00]. We recapitulate below
the basic theory of these games, omitting, for simplicity, the various constraints of inno-
cence, visibility and bracketing (although the latter two can easily be incorporated into
our model). Because of this liberality, our model includes general references [AHM98]
and control operators [Lai98], though we will not treat these at the level of the language.

The formulation of sum types in [AHM98] is not quite suitable for us, because it
needs both players to obey the bracketing condition. Instead, we follow the formulation
in [Leva], where it is Player who moves first (as in Sect. 2.3).

Definition 5 An (unlabelled) arena R is a countable forest, i.e. a countable set tok R
of tokens together with a function enabler : R — {*} 4+ R such that, for every token
r, the sequence

r=ro | enabler ot enabler

eventually reaches x. We write rt R for the set of tokens enabled by *. ]

An arena R determines a game as follows. Play alternates between Player and Oppo-
nent, with Player moving first. In each move, a token r € tok R is played. Player moves
by either playing aroot r € rt R, or pointing to a previous Opponent-move m and play-
ing a successor of the token played in m. Opponent moves by pointing to a previous
Player-move m and playing a successor of the token played in m. An arena R together
with an I/O signature Z = {I,},co determines a variation of this game: Player can opt
to play some o € O instead of a token, and Opponent must then play some ¢ € I,,. Here
is a formal description.

Definition 6 1. A justified sequence s in an arena R consists of

— a finite or infinite sequence sg, 51, ... in tok R+ O + > 1, (we classify
1 € dom s as an arena move, an o-output move or an o-input move), such that
a move is an o-input move iff it is the successor of an output move playing o

— a function justifier mapping each arena move m to an earlier arena move or x,
called the justification pointer from m, such that enablers,, is sjystifier(m) (O *
if justifierm = x).

2. A play is a justified sequence s such that

— if 4 is an arena move, then justifier 7 is even if 7 is odd, and odd or * if 0 is even

— if ¢ is an output move, then ¢ is even.

3. A move ¢ € dom s is a Player-move or an Opponent-move according as ¢ is even
or odd.

4. A finite play awaits Player or awaits Opponent according as its length is even or
odd. In the latter case, it awaits o-input or awaits arena-Opponent according as its
last move is an o-output move or an arena move.

5. An nondeterministic infinite trace (NIT) strategy sigma for an arena R consists of

— aset A of Opponent-awaiting plays (the finite traces)
— aset B of divergences (the divergences)



— aset C of infinite plays (the infinite traces)
such thatif sisin A, B or C, then every Opponent-awaiting prefix is in A. We write

R —Z> tosay that o is a strategy on R. We write strat for the set of strategies
on R.

6. We define |
Def. 3.

ic7 i and input; ;- o; and deterministic strategies and hiding as in

O

The following cartesian category of arenas is crude but useful.

Definition 7 1. A foken-change from arena R to arena .S is a function tok S N tok R ,
such that, if b € rt S, then fb € rt R and f restricts to an arena isomorphism from
STy (the arena of tokens in S strictly below b) to R ¢p.

2. Given a token-change R N S , and a strategy o on S, we define a strategy f..c
on R. Its finite traces, divergences and infinite traces are obtained by applying f to
each token of those of o.

3. We write TokCh for the category of arenas and token-changes. Finite products are
given by disjoint union, which we write as .

d

3.2 Categorical Structure

In this section, we define a category G, whose objects are arenas. It (with determinism
and bracketing constraints) is called the “thread-independence” category in [AHM98].

Definition 8 1. For arenas R and S, we define G(R, S) tobe [[,,, g strat (RW S[).

2. Forarena Rand b € rt R, we define id g  to be the deterministic strategy on RUR];,

with no divergences, and whose finite/infinite traces are all plays in which Player
initially plays * « inl b, and responds to

0inlb with x ~inrb
n+1inlb with n A inrbd

n+1inrb with n A inlb

We then define idp € G(R, R) tomap b € rt Rtoidp .

For arenas R, S, T, we define a map
G(R,S) x strat (SWT) ——strat (RWT)
as follows.

Definition 9 1. An interaction pre-sequence on R, ST consists of a justified se-
quence on RWSWT—we write threads s for the set {x}U{m/|s,, € rt S}—together
with a function mapping each rootmove in R to an earlier rootmove in S, and each
output move to an element of threads s. (These are called thread-pointers.)



2. Given an interaction pre-sequence s on R, S, T,

— its outer thread consists of all moves in R and 7', and all output and input
moves

— its *-inner thread consists of all moves in S and 7", and all output moves thread-
pointing to * and subsequent input moves

— its g-inner thread (where ¢ is a rootmove in .S) consists of all R moves de-
scended from a rootmove threadpointing to g, all S moves strictly descended
from ¢, and all output move thread-pointing to * and subsequent input moves.

s is an interaction sequence when all these justified sequences are plays.

3. Let s be an interaction sequence, and let ¢ € {outer} +threads s (we say that ¢ is a
thread-index). Then q is live in s when the ¢-thread awaits Opponent, if ¢ = outer,
and awaits Player, if ¢ € threads s.

O

Proposition 5 Let s be a finite interaction sequence on R, S, T

— s has precisely one live thread-index, call it q.

— If sm is an interaction sequence, then m is in the g-thread of sm, and so g is not
live in sm.

— If s has g-thread ¢, and ¢m is a play, then sm is an interaction sequence.

If s is an infinite interaction sequence, then no thread-index is live. O

Definition 10 1. Let R, S,T be arenas, let 0 € G(R,S) and let 7 € strat (SWT).

We define o\ € strat (RWT') to have

finite traces the outer thread of every outer-Opponent awaiting play s whose ¢-
inner thread, for every ¢ € threads s, is a finite trace of ¢(o, 7)

divergences (1) the outer thread of every [-inner-Player awaiting play s whose
[-inner thread is a divergence of (o, 7) and whose g-inner thread, for every
q € threads s\ {l}, is a finite trace of ¢(c, T)

divergences (2) the outer thread of every infinite play s whose g-inner thread, for
every ¢ € threads s, is a finite trace or infinite trace of ¢(c, 7), and whose outer
thread awaits Player

infinite traces the outer thread of every outer-infinite play s whose g-inner thread,
for every g € threads s, is a finite trace or infinite trace of ¢(c, 7), and whose
outer thread is infinite.

2. Given G-morphisms R —2—= S and S —— T , we define the composite R SN
atb € rt T to be o\ 7p.

3. Given G-morphism R —7 56 and § ——> , wedefine the composite R T
to be o\ 7 (taking T to be the empty arena).
O

Proposition 6 Def. 10(2) satisfies associativity and identity laws, making G a category.
Def. 10(3) satisfies associativity and left-identity laws, making strat a left G-module,
i.e. afunctor §© — Set. O



We define an identity-on-objects functor F : TokCh — G, by token-changing copy-

F F
cat strategies. Then all compositions of the form R L S—2>Tor R LN S —7=

or R—2= ¢ L T are trivial, because they just token-change along f. It is im-
mediate that G has finite products given by W, and F preserves finite products on the
nose.

We recover \ from the categorical structure:

Proposition7 If R —7= 8§ and RWT —— ,theno\7 = (0 x T); 7 O
By analogy with Prop. 2, we have

Proposition 8 — The operations \ and token-changing and input® all preserve deter-
minism, and idg ; is deterministic.
— Given signatures Z and Z’, the hiding of

id}@b is id}gb

foois f.(o]2)
o\t is (o [Z)\(7]
U‘Tl is U oi 1 Z)
i€l i€l

. o . Jinputie; (0i1Z)ifoe€ Z
Inputjcr, 05 18 {Uielo (0:12) ifoec 7'

where o and 7 and all o; are strategies wrt Z + Z’.
O

In order to give the semantics of inl and inr, we require the following, whose
direct description we omit.

Definition 11 If b € rt S and R —2> S , write R S —2> for o\(f..ids,).

writing ST, WS A S ST, for the obvious token-change. O

4 Call-By-Name FPC

4.1 Operational Semantics

Again, let Y be an erratic signature and let Z be an I/O signature. We define a language
LFPC(Y, Z) as follows. The types are given by

A= A+A |0 | AxA|1]|A—-A] X | uX.A

0 is, in effect, the sole type of the language of Sect. 2.4. The terms are given (omitting
the constructs for 0 and 1) by
M:= x| inlM | int M | 7M | ©'M
| A x. M | MM | fold M | unfold M
| pm M as {inl x.N,inr x.N'} | (M, M)



where pm stands for “pattern-match”. We define I"' - M : B in the standard way.

We give CK-machine semantics [FF86] in Fig. 1. During evaluation of I' - N : C,
a configuration consists of aterm I' = M : B and a stack K of contexts. We introduce
a typing judgement for the stack I'| B ¥ K : C, inductively defined in Fig. 2. For each
context I" and stack C, Fig. 1 gives a terminable BLTS wrt Z called LP¢(Y, Z, I, O).

Initial Configuration to execute '+ N : C'

I[N | C | nil|C
Transitions

I'lpm M as {inl x.N, inr x.N'} B K|C|~
rm A+ A" |pm[]as {inl x.N,inr x.N'} :: K|C
I'linl P A+ A" |pm[]as{inl x.N,inr x.N'} :: K|C|~
r|N[P/x] B K|C
I'\'mM B K|C|~
rm Bx B’ w[]  K|C
T'|(N,N") Bx B’ ]t K|C|~
I''N B K|C
I''MN B K|C|~
M A—B [N :: K|C

'\ x.P A— B [IN :: K|C|~
I|P[N/x] B KlC
I'lunfold M B[pX.B/X] K|C|~
M uX.B unfold [] :: K|C
I'|/fold N uX.B unfold [-] :: K|C|~
rin BluX.B/X] K|C
I'|chooselcp M, B K|C|~ (p € Pn)
rim, B Klc
I'|inputf.; M; B K|Cl:i= (i€l
'\ M; B K|C
Terminal Configurations

I'\xx.P A— B nil|A — B
rl(v, N Bx B nil|B x B’
I'|inl M A+ A nillA+ A’
I'|fold M uX.B nil|puX.B
I'|x B K\|\C

Fig. 1. CK-machine semantics for call-by-name FPC

4.2 Denotational Semantics

Definition 12 1. A Q/A-labelled arena is an arena (R, enabler), with every token
classified as question or answer, where no answer enables an answer. It is Q-rooted
when, moreover, every root is a question.



Ix:AF*N:B Ix:Ar-N':B T|BHF'K:C

rc+ni1:c A+ A+ pm[]as {inlx.N,inr x.N'} = K : C
I'N:B TI'BFK:C I'BuX.B/X|F*K : C INB'HK:C
A—-TBF[IN:K:C I'pX.B+H unfold[]: K : C INBxB +*n[]:K:C

Fig. 2. Stack syntax for call-by-name FPC

2. For a countable family of Q/A-labelled arenas {R;};cs, we write pt?E 1 R; for the
labelled arena with I roots, each a question, and a copy of R; placed below the ith
root. Similarly pt/;.; R;, provided that each R; is Q-rooted.

3. Let R and S be Q/A-labelled arenas. We say that R C S when for every r € tok R,
both r and all its ancestors are tokens of .S, with the same labelling.

4. We write £ for the (non-small) cpo of countable families of Q/A-labelled arenas.
{Ri}ier C {S;};cs when for every i € I, we have j € J and R; C S;.

O

A type with n free identifiers denotes a continuous function from £ to &, with type
recursion interpreted as least fixpoint. If, in a given type environment p € £, type A
denotes {R; };cr and type B denotes {S;}c s, then, at p,

— A x B denotes the combined family indexed by I + J
- A — B denotes {pt?eIRi WS;}ies
- A+ B denotes {ptA{ptlQeIRi, pt;QeJSj}}.

Semantics of judgements:

- Acontext I' = x¢ : Ag,...,%Xn—1 : Ap_1, Where Ay, denotes { Ry; }:icr,, denotes
the labelled arena pt?E o W pt?E 1, Bn-1)i-

— If the context I" denotes R, and the type B denotes {5}, thenaterm I' - M :
B and a configuration I, M, A, K, B both denote an element of [, ; strat (R W S;)

— If the context I denotes R and A denotes {5, } jc s and the type B denotes {7} } rek»
then a stack I'| B H* K : C denotes an element of [, _ > jes G(RWUT, S;).

Semantics of terms (in outline)

— choose” and input? are interpreted by  J and input®.

— Identifiers and nil denote token-changed id strategies.

— The operations of projection, pairing, A, fold, unfold and stacking application, pro-
jection and fold contexts are interpreted by token-changing.

— inl/inr are interpreted using X and token-changing.

— The operations of application, pattern-match, stacking a pattern-match context and
forming a configuration are interpreted using \ and token-changing.



Definition 13 For a configuration d = I', M, B, K, C, where I" denotes R and C de-
notes {5 } e, we write [[d]] for the element of [ [ ; strat (R S;) that maps j to the
strategy on S containing

— all finite traces/divergences/infinite traces of [d]
— all finite traces/divergences/infinite traces of the form st, where sT is a terminating
trace of [d], and ¢ is a finite trace/divergence/infinite trace of [17;.

O
Using Prop. 8(8) and Prop. 7, we prove

Proposition 9 1. If the erratic signature Y is empty, then the denotation of every term,
stack and configuration d is deterministic, and so is [[d].
2. [soundness] For any configuration d, we have [d] =
- [M]ifd=1T,M,C,nil,C
= Ugoa [d'], if &' is silent
— inputjc; [d:i] if d is an o-state

Finally, we want to prove
Proposition 10 (adequacy) [d] = [[d], for every configuration d in LFPC(Y, Z). O
Prop. 9(2) immediately gives us a weak version:
Lemma2 Letd = I, M, B, K,C, where [C] = {S;};c.s. Suppose j € J.

1. If s(T,nil ) is a terminating trace of [d] and ¢ is a finite trace (divergence, infinite
trace) of [T7]7, then st is a finite trace (divergence, infinite trace) of [d] ;.

2. Every finite trace of [[d]Jj is a finite trace of [d]j.

3. Every finite trace (divergence, infinite trace) of [d]j is either a finite trace (diver-
gence, infinite trace) of [[d]]j or an extension of a divergence of [d].

O

We next define the unhiding transform from LFP¢(Y, Z) to LFPC({}, Z + (Y +{v})).
The translation on terms and stacks is defined in Fig. 3. For a configuration d =
M, B, K, C, define d to be the configuration M, B, K, C.

Lemma3 1. IfIx: A+ M:Band '+ N : Athen M[N/x] = M[N /x].
2. Letd = M, B, K,C. If M is not choose or input, then either d and d’ are both
terminal, or d ~ d’ for unique d’, and d ~ v'.d’.

3. [d] has no divergences. B -
4. If [d] = (A,B,C,D) then [d| | Z = (A, B, C,{sT|sT € D})
O

Now [d] and [[d]] are deterministic (Prop. 9(1)) and have the same finite traces (Lemma 2(2)—
(3) and Lemma 3(3)). So [d] = [[d]]. Prop. 8(8) tells us the following.

Lemma4 1. If P is a term or stack, then [P] [ Z = [P]. 3
2. If d is a configuration, then [d] | Z = [d], so (by Lemma 3(4)) [d]] | Z = [d]-
U

Hence [d] = [d] [ Z = [d]] | Z = [d], as required.



I'-M:B I'-M:B
x X
Ax.M Ax.v .M
MN (v.M)N
(M, M) (31, 377)
wM v .M
inl M inl M
pm M as {inl x.N,inr x.N'} |pmv.M as {inl x.v.N,inr x.v".N'}
fold M fold v.M
unfold M unfold v.M
choose;ﬁeph M, inputZEPh M,
input{ , M; input{ ., M;
BHK:C BHK:C
nil nil
[]N K [N = K
w[] = K ] K
pm []as {inl x.N,inr x.N'} :: K|pm [] as {inl x.v".N,inr x.v’.N'} = K
unfold [] :: K unfold [] : K

Fig. 3. The Unhiding Transform
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