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Call-By-Push-Value

Paul Blain Levy

Abstract

Call-by-push-alue (CBPV) is a new programminganguageparadigm,basedon the slogan“a
valueis, acomputatiordoes”.We claimthatCBPV providesthe semantigrimitivesfrom which
the call-by-value and call-by-nameparadigmsare built. The primary goal of the thesisis to
presentthe evidencefor this claim, which is found in a remarkablywide rangeof semantics:
from operationakemanticsin big-stepform andin machineform, to denotationamodelsusing
domainspossibleworlds, continuationsandgames.

In thefirst partof thethesiswe cometo CBPV andits equationatheoryby looking critically
atthecall-by-valueandcall-by-nameparadigmsn the presencef generatomputationaéffects.
We give a Felleisen/Friedman-styl€K-machinesemanticswhich explainshow CBPV canbe
understoodn termsof push/popnstructions.

In thesecondhartwe give simpleCBPV modelsfor printing, divergenceglobalstore errors,
erraticchoiceandcontroleffects,aswell asfor variouscombination®f theseeffects. We develop
thestoremodelinto apossiblevorld modelfor cell generationand(following Steelewe develop
the controlmodelinto a “jumping implementation’usinga continuationlanguagecalled Jump-
With-Argument(JWA).

We present pointergamemodelfor CBPV, in the style of HylandandOng. We seethatthe
gameconceptof questioningandansweringcorrespondo the CBPV conceptsof forcing and
producingrespectiely. We obsene thatthis gamesemanticds closelyrelatedto the jumping
implementation.

In the third part of the thesis,we studythe cateyorical semanticdor the CBPV equational
theory We presenandcompare3 approaches:

e modelsusingstrongmonadsin the style of Moggi;
e modelsusingvalue/poducerstructutes in the style of Pover andRobinson;
e modelsusing(strong)adjunctions.

All theconcretemodelsin thethesisareseento beadjunctionmodels.
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Chapter 1

Intr oduction

1.1 Computational Effects

Much attentionhasbeendevotedto functionallanguagesvith divergence(nontermination)such
asPCF[Plo77 andFPCJ[Plo8Y, andto theirmodels.After all, it is well-known thatalanguage
with full recursionmusthave divergentprograms.Yet someof the mostfundamentakemantic
issuesinvolvedin theselanguagesare far more generalthanis oftenrealized,and (aswe will
arguein Sect.2.2) canbe correctlyunderstoodnly in the light of this generality They arise
whenerer we combineimperative andfunctionalfeatureswithin a singlelanguage.

It may strike the readeras strangeto regard divergenceas an imperatve feature,for what
could be more “purely functional” than PCF?But it is a remarkablefact that the samecore
theory (the subjectof Chap.2) applieswhenwe addto the simply typed A-calculusary of the
following [Mog91]:

e divergence

readingandassigningo a storagecell

inputandoutput

erraticchoice

generatinga new nameor cell

haltingwith anerrormessage

e controleffects(we shallexplainthesein Chap.6)

Thus,whetherr notdiverge reallyisacommandit certainlybehaeslikeone.We call all these
featurescomputationalkeffectsor just effects In our exposition,we shalluseprint commands
asour leadingexampleof an effect, ratherthanthe more familiar diverge, becauseloing so
makesimportantdistinctionsclearer(aswe shallarguein Sect.2.2).

Thefirst issuethatarisesfor effectful languagess that—bycontrastwith the simply typed
A-calculus—ordeof evaluationmatters. Whethera programcorvergesor diverges,whethera
programprintshello or prints goodbye, will dependon the evaluationorderthatthe language
uses.

A priori, thereare mary evaluationordersthat could be considered.But two of themhave
beenfoundto be significant,in the sensethatthey possess wide rangeof elegantsemantick

1A third methodof evaluation,call-by-needis usefulfor implementatiorpurposes But it lacksa cleandenota-
tional semantics—aleastfor effectsotherthandivergenceanderraticchoicewhosespecialpropertiesareexploited
in [Hen8Q to provide a call-by-needmodel. Sowe shallnot considercall-by-need.
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call-by-namgCBN) andcall-by-value(CBV).

1.2 ReconcilingCBN and CBV

1.2.1 The Problem Of Two Paradigms

Researcherbave developedmary semanticfor CBN and CBV. But eachtime a new form of

semanticss introducedgachtime atechnicalresultis proved,eachtime ananalysisof semantic

issueds presentedywe have to performthework twice: oncefor CBN, oncefor CBV.
Herearesomeexamplesof this situation.

¢ In mary introductorytextbooksonthesemantic®f programmindanguagesge.g.[Gun93),
we arefirst shovn a CBN languageandits operationakemanticsWe aregivenadenota-
tional semanticaisingdomainsandthis is proved adequate Next, we areshavn a CBV
languageandits operationakemanticsWe aregivena denotationatemanticandthis too
is provedadequate.

¢ In[HO94,Nic96] agamesemanticss presentedor aCBN languageandvarioustechnical
propertiesareproved. Then,in [AM98a, HY97], agamesemanticss presentedor aCBV
languageandsimilar technicalpropertiesareproved.

¢ In [SR98],a machinesemanticandcontinuationsemanticarepresente@ndtheir agree-
mentproved: first for a CBV languagethenfor aCBN language.

e In[Ole87, afunctorcategorysemanticéor aCBN languageés presentedThen,in [Mog90,
Sta94 afunctorcateggory semanticgor a CBV languages presented.

This duplicationof work is tiresome. Furthermorejt makesthe languagesnvolved seem
inherentlyarbitrary We would preferto studya single,canonicalanguage.

1.2.2 A Single Language
How canthesituationdescribedn Sect.1.2.1beremedied? first suggestioris asfollows.

Supposeve have alanguagef in which both CBN andCBYV programscanbe
written. Thenwe needonly give semanticdor £, andthis automaticallyprovides
semanticgor CBN andCBV.

Thereis a basicproblemwith this approach.As an extremeexample,considerthat CBN
andCBYV languageganboth betranslatednto w-calculus|San99 sow-calculusis “a language
in which both CBN and CBV programscan be written”. But this doesnot relieve us of the
responsibilityto provide (say)functionalScottsemanticsor CBN andCBYV, becaus¢hereis no
functionalScottsemanticdor m-calculus.For thisreasonit is essentiafor £ to have afunctional
Scottsemanticsa gamesemanticsa continuationsemanticsan operationasemanticsetc.

But evenwhere £ doeshave all thesesemanticstherecanbe a moresubtleproblem.As an
example,considerthat CBN canbe translatednto CBV [HD97], andso CBYV itself is “a lan-
guagein whichbothCBN andCBYV programscanbewritten”. Now in this caseg certainlyhasa
Scottsemanticsa gamesemanticsa continuationsemantic®tc.,andso,asproposedye obtain
semanticdor CBN. But the Scottsemanticdor CBN thusobtainedis not the traditional CBN
Scottsemantics(For example,whereadn thetraditionalsemantics\x.diverge anddiverge
have the samedenotationjn the new semanticghey have differentdenotations.)So the trans-
lation of CBN into CBV doesnotrelieve usof thetaskof constructinghetraditionalsemantics
for CBN.

We seethat, in orderto remedythe situationdescribedn Sect.1.2.1, we have to be sure
thatthe Scottsemanticdor £ inducesthe usualScottsemanticsor CBN andCBYV, ratherthan
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a more complicatedone; andlikewise for gamesemanticscontinuationsemanticspperational
semanticetc. Anotherway of sayingthisis thatthetranslationgrom CBV andfrom CBN into
£ mustpreserveScottsemanticsgamesemanticetc.

Of course,it will beimpossibleto shav that the translationspresere every semanticsve
might wish to study But the semanticsve have mentionedare extremelydiverse,andif these
areall preseredthenthis makesa strongcasehatwe do notneedto continueinvestigatingCBN
andCBYV asindependenéntities.

We saythenthatthelanguagef subsume€BN andCBY, andthatthetwo translationsnto it
aresubsumptiveNoticethatsubsumptienesss not a formal, technicalpropertyof atranslation
(suchasfull abstraction)Ratherit says,nformally, thatthereis no reasoro regardthe source
languageasarything morethananarbitraryfragmentof thetargetlanguage.

1.2.3 “Hasn’t This BeenDoneBy ... ?"
Therearemary claimsin theliteraturethata givenlanguagecontainsbothCBN andCBYV:

¢ Moggi’'s monadicmetalanguagfBW96, Mog91] andFilinski’s variant[Fil96];

e CBV itself [HD97, SJ9§—in the presencef generaleffects,Moggi calledthis the com-
putationalA-calculus or A.-calculus[Mog88];

m-calculug[San9y;

continuationlanguage$Plo7q;

languagebasedon Girard’s linearlogic [BW96, Gir87];

SFLandSFPL[Mar00, MRS99].

We explainedin Sect.1.2.2that CBV itself doesnot containCBN in our sensebecauséehe
equatiomx.diverge = diverge isinvalidatedby thetranslatiorfrom CBN into CBV. Thesame
criticism appliesto thetranslationfrom CBN to Moggi’'s metalanguagéalthoughnot Filinski's
variant). ThusMoggi’'s languagedoesnot subsumeCBN in our senseit is nota solutionto our
problem.

Filinski’s variant doesnot have this dravback, but both Moggi’s languageand Filinski’'s
varianthave thedrawbackthatthey lack operationakemanticsessentiallypecausevery termis
avalue.(Ourvalue/computatiowistinctionin CBPV will remedythis.)

We explainedin Sect.1.2.2thatn-calculusdoesnot have functional Scottsemanticssothe
translationsnto it arenot subsumptie. Continuationcalculi do have functionalScottsemantics,
but the CPStransformdnto themdo not presere directsemanticssothe CPStransformgfrom
sourceanguagesvithout controleffects)arenot subsumptie. Thelinear A-calculusof [BW96]
doeshave Scottsemanticsbut, asremarledthere,the languages basedon the assumptiorthat
effectsare“commutative”, soeffectssuchasprinting areexcluded.

The translationfrom CBYV to the languageSFL doesnot presere the n-law for sumtypes
(explainedin Sect.2.8). By contrastthe successolanguageSFPL (which wasdevelopedlater
thanCBPV) doesindeedsubsumeCBV andCBN. It is in a senseequivalentto the computation
partof CBPV, but it lacksthe simplicity of CBPV.

In Chap.16.2,we make furthercriticismsof Moggi's decomposition

A —CBV B=A—TB
andof thelineardecomposition

A_)CBN B=!A—-B
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1.3 The CaseFor Call-By-Push-Value

In this thesiswe introducea new languageparadigm call-by-push-valu¢CBPV). It is basedn
Filinski’'s variantof Moggi’s “monadic metalanguage[Fil96, Mog91], but we do not assume
familiarity with thesecalculi (discussedn Sect.1.2.3andSect.16.2).

We shallseethat CBPV satisfiesall thatwasrequiredin Sect.1.2.2. Consequentlywhatwe
previously regardedasthe primitivesof CBN andCBV cannow beseenasjustidiomsbuilt from
the genuineprimitivesof CBPV.

For this reasonCBPV deseresthe attentionevenof thosewho are interestedonly in CBN
(oronlyin CBV) andnotin theabove problemof reconcilingCBN andCBV. Suchpeoplebenefit
from usingCBPV because¢he CBN semanticghey arestudyingwill exhibit the decomposition
of CBN primitivesinto CBPV primitives, so CBPV is closerto the semantics. We will see
numerousexamplesof thisin Partll.

We mentionalsothat, althoughfull abstractioris neithera necessaryor a sufficient condi-
tion for subsumptrenessye prove (Cor. 166andCor. 176)thatthetranslationsnto CBPV are
indeedfully abstract.Thus,semanticistsnitially concernedvith fully abstracimodelsfor CBV
andCBN canobtainthemfrom fully abstracimodelsfor CBPV.

1.4 Conventions

1.4.1 Notation and Terminology

We write V* M for “ M appliedto V. This operand-firsnotationhassomeadwantagesver the
traditionalnotationof MV'. In particular it allows the “push” readingof Sect.1.5.1.

For ary naturalnumbern, we write $n. for {0,... ,n — 1}, thecanonicaketof sizen.

We avoid theambiguousvord “variable”,usinginsteadthe following distinctterms:

¢ An identifier is a syntacticsymbolwhosebinding doesnot change asin A-calculusand
predicatdogic. Thelist giving the binding of eachidentifieris calledthe ervironment

e A cell is amemorylocationwhosecontentscanchangethroughtime. Thelist giving the
contentf eachcell is calledthe store.

This crucial distinction betweenervironmentand store, attributed by [TGO0O0] to Park and his
contemporariefPar69, is maintained¢hroughoutourtreatment.

1.4.2 Equations
In the courseof thethesiswe will presenseveralequationatheories.In orderto reduceclutter,
we adoptthefollowing conventionsfor eachequation.

1. Likeaterm,anequatiorhasa context andatype,but we omit these.

2. We assumall the conditionsneededo make eachside of anequatiorwell-typed,andto
make surethatthetwo sideshave the samecontect andtype.

3. Forametasyntactiadentifier M rangingoverterms,andanidentifierx, if M occursin the
scopeof anx-binderandalsooccursnot in the scopeof ary x-binder thenit is assumed
thatx is notin thecontext of M.

Thesecornventionsallow us,for example,to write the p-equationfor functionsas
M = Xx(x'M) (1.2)
ratherthanas
r'-M:A— B

xegrl
M-M=Xx(xM): A= B
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Sincein (1.1) M occurs(in the RHS)in the scopeof anx-binderandalsooccurs(in the LHS)
notin the scopeof ary x-binder it is assumedhat '—the context of M—doesnot containx .
Strictly speaking M is wealenedby x : A in theRHS, but we will leave all wealeningimplicit.

1.5 A CBPV Primer

1.5.1 BasicFeatures

Theaim of this sectionis to enablethe readerto understand simpleexampleprogram.For this
purposeijt sufiicesto explain thefollowing basicfeatures.

e CBPV hasasimpleimperative readingin termsof a stack.

— Ax is understoodisthe command‘pop x”.
— V' isunderstoodsthe command'push V™.

e CBPV termsareclassifiedinto computationgndvalues.A computatiordoessomething,
whereasa valueis somethindik e abooleanor numbermwhich canbe passedround.

SloganA valueis, acomputatiordoes.

e Only avaluecanbe pushedor popped.In otherwords,only a valuecanbe an operand.
However, we can“freeze” a computation) into avalue;this valueis calledthe thunkof
M [Ing61]. Later, whendesiredthis thunkcanbeforced(i.e. executed).

e Certaincomputationgroducevaluesithey arecalledproduces. If M isaproducerand N
anothercomputationthenwe cansequenceéheminto the computationM to x. N. This
meansfirst obey M until finally it producesavalueV, thenobey N with x boundto V.

1.5.2 Example Program

The easiestvay to graspthesebasicideasis to seean exampleprogramexplainedvery infor-
mally. Thefollowing programusesthe computationakffect of printing message® thescreen.

print "helloO",
let x be 3.
let y be thunk (
print "hellol";
Az.
print "we just popped "z;
produce x+z
).
print "hello2";
(print "hello3";
7t
print "we just pushed 7";
force y
) to w.
print "w is bound to "w;
produce w+5

We give ablow-by-blow accounbf execution—thegprogramexecutegshecommandsn ordet
First it prints hel100, thenbindsx to 3, thenbindsy to a thunk. If the word thunk were
omitted,the programwould nottypecheckbecausanidentifiercanbeboundonly to avalue—a
computations too active to sit in anervironment(list of bindingsfor identifiers).
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Next, the programprintshello2 andthe computatiorenclosedn parenthesefrom print
"hello3" to force y), which aswe shall seeis a producey commencegxecution. This pro-
ducerfirst printshello3, pushes/, andprintswe just pushed 7. Thenit forcesthethunky.
Soit printshellol1 andpopsz from the stack;i.e. it removesthetop entry (whichis 7) from the
stackandbindsz to it. It reportswe just popped 7 andproduces + z whichis 10.

Sothe producerenclosedn parenthesedfrom print "hello3" to force y) hashadthe
overall effect of printing severalmessageandproducingl0. Thusw becomedoundto 10 and
theprogramprintsw is bound to 10. Finally the programproducess + 5whichis 15.

In summarnythe programoutputsasfollows

helloO
hello2
hello3
we just pushed 7
hellol
we just popped 7
w is bound to 10

andfinally producegshevaluel5.

In morefamiliarterms,y is a procedurey is the parametethatis passedo it andit returns
10. (“Returns”and“produces”aresynorymous.)But, comparedo atypical high-level language,
CBPVis unusuallyliberalin that

e it allows thecommandprint "we just pushed 7" to intervenebetweenpushingthe
paramete andcalling the procedure;

e it allowsthecommandbrint "hello 3" tointervenebetweerthestartof theprocedure
andpoppingthe parameter

In a practicalsensethis liberality is of little benefit,for the programwould have the same
obsenablebehaiour if thelines

7(
print "we just pushed 7"

wereexchangedandlik ewiseif thelines

print "hello 3"
Az.

wereexchangedBult it is thisflexibility thatallows CBPV to give afine-grainanalysisof types.

1.5.3 CBPV MakesControl Flow Explicit

It is worth noticing thattherearetwo lines in this programwhich causeexecutionto move to
anotherpart of the program,ratherthanto the next line. Theseareforce y, whereexecution
jumpsto the body of the thunkthaty is boundto, andproduce x + z, wherethe value 10 is
returnedo justaftertheline force y. Thisillustratesageneraphenomenon.

Only force andproduce causeaxecutionto move to anotherpartof the program.

This kind of information aboutcontrol flow is muchlessexplicit in CBV and CBN. For this
reason,as we shall seein Chap.8 and Chap.9, it is beneficialto use CBPV when studying
semanticdhat describesnteractionbetweendifferent partsof a program,suchascontinuation
semantic®r gamesemantics.
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Although force andproduce both causgumps,thereis animportantdifferencebetween
thetwo. A force instructionwill specifywherecontrolmovesto: in the exampleprogram,to
y. By contrast,a produce instructionwill causea jump to a point at the top of a stack,soit
is not specifiedexplicitly. This distinctionis apparenin both continuationsemanticandgame
semantics.

1.5.4 Value Typesand Computation Types

We saidin Sect.1.5.1thatCBPV has2 disjoint classe®f terms:valuesandcomputationslt is
thereforeunsurprisinghatit has2 disjoint classe®f types:valuetypesandcomputatiortypes.

e A valuehasavaluetype.
e A computatiorhasa computatiortype.

For examplenat andbool arevaluetypes.
Thetwo classe®f typesaregivenby

valuetypes A= UB | ;14 | 1| AxA
computatiortypes B:= FA | [;e1B; | A— B

whereeachset! of tagsis finite. (Wewill alsobeconcernedvith infinitely wide CBPV in which
I maybecountablyinfinite—seeSect.5.1for morediscussion.)Ve underlinecomputatiortypes
for clarity.

We explain thesetypesasfollows—noticehow this explanationmaintainsthe principle “a
valueis, acomputatiordoes”.

e A valueof typeU B is athunkof a computatiorof type B.

A valueof typey ;. ;A; isapair (¢,V), wherei € I andV is avalueof type 4;.

A valueof typelis anemptytuple ().

A valueof type A x A" isapair (V, V'), whereV is avalueof type A andV” is avalueof
type A'.

e A computatiorof type F'A producesavalueof type A.

A computationof type [;c;B; popsatag: € I from the stack,andthenbehaesasa
computatiorof type B;.

A computatiorof type A — B popsavalueof type A from the stack,andthenbehaesas
acomputatiorof type B.

We have apparentlyexcludedtypessuchasbool andnat from this, but bool canberecov-
eredas1+ 1. If we addtyperecursionasin Sect.5.3.2,we canrecosernat asuX.(1+X). In
infinitely wide CBPV, we canrecovernat asy ;en1.

Looking atthe examplecomputatiorof Sect.1.5.2,we canseethatits typeis F'nat because
it producesa naturalnumber Theidentifiery hastype U (nat — Fnat). This meansthatthe
valueto which y is boundis a thunk (U) of a computatiorthatpopsa naturalnumber(nat —)
andthenproduceg F') anaturalnumber(nat).
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1.6 Structure of Thesis

1.6.1 Goals
Thisthesishastwo goals.

1. Themaingoalis to arguethe claim madein Sect.1.3—topersuad¢hereaderthatCBPV
is significantby exhibiting a wide rangeof elegantsemanticsfrom which CBN andCBV
semanticanbe recovered. This goalis the subjectof Part II; the preliminarywork is
donein Chap.3.

2. Thesecondyoalis to understandhe categoricalsemantic®f the CBPV equationatheory
introducedin Chap.4. This goalis the subjectof Part [ll. We do not claim that this
providesary furthermotivationfor CBPV.

1.6.2 Chapter Outline

We bagin by describingan intellectualjourney thatleadsto CBPV. We do this briefly—a full
technicaltreatmentis givenin the Appendix. The journgy startsin Chap.2, wherewe explain
thelanguagalesignchoiceghatcharacterizé¢he CBV andCBN paradigmsandwe examinethe
consequencesf thesechoices.We give both operationalbig-step)semanticand denotational
semanticsn the presencef printing, our leadingexampleof a computationakffect. (We look
at divergencetoo, becausef its familiarity.) We learn, mostimportantly that CBV typesand
CBN typesdenotedifferentkindsof things—set&nd.4-sets(whichwewill definein Sect.2.7.4)
respectrely. By consideringvhichequationsrevalid asobsenationalequivalencesye seethat
functiontypesbehae well in CBN but notin CBV, whereasumtypesbehae well in CBV but
notin CBN.

This critical explorationof CBV andCBN leadsus, in Chap.3, to CBPV. Becauseof the
denotationatifferencebetweenCBYV typesand CBN types,it is clearthatthe subsumindan-
guagemusthave two kinds of type. We give big-stepand denotationakemanticgfor printing
andfor divergence)andwe explain how CBV andCBN aresubsumedn CBPV. This completes
thejourney. In addition,we give anotherform of operationakemanticsthe CK-madine[FF86],
which makesprecisethe push/popreadingthatwe illustratedin Sect.1.5.2.

Whereasunctiontypesbehae badlyin CBV andsumtypesbehaebadlyin CBN, in CBPV
bothfunctiontypesandsumtypesbehae well—all the badnesss concentratedh the producer
types We seethisin Chap.4 by giving anequationatheoryfor CBPV. To presenthistheory we
have to extend CBPV with comple values However, aswe explainin Sect.4.6,thesecomple
valuescanalwaysberemovedfrom computationgandfrom closedvalues.

Chap.5, thelastchapterof Partl, looksatrecursionandinfinitary CBPV. Thereis little orig-
inal here;it merelysetsup materialthatis neededaterin Chap.7, wherewe needto understand
the semanticof type recursionin orderto be ableto interpretthunk storage,andin Chap.9,
wherewe needinfinitely deepsyntaxin orderto obtaindefinability resultsfor types.

Having seentheoperationaldeasandthe equationatheorywe arereadyto give theconcrete
semanticof theformer(Part1l) andthe categyoricalsemantic®f thelatter (Partll).

In Chap.6 we look at denotationakemanticdor a rangeof effects: global store,control,
errors,erraticchoice, printing, divergenceand variouscombinationsof these. We learnthata
useful heuristicfor creatingCBPV semanticgs to guessthe form of the soundnessheorem.
Again andagain, throughouttheseexamples,we seetraditional semanticfor CBV primitives
decomposingpaturallyinto CBPV semantics As for the correspondingCBN models,someare
newv while otherswere known but previously appearednysterious—theCBPV decomposition
malesthe structureof thesesemanticslear

Both the storemodelandthe controlmodelfrom Chap.6 aredevelopedfurtherin thesubse-
guentchapters.
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e Thestoremodelis developedin Chap.7 into a possibleworld modelfor cell generation,
which capturesomeinterestingntuitionsaboutCBPV: in particular theideathatathunk
is somethingthat canbe forcedat ary future time. This modelis surprisingin itself, as
previous possibleworld models(with the exceptionof [Ghi97]) allow only the storageof
groundvalues whereaghis modeltreatsstorageof all values.But it alsoprovidesa good
exampleof the benefitsof CBPV, becausén thecorrespondingnodelfor CBV (suggested
independentlypy O’Hearn)the semantic®f functionsis unwieldy—CBPVdecompose#
into manageablpieces.

e Basedon the controlmodel,we introducein Chap.8 anothedanguagecalledJump-Wth-
Argument,equialentto—but much simplerthan—CBPVwith control effects. Unlike
CBPV, Jump-Wth-Argumentis notreally new, asit is essentiallySteeles CPSintermedi-
atelanguagdSte78. Thislanguageenablesisto seethatthe OPStransform(the CBPV
analogueof the CPStransform)provides a jumping implementationfor CBPV, just as
Steeleexplainedfor CBV. We seehow the explicit control flow describedn Sect.1.5.3
makesCBPV a goodstartingpoint for suchananalysis.

Our final pieceof evidencefor the advantagesof CBPV is Hyland-Ong-stylegamesemantics,
which we discussin Chap.9. We seeonceagain that CBPV is muchcloserto the semantics
thantheusualCBN languageg$PCFandldealizedAlgol) becausef its explicit controlflow de-
scribedin Sect.1.5.3.Key notionsof gamesemantics—thguestion/answatistinction,pointers
betweermoves,the bracleting condition—becomelearerfrom a CBPV viewpoint. For exam-
ple, we seethat “asking a question”correspondso forcing, while “answering”correspondso
producing.

In Sect.9.3-9.4we give aconceptuallysimplegamesemanticgor Jump-Wth-Argumentand
therebyrelatethe CBPV gamesemanticsn Chap.9 to thejumpingimplementatiorin Chap.8.

Before we give a cateyorical accountof the CBPV equationaltheory (Part Ill) we give a
backgroundchapteron categyorical semanticof effect-freelanguageswhich is independenof
therestof the thesis.Sucha chaptemay seemunnecessarasthereis alarge literatureon the
subjectand, afterall, we areconcernecdnly with simply typedlanguagesHowever, thereare
somepointswhich we wish to look at carefully.

¢ We examinethe natureof therelationshipbetweeranequationatheoryandits categorical
semantics—whaio we meanwhenwe say for example,that“a modelof alanguagewith
finite productss preciselya cartesiarcatayory”?

e We look at the use of locally indexed categoriesto give a simple, abstractdescription
(which hasappearedn [Jac99) of thenotionof distributive coproduct Laterwe will use
locally indexed categoriesfor CBPV, but we seeheretheirimportanceevenin the effect-
freesetting.

We arethenin a positionto give the categyorical accountof the CBPV equationaltheory
After a brief overview (Chap.11), we present3 approachesherebyrelatingCBPV to a variety
of researctandideasin theliterature.

e In Chap.12 we look at semanticausing strong monadsin the style of Moggi. This ap-
proachis probablythe mostfamiliarto thereader

¢ In Chap.13 we look at semanticaising value/poducerstructures in the style of Paver
andRobinson.This approachs the closestto the CBPV syntax.

¢ In Chap.14 we look at semanticausingadjunctions This approachis the mostelegant.
Furthermoresinceadjunctionis animportantmathematicatoncept,t is valuableto see
how CBPVrelatedoit. Unfortunatelyadjunctionmodelsdo notagreesxactly with CBPV,
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in the sensehat non-equvalentadjunctionmodelscangive the sameCBPV model. But
all theconcretemodelsfrom Part1l doindeedarisenaturallyasadjunctionmodels.

We completeour catgyoricalaccountin Chap.15, wherewe relateour variousapproachesand
seehow this givesus severalwaysof characterizinghe notionof homomorphisnbetweercom-
putationobjects.

Finally, in Chap.16, we look at someproblemsandpossibledirectionsfor furtherwork.

1.6.3 Chapter Dependence
Thedependencbetweerchapterandsectionss shavnin Fig. 1.1. A line betweertwo sections

2.3
—
2.4-2.8
/
Chap.3
ST
5.2-5.3 Chap.4 10.3-10.5
e SN
6.2 Chap.11 10.6
5.4-55 N T—— \
6.3 6.4 6.5-6.7
/ \ Chap.12
7.1-7.9 \
9.2 / 8.1-8.7
7.10 /T Chap.13 Chap.14
\ /3.9 8.10 8.8 \ /
9.3-9.4 Chap.15

Figurel.1l: ChapterandSectionDependence

or chapterdndicatesthatthe lower onedependsn the upperone. The diagramdoesnot cover
examples,only the maintext. Thus,we will sometimesiescribean examplethatdependsn a
chaptemotindicatedhere.

We groupthe categoricalsemantic®f Jump-Wth-Argument(8.8) with theotherJump-Wth-
Argumentmaterial(Chap.8), eventhoughit requiressomeof the early materialfrom Partlll.

Although the languagemodelledby the pointergamesemanticof Sect.9.2 includesboth
store and control effects, the readercan understandhe semanticsand the exampleswithout
knowing abouttheseeffects,sowe have notindicatedthemasdependences.

1.6.4 Proofs

We have usuallyomittedproofswhicharestraightforvardinductions andwe have omittedproofs
of resultsfor CBV andCBN wherewe have givencorrespondingesultsfor CBPV.
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Chapter 2
Call-By-Value and Call-By-Name

2.1 Intr oduction

Thereis a certaintensionin the presentatiorof CBPV. how muchattentionshall we devote to
CBN andCBV?Ontheonehandwe areclaimingthatCBPV “subsumes’CBN andCBYV, andto
seehow thatis achievedwe have to discusSCBN andCBY, atleastto someextent. Onthe other
hand,athoroughstudyof CBN andCBYV would be a wasteof effort, sincea primary purposeof
CBPV s to relieve us of thattask—oncewe have CBPV (which we wantto introduceasearly
aspossible) CBV andCBN areseento bejust particularfragmentsof it.

The CBN/CBV materialis thereforeorganizedasfollows. In this chapteywe look informally
at the key conceptsand propertiesof theseparadigmsassumingno prior knowledgeof them.
This provides backgroundfor CBPV which we introducein Chap.3. But for the interested
readey we provide in AppendixA athorough,technicaltreatmentof CBN and CBV andtheir
relationshipto CBPV. This chaptercanthusbe seemasa synopsisof AppendixA.

2.2 The Main Point Of The Chapter

Themainpointof the chapters this:
CBYV typesandCBN typesdenotedifferentkinds of things.
Thisis truebothfor printing semanticsandfor Scottsemantics:

e In our printing semanticsa CBV typedenotesa setwhereas CBN typedenotesan 4-set
(whichwe will definein Sect.2.7.4).

¢ In Scottsemanticsa CBV typedenotesacpowhereasa CBN type denotesa pointedcpo.

Theimportanceof this mainpointis thatit makesit clearwhy CBPV, the subsumingparadigm,
will needto have two disjoint classe®f type.

Unfortunately the Scottsemanticobscureghis main point, because pointedcpois a spe-
cial kind of cpo. By contrastthe classof setsandthe classof 4-setsare (aswill be apparent
oncewe have defined4-sets)disjoint. Thusprinting illustratesour main point muchbetterthan
divergencedoes.Thisis why we have chosemrinting asour leadingexampleof acomputational
effect.
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2.3 A Simply Typed A-Calculus

2.3.1 The Language

Beforewe look at ary computationakffects, we studyan effect-freelanguage.We look at the
simply typed A-calculuswhoseonly groundtype is a booleantype, extendedwith binary sum
types;we call this A bool+. Its typesare

A= bool | A+A| A—>A

andits termsaregivenin Fig. 2.1. We write pm for “pattern-match”andrecallthatwe write * for
operand-firsapplication.While 1et is notstrictly necessarylet x be M. N canbedesugred
asM'AxN), it is corvenientto includeit asa primitive.

rN-M:A Mx:A-N:B
Mx:AlMNFx:A lletxbe M.N:B

[+ true:bool I+ false:bool

l-M:bool THFN:B T+N'":B
+if M then N else N': B

r-mM:A r=M:A
MM-inl M: A+ A’ M-inr M: A+ A’

Fr-M:A+A" Tx:A-N:B Ix:A+-N':B
l-pm M as {inl x.N,inrx.N'} : B

MNx:A-M:B NNFkM:A TEN:A—B
rExx.M:A— B MrMN-M‘'N:B

Figure2.1: Termsof A bool+

A bool+ hasastraightforvardsemanticsvheretypesdenotesetsandtermsdenotdunctions.
A closedterm of type bool denoteseithertrue or false; thereis an easydecisionprocedurego
find which. We call bool thegroundtype

2.3.2 Product Types

Supposeave wantto addproducttypesA x A’ to X bool+. It is clearwhattheintroductionrule
shouldbe:

FrEM:A THM:A
T (M,M'): Ax A
But we have achoiceasto theform of theeliminationrule. Eitherwe canuseprojections
FT-M:AxA Fr-M:AxA
lr-nM: A Frea'M: A
Or we canusepattern-matbing:
Fr-M:AxA Tx:Ay.:A+-N:B
pm M as (x,y).N: B
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At first sight, the choicebetweenprojectionsand pattern-matchingeemsunimportant,be-
causehesetwo formsof eliminationrule areequialent:

7™M = pmM as (x,y).x
M = pmM as (x,y).y
pm M as (x,y).N = letxbewM,yben’'M.N

In the presencef effects (CBN and CBV), however, theseequationsare not necessarilyvalid
andthe choicedoesmatter Thisis discussedn AppendixA.
Notice

¢ theresemblancbetweera pattern-matciproductanda sumtype—eactof thesetypeshas
aneliminationrule usingpattern-matchingw;

¢ theresemblanceetweera projectionproductanda functiontypefrom {0, 1}. For we can
think of atuple (M, M') of projectionproducttype asa functiontaking0 to M and1 to
M'. To emphasizéhis resemblanceye usea novel notation:we write

(M,M') as X{0.M,1LM'}
M as O'M
oM as 1'M

Becauseof theseresemblancesye canunderstandhe key issuesin CBV and CBN without
having to include products. That is why, in this chaptey we will not considerproducttypes
further. They aredealtwith fully in AppendixA.

Thereare more type constructorsve could include while remainingsimply typed, and in
AppendixA we will includethemso thatour treatmentof CBV andCBN thereis asthorough
aspossible.Thetype systemusedin this chaptertherefore providesonly a fragmentof thefull
type systemthata (simply typed) CBN or CBV languagecanallow. However, our aim hereis
justto explainthe key ideas,andthetypesin A bool+arequitesuficientfor thatpurpose.

2.3.3 Equations

Eachtype constructo(—,bool,+) hastwo associate@quationsalledthe g-law andthen-law.
We look first at the 8-laws, which arestraightforward.

e Theg-law for A — B:
M‘Xx.N = N[M/x]

e Thepg-lawsfor bool:
if true then N else N'=N
if false then N else N'= N’
e ThepB-lawsfor A+ A’
pminl M as {inl x.N,inr x.N'} = N[M/x]
pminr M as {inl x.N,inr x.N'} = N'[M/x]
e Thereis alsoa s-law for 1let :

let xbe M. N = N[M/x]
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We next turn to the n-laws. They are more subtlethanthe S-laws, but they areimportant
in understandinghe CBV/CBN issues. So we urge the readerto look at them carefully and
understanavhy they arevalid in the setsemantics.

e Then-law for A — B: ary term M of type A — B canbeexpanded
M = Xx(x'M)
wherex doesnotoccurin thecontext I of M.

e Then-law! for bool: if M hasafreeidentifierz : bool thenfor ary term N of typebool
M[N/z] =if N then M[true/z| else M[false/z] (2.3)

Intuitively, this holdsbecausein a given ervironment(list of bindingsfor identifiers), N
denoteseithertrue or false.

e Then-law for A+ A’: if M hasafreeidentifierz : A+ A’ thenfor ary term N of type
A+ A

M[N/z] =pm N as {inl x.M[inl x/z|, inr x. M'[inr x/z]}
wherex doesnotoccurin thecontext I,z : A of M.

Noticethe similarity betweersumtypesandbool.

2.3.4 Reversible Derivations
As aconsequencef theseequationsye have reversible derivations e.g.for —
NA-B
rN-A—B

This meansthatfrom atermof theform IM,x: A+ M : B (assumingk ¢ ') we canconstruct
atermof theform '+ N : A — B andvice versaandthat theseoperationsare inverseup to
provableequality Thereversiblederivationis givenby

e theoperatiorf : M — Ax.M,whichturnsatermll,x: A+ M : Bintoaterml - N: A —
B

e thecontext®—1: N — x' N, whichturnsatermll - N : A — Bintoaterml,x: A+ M : B

andit is clearthattheseoperationsareinverseup to provableequality usingthe 5- andn- laws
for —.

Furthermore the operationd preservessubstitutionin I'. This meansthat it satisfiesthe
equation

O(M[N, /%)) = 0(M)[N; /xi]

1Someauthorse.g.[GLT88]give thename*n-law” to thewealer equation

M = if M then true else false (2.1)
togethemwith thecommutingconversionlaw
M]Jif N then P else P'/z] = if N then M[P/z] else M|[P’'/z] (2.2)

or avariantof this. (2.1)—(2.2)togetherareequialentto our n-law (2.3).
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is provable, wherex; arethe identifiersin I'. (Actually the two sidesare the sameterm, but
provableequalityis sufficient for our purposes.)t follows that6—?! too preseressubstitutionin
r.

Thereversiblederivationsfor bool and+ are

r'-B TFB rAFB T,A+B
[, boolt B rA+AFB

Likethereversiblederivationfor —, they presere substitutionin I".
Readergamiliar with categgoricalsemanticsvill seethatthesereversiblederivationsprovide
importantinformationaboutthe cateyorical structureof anequationatheory

2.4 Adding Effects

We now wish to adda computationakffectto A bool+, andwe will useoutputasour example.
We supposehatto arny termwe canprefix acommandsuchasprint ’a’. For example,the
termprint ’p’; true whenevaluated prints p andthenproducesheresulttrue. We write
print "pq"; true asanabbreiationfor print ’p’; (print ’q’; true).

We write A4 for the setof characterghat canbe printed, 2* for the setof finite stringsof
characterén 4 andx for concatenationFormally, we addto the termsyntaxthefollowing rule,
for every charactee € 4:

rN-M:B
lNprintc;, M:B

Thereareother equivalent,syntacticpossibilitiese.g.in CBV we couldlet command$ave type
1, asin ML. Butwe prefercommanddo beprefixes. Thisis for the sale of consisteng between
CBN, CBYV, CBPV andthe Jump-Wth-Argumentianguageadiscussedn Chap.8.

2.5 The Principles Of Call-By-Value and Call-By-Name

The first consequencef addingeffectsis that, by contrastwith pure A bool+, the order of
evaluation matters. Given a closedterm of type bool, the output dependson the evaluation
order For someeffectsthe answertoo will dependon the evaluationorder, but for outputthat
is not the case.The two evaluationorderswe will look atareCBV andCBN. We describethe
principlesof thesetwo paradigms.

Firstly, in bothCBV andCBN, we do notevaluateunder\. Thusa A-abstractions terminal,
in thesensdhatit requiresno furtherevaluation.

Having decidednot to evaluateunder), we have numeroushoicesstill to malke.

1. To evaluatethetermlet x be M. N, dowe

(a) evaluateM to T andthenevaluateN|[T'/x], or
(b) leave M alone,andjustevaluateN [M /x]?

2. To evaluateaterm M of sumtype,how fardo we proceedDo we

(a) evaluateM to inl T or inr T, whereT is terminal,or
(b) evaluateM to inl N or inr N, where N maynotbeterminal?

3. To evaluatean applicationsuchas M* N, we certainly needto evaluate N, giving say
Ax.P. Besideghis,dowe

(a) evaluateM to T (eitherbeforeor afterevaluating N') andthenevaluateP[T'/x] , or
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(b) leave M alone,andjustevaluateP[M /x]?

In fact, thereis one fundamentalquestionwhoseanswerwill determinehowv we answer
questiong1)—(3): what may we substitutefor an identifier? At one extreme,we allow only a
terminaltermto replaceanidentifie—this definesthe CBV paradigm At the otherextreme,we
allow only atotally unevaluatedtermto replaceanidentifie—this definesghe CBN paradigm.

To eachof questiong(1)—(3), CBV requiresus to answer(a) and CBN requiresus to an-
swer(b). In the caseof questionq1) and(3), thisis clearbecausesubstitutionis involved. For
question(2), it requiressomeexplanation.Consideratermsuchas

pm M as {inl x.N,inr y.N'}

To evaluatethis we mustfirst evaluateM . Supposeve evaluateM to inl M’. In CBN we must
notproceedo evaluateM’, becauseve wantto substitutat for x in NV, soit mustbe completely
unevaluated.In CBV we mustevaluateM’ to aterminaltermT’, sothatwe cansubstitutel” for
xin N.

In conclusionwe emphasizehefollowing point:

The essentialifferencebetweenCBY andCBN is not (asis oftenthought)the
way thatapplicationis evaluated;yratherit is whatanidentifiermaybeboundto.

Notice thatwithin the CBV paradigm,we have the choiceof whether whenevaluatingan
applicationM* N, we evaluateM beforeN orviceversa.ln fact,solongasweareconsistentthe
semantidheoryis essentiallyunafected. Arbitrarily, we stipulatethatwe evaluatethe operand
M beforethe operatorV.

2.6 Call-By-Value

2.6.1 Operational Semantics
In CBV aclosedtermwhichis terminalis calleda closedvalue Thesearegivenby

Vi= true | false | inlV | intV | Ax.M

Every closedterm M prints a string of charactersn andthenproducesa closedvalueV. We
write M |} m, V. Thisis definedinductively in Fig. 2.2.

Proposition1 Forevery M thereis auniquem,V suchthatM | m,V. m|
Theproofis similarto thatof Prop.9.
2.6.2 Denotational Semanticsfor print
Definition 1 e Thefollowing CBV termsarecalledvalues
Vi= x| true | false | inlV | inrV | Ax. M
(This generalizeshe notion of “closedvalue” we have alreadyused.)

e All CBV termsarecalledproduces. (Thisis becausewhenevaluated,they producea
value.)
O

Noticethatatermis avalueiff every closedsubstitutiorinstancegsubstitutingonly closedvalues)
is aclosedvalue.

We now describeandexplain a denotationakemanticgor the CBV printing language.The
key principleis that
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M|m,V N[V/x]|m' W
letxbe M. Ny m*m' W

true | 1,true false |} 1,false
M | m,true N |m',V M | m,false N'|m/,V
if M then N else N' | mx*m/,V if M then N else N' | mx*m/,V
M m,V M| m,V
inl1 M | m,inl V inr M |} m,inr V
M |m,in1V N[V/x] | m/,\W M| m,inr V. N'[V/x] | m' W

pm M as {inl x.N,inr x. N’} { m*m/,W  pm M as {inl x.N,inr x. N'} { m*m', W

M{m,V N{m' x.N N[V/z]{m" W
Ax.M |} 1L, x.M M'N | msm'sm" W

M |m,V
printc; M | cxm,V

Figure2.2: Big-StepSemanticgor CBV with print

eachtype A denotes set[[A]] whoseelementsarethe denotation®f closedvalues
of type A.

Thusthetypebool denoteshe2-elementet{true,false} because¢herearetwo closedvaluesof
typebool. Likewisethetype A + A’ denoteq[A] + [A']] because closedvalueof type A + A’
mustbe eitherof theform inl V', whereV is a closedvalueof type A, or of theform inr V,
whereV is aclosedvalueof type A’. We shallcometo A — B presently

Givena closedvalue V of type A, we write [V]¥® for the elementof [[A] thatit denotes.
GivenaclosedproducerM of type A, werecallthat M printsastringof charactersn € 4* and
thenproducesa closedvalueV of type A. So M will denoteanelement]MPd of 2* x [A].
ThusaclosedvalueV will have two denotationgV]¥2 and[V P4 relatedby

VP! = (1, [v]*)

A closedvalueof type A — B is of theform Ax.M. This, whenappliedto a closedvalue
of type A givesa closedproducerof type B. S0 A — B denoteg[A]] — (4* x [B]). It is true
thatthe syntaxappeardo allow usto apply Ax. M to ary producerN of type A, notjustto a
value.But N will beevaluatedbeforeit interactswith Ax. M, so Ax.M is really only appliedto
thevaluethat N produces.

Givenacontet =xg: Ao, ... ,xn—1: An_1, anervironment(list of bindingsfor identifiers)
associateso eachzx; a closedvalue of type A;. So the ernvironmentdenotesan elementof
[Ao] x -+ x [Anp-1], andwe write [[I']] for this set.

Givenavaluel Y V' : B, weseethatV, togethemwith anervironment gives(by substitution)
aclosedvalueof type B. SoV denotesafunction[V]"?' from [[I'] to [B].

Given a producerl” +¢ M : B, we seethat M, togetherwith an ervironment, gives (by
substitution)a closedproducerof type B. So M denotesa function [M]Prd from [I'] to 2* x
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[B].
Generalizingvhatwe sawv for closedvalues,anarbitraryvalueV will have two denotations
V] and[V]Ped relatedby
VIPedp = (1,[V]*p)

for eachervironmentp.
In summarythe denotationakemanticss organizedasfollows.

e Atype A denotesaset[[A].

e Aconttxg: Ag,...,xn 1: A, 1 denotegheset[[Ag] x -+ X [An_1]
e Avaluel -V : B denotesafunction V]V : [I] — [B]

e Aterml - M : B denotesafunction [M]P9 : [I] — 4* x [B]

Thedenotation®f typesis givenby

[bool] = {true,false}
[A+AT] [A]+[AT
[A—B] = [A]— (A" x[B])

Thedenotation®f values—somexampleclauses:

B (px2,0) = a
[true]p = true
[nlVI=p = inl [V]*<p

DxM]2p = e [M]P°p,x— x)

Thedenotation®f producers—somexampleclauses:

[x]P°Y(p,x = 2,0) = (L2)
[true]Pdp = (1 true)
[inl M]P? = (m,inl v) where[M]P°¢p = (m,v)

mxm',v) if [M]P4p = (m,true) and[N]P4p = (m/, v)
(m*m/ ) if [M]Prdp = (m,false) and[[N']Pdp = (m/,v)
Do MIP*p = (120 [M]P*(p,x - 2))
[M'NJP°p = (msm'+m” w)where[M]P°p=(m,v)

and[N]Pdp = (m/, f) andv' f = (m",w)

[if M then N else N']p = {

Noticehow stronglytheseclausesesembldahe correspondinglauseof Fig. 2.2.
Proposition 2 (soundness)If M | m,V then[M]Prd = (m, [V]"?) O

Corollary 3 (by Prop.1) For ary closedgroundproducer(i.e. producerof groundtype) M, we
have M |} m,produce n iff [M] = (m,n). a
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2.6.3 Scott Semantics
Thereademaybefamiliar with Scottsemanticgor CBV. This hasappearedh two forms:

1. in theolderform, typesdenotepointedcpos,producergenotestrict functionsandvalues
denotestrict, bottom-reflectingunctions;

2. in the morerecentform, dueto Plotkin [Plo85, typesdenote(unpointed)cpos,values
denotetotal functionsandproducerglenotepartial functions.

Although thesetwo semanticsare equivalent, (2) is more natural,and it agreeswith the key
principle of our printing semanticsthe elementf [A]] aredenotation®f closedvaluesof type
A. We outline the Scottsemanticsn form (2)? to make apparenits similarity to the printing
semantics.

Definition 2 1. A cpo(X,<) isaposetwith joins of all directedsubsets.

2. We write Cpo for the catggory of cposandcontinuougunctions.

Thesemanticss organizedasfollows.

e A type A denotesacpo[A]. Ourintentionis thata closedvalueof type A will denotean
elementof [A].

e Aconttl = A,...,A, 1 denoteghecpo[[I'] = [Ao]] x -+ x [An—1]]. Intuitively, this
is the setof ervironmentsfor I, becausanidentifiercanbe boundonly to a closedvalue.

e Foravaluel -V : A, we seethat given an ervironmentwe obtain (by substitution)a
closedvalue.SoV denotesa continuousfunction [V] V2! from [I'] to [A].

e Foraproducerl - M : A, we seethat,givenan ervironment,we obtain(by substitution)
a closedproduceywhich eitherdivergesor producesa value of type A. So M denotesa
continuougunction [M]Pd from [[F] to [A] , .

The semantic®f typesis givenasfollows:

e bool denotegheflat 2-elementpo {true,false}, because closedvalueof typebool is
eithertrue or false.

e A+ A’ denoteghedisjointunionof [A] and[A'] .

e A — B denoteghecpoof continuougunctionsfrom [[A] to [ B] ., becauseclosedvalue
of type A — B is of theform Ax.M, andthis, whenappliedto a closedvalue of type A
gives(by substitution)a closedproducerof type B.

We omit thesemantic®f terms.

2.6.4 The Monad Approach

We briefly mentiona categorical viewpoint on CBV dueto Moggi [Mog91]. Readersinfamiliar
with this viewpointor with category theorymayomit this section—égull treatmenbf themonad
approachwill begivenin Chap.12.

Supposeave have a category C with finite products(suitablecoproductsarealsorequiredbut
we leave this aside)anda strongmonad’. Then,assumingsufficientexponentsn ¢, we obtain

2We malke the slight modificationof usingtotal functionsto lifted cposinsteadof partialfunctions.
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aCBV model:aCBV valuedenotesa morphismof ¢, anda CBV producerdenotes morphism
of theKleisli category Cr.

Both of our denotationamodelsareinstancef this situation. For the printing semantics,
C is SetandT is the strongmonad4* x — (Moggi’s “interactive output” monad). For the cpo
semantics( is Cpo (the catayory of cposandcontinuougunctions)andT is thelifting monad.

2.6.5 Obsewational Equivalence

Definition 3 A context C[] is a term with zero or more occurrence®f a hole []. If (] is of
groundtypewe sayit is agroundcontext. m|

Definition 4 Giventwo termsl’ = M, M’ : B, we saythat
1. M ~ground M’ whenfor all groundcontexts C[], C[M] |} m,i iff C[M'] |} m,3;

2. M ~anytype M' whenfor all contexts C[] of ary type, C[M] |} m,V for someV iff C[M'] |}
m,V for someV

m|
Proposition4 Thetwo relations~g,oyng aNd~anytype arethesame. O

Thisis animportantfeatureof CBV: it doesnot matterwhetherwe allow obserationat ground
typeor everytype.
Cor. 3impliesthattermswith the samedenotatorareobsenationally equivalent.

2.6.6 Coarse-Grain CBV vs. Fine-Grain CBV
Theform of CBV we have lookedat s calledcoarse-gain CBV. It suffersfrom two problems.

1. Ourdecisionto evaluateoperandobeforeoperatomwasarbitrary
2. A valueV hastwo denotations{[V]]¥ and [V ]Pred.

We can eliminatetheseproblemsby presentinga more refinedcalculuscalledfine-gain CBV
in which (partially basedon [Mog91]) we make a syntacticdistinctionbetweenvaluesandpro-
ducers.This calculusis moresuitablefor formulatingan equationatheory ForalthoughMoggi
in [Mog88] provided a theoryfor coarse-grairCBV, which he called” A.-calculus”,this theory
wasnot purely equationabut requiredanadditionalpredicateo asserthatatermis avalue.

We will not trouble to study fine-grainCBV in this chaptey becauséan the next chapter
we will presentCBPV, which is even morefine-grain. A treatmentof fine-grainCBV andits
equationatheoryis givenin the Appendix.

2.7 Call-By-Name

2.7.1 Operational Semantics
In CBN thefollowing termsareterminal:

T:= true | false | inl M | inr M | A\x.M

Every closedterm M printsa string of characterandterminatesataterminaltermT’. We write
M |} m,T. Thisis definedinductively in Fig. 2.3.

Proposition5 For every M thereis auniquem,T suchthatM | m,T. m|

Theproofis similarto thatof Prop.9.
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N[M/zx] | m,T
letxbe M. N | m,T

true | 1,true false | 1,false
M | m,true N |m/,T M | m,false N'|m/,T
if M then N else N' | mx*m/,T if M then N else N' | mx*m/,T
inl M| 1,in1 M int M| 1,inr M
M |} m,inl M’ N[M'/x]{m',T M |} m,inx M’ N'[M'/x] |} m/,T

pm M as {inl x.N,inr x. N’}  m*m/,T pm M as {inl x.N,inr x.N'} } m*m/,T

N §m, x.N' N'[M/x]ym/,T
A M | 1, %M M'N } msm',T

M {ym,T
printc; M || cxm,T

Figure2.3: Big-StepSemanticgor CBN with print

2.7.2 Obserwvational Equivalence

The denotationabemanticgor CBN is moresubtlethanthatfor CBV, sowe first look at obser
vationalequialences.

Definition 5 A contet C[] is a term with zero or more occurrence®f a hole []. If (] is of
groundtypewe sayit is agroundcontext. O

Definition 6 Giventwo termsl" - M, M’ : B, we saythat
1. M ~gouna M’ whenfor all groundcontexts C[], C[M] |} m, ¢ iff C[M'] |} m,i;

2. M ~anytype M’ whenfor all contexts C[] of ary type, C[M] |} m, T for someT iff C[M'] |}
m,T for someT.

O
By contrastwith Prop.4 we have thefollowing.
Proposition6 Therelation~anytype is strictly finerthan~goyng. O
Perhapghe simplestexampleof this propositionis
print "hello"; Ax.M ~gound Ax.(print "hello"; M) (2.4)

Obviously the trivial context [], which is not ground,distinguisheghe two sides. An intuitive
explanation(not a rigorousproof) of (2.4) is that, insidea groundCBN term, the only way to
causea subtermof type A — B to beevaluateds to applyit.
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If we usedivergenceratherthanprinting, theanalogougxampleis the equivalence
diverge ~gound AX.diverge

This generalCBN phenomenoranbe describedas“effectscommutewith A”. Variousauthors
studyingCBN languagesvith only groundtypesandfunctiontypeshave exploitedit by allow-
ing certainfeaturesat groundtype only, asthe correspondindeaturesat functiontype arethen
definable:erraticchoice[HA80], controleffects[Lai97] andconditionalbranchingPlo77).

For both printing and divergence(indeedfor all effects), we have, for similar reasonsthe
n-law for functions:ary term M of type A — B canbeexpanded

M ~ground Ax.(x' M) (2.5)

wherex is notin thecontet I of M.

2.7.3 CBN vs. Lazy

Definition 7 e Weusetheterm“CBN” (equationsmodelsetc.) to referto the CBN opera-
tional semanticgogethemwith ~g,nd.

e Weusetheterm“lazy” (equationsmodelsetc.)to referto the CBN operationakemantics

togethemwith ~,nytype-
O

Thusin a CBN modelthen-law (2.5) mustbe validated whereasn alazy model(2.5) mustnot
bevalidated.

Our usageof “lazy” follows [Abr90, Ong88]. However, the terminologyin the literatureis
not consistentandthereadershouldbewvarethe following.

1. “Lazy” is widely usedto describecall-by-need.

2. “Call-by-name”is sometimesisedto mean(our senseof) “lazy”, especiallyin thecontin-
uationliterature[HD97, Plo7q andthe monadliterature[Mog91].

3. In theuntyped\-calculusliterature,the phrase‘call-by-name”is usedwith a slightly dif-
ferentmeaningfrom ours, and necessarilyso becausehereis no groundtype—thereis
justonetypeandit is afunctiontype. In orderfor (2.5)to hold despiteobsenationat this
type, a differentoperationalkemanticss used: reductioncontinuesto headnormal form

[Wad74.

Thelazy paradigmis treatedn AppendixA. We seetherethatit is subsumedn CBV, soits
denotationabemanticgs straightforvard.

By contrast,in the CBN paradigmmuch of the big-stepsemanticds not obserable. For
example,thetwo sidesof (2.4) have differentoperationabehaiour, yet that differencecannot
be obsered. So a denotationakemanticsjn orderto validate(2.4), mustconcealpart of the
big-stepsemanticsFor this reasonthe CBN paradigmis moresubtlethanCBV.

2.7.4 Denotational Semanticsfor print

Definition 8 1. An A4-set(X,x) consistsof asetX togetherwith afunction* from 4 x X
to X. We call X thecarrier andx* thestructuie.

2. An elemenbf (X, %) is anelemenif X.

3. A functionfrom asetW to (X, ) is afunctionfrom W to X.
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EachCBN type A denotesan 4-set[[A] = (X, *). Ourintentionis thata closedterm M of type
A will thendenotean element[M] of (X,x), andprint ¢; M will denotec* [M]. Thusx
providesa way of “absorbing”the effectinto X. Givenan 4-set(X,*) we canextendx to a
functionfrom 2* x X to X in the evidentway—we call the extension* too. This extension
allows usto interpretprint m; M directly.

Herearesomewaysof constructing4-sets.

Definition 9 1. Forary setX, thefree 4-seton X hascarrier4* x X andwe setc* (m,x)
tobe(cxm,z).

2. For ant € I-indexed family of 4-sets(X;,*), we definethe 4-set[];c;(X;,*) to have
carrier[];c;X; andstructuregivenpointwise:z* (c* f) = c* (2" f).

3. For ary setX andA4-set(Y,*), we definethe 4-setX — (Y, %) to have carrierX — Y
andstructuregivenpointwise:z' (¢ f) = c* (z* f).
]

Thesemantic®of typesis asfollows:

e bool denoteshefree 4-seton {true, false}. Thisis becauseary closedtermof typebool
printsa stringandthenterminatesastrue or false, andthis behaiour is obsenable.

o If [A]] = (X,*) and[[A4’]] = (X', *) then A+ A’ denoteghefree 4-seton X + X'. This
is becauseary closedterm of this type prints a string andthenterminatesasinl M or
inr M, andthis behaiour is obserable.

o If [A]] = (X,*) and[B] = (Y,*) thenA — B denotesX — (Y, x). Thisis becauseary
closedtermof thistypeis equivalentto someAx. M, andprefixingwith aprint command
is thengivenby (2.4).

Givenacontet xg : Ao,...,%xn-1: Ap_1, @anenvironmentconsistsof a sequenc®f closed
terms My, ..., M, 1. Writing (X;, ) for [[4;], this ervironmentdenotesan elementof X x
--- x X,,—1 We saythatthe context denoteghis set.(Thereis no needto retainthe structure.)

Givenaterml - M : B, from ary ervironmentwe obtain(by substitution)a closedterm of
type B. So M will denoteafunctionfrom [[I'] to [B].

Semantic®f terms—somexampleclauses:

[xl(px—=,0) = =
[let x be M. NJ [M](p,x— [Np)
[truel]lp = (1,true)
mx*[[Npif [M]p= (m,true)
mx [N'pif [M]p= (m,false)
[inl Mlp = (Linl [M]p)
mx*[N](p,x+ a) if [M]p= (m,inl a)
mx*[N"](p,x— d) if [M]p=(m,inra’)
[A\x.M] = Mz.[M](p,x+> x)
[M*N] ([M]p) (INTp)
[orinte; Mlp = cx[M]p

[if M then N else N'] = {

[pm M as {inl x.N,inr y.N'}] = {

Proposition 7 (soundness)If M |} m,T then[M] = mx [T7. O
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Corollary 8 (by Prop.5) Forary closedgroundterm M (termof groundtype), M || m,produce n
iff [M] = (m,n). Hencetermswith the samedenotatiorareobsenrationally equivalent. O

Noticethesequencingf effectsin thesemantic®f if andpm. Thisis characteristiof CBN:
pattern-matchings whatfinally cause®valuationto happen.

We emphasizehatwe have not usedary notion of “homomorphism’between4-sets.But,
for usein Sect.4.7 andPartlll, we definethis notionhere.

Definition 10 1. A homomorphisnfrom (X, ) to (Y, *) is afunctionz 4](» y such
that f(c*z) = c* f(z). If fis abijection,then f~! toois a homomorphismsowe say
that f is anisomorphism

2. We cangeneralizethis: a homomorphisnfrom (X, ) to (Y, %) over asetl is afunction

MrxX ! Y suchthat f(p,cxx) =cx* f(p,z).

O

2.7.5 Scott Semantics

Thereademay be familiar with Scottsemanticgor CBN, wheretypesdenotepointedcposand
termsdenotecontinuougunctions.We recallthis semanticdere, to make apparentits similarity
to the printing semantics.

Definition 11 A cpois pointediff it hasa leastelementwhich we call 1. We usecppoasan
abbreviation for “pointedcpo”. a

EachCBN type A denotesacppo. Our intentionis thata closedterm M of type A will denote
anelementof X, andif it divergesthenit will denotel. (A cornvergenttermalsomay denote
1.) Thus_L providesaway of “absorbing”the effectinto A.

We recallsomefamiliar waysof constructingcppos:

1. ForacpoX, its lift X, consistsof X togetherwith an additionalelementL, which is
below all theelementof X.

2. Forani € I-indexedfamily of cppos(X;, <, L) theproductof this family [1;¢7(X;, <, L)
is theset[;c;X;, orderedpointwise. Its leastelements givenpointwisez' 1 = 1.

3. Givenacpo (X,<) andacppo (Y, <, L) theexponent(X,<) — (Y, <, 1) is the setof
continuoudunctionsfrom (X, <) to (Y, <), orderedpointwise. Its leastelements given
pointwisex' 1 = 1.

The semantic®f typesis givenasfollows:

e bool denoteghelift of thecpo{true,false}. Thisis because closedtermof typebool
eitherdivergesor terminatesastrue or false, andthis behaiour is obserable.

e If AdenoteqX,<,L)andA’ denoteg X', <, L) thenA+ A’ denoteghelift of thecpo
(X,<)+ (X', <). (“CBN sumdenotedifted sum”) Thisis becausevery closedterm of
this type eitherdivergesor terminatesasinl M or inr M, andthis behaiour is observ-
able.

o If AdenotegX,<,l)andB denotegY, <, L)thenA — B denoteg X, <) — (Y, <, 1).
This is becausevery closedterm M of this typeis equivalentto someAx. N, andif M
divergesthenit is equivalentto Ax.diverge.
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Givenacontet xg : Ay,...,xn 1 : Ap_1, @anernvironmentconsistsof a sequencef closed
terms Moy, ..., M,_1. Writing (X;,<, L) for [4;]], this environmentdenotesan elementof the
cpo(Xo, <) x -+ x (Xp—1,<). We saythatthe context denoteghis cpo.

Givenaterml - M : B, from ary ervironmentwe obtain(by substitution)a closedterm of
type B. So M will denotea continuousfunctionfrom [I'] to [B]. We omit the semanticof
terms.

We emphasiz¢hatwe have not usedarny notionof “strict function” betweercppos.But, for
usein Sect.4.7 andPartlll, we definethis notionhere.

Definition 12 1. A strict continuousfunctionfrom a cppo X to a cppoY is a continuous

functionx y suchthat f(L) = L. If fis abijection,thenf~! toois astrict
continuoudunction,sowe saythat f is anisomorphism

2. More generally a strict continuousfunctionfrom (X, x) to (Y, x) over asetl” is acontin-

uousfunctionl” x X Y suchthat f(p, L) = L.

O

2.7.6 Algebras and Plain Maps

We continuethe categorical discussionof Sect.2.6.4. Again, this sectionmay be omitted by
readersunfamiliar with category theory
Thetwo denotationamodelsof CBN thatwe have seenmareboth cartesiarclosedcategories:

e The printing semanticgor CBN is the cartesiarclosedcatagory in which an objectis an
A-set(X,*) andamorphismfrom (X, %) to (Y, *) isafunctionfrom X to Y.

e Thecposemanticgor CBN is thecartesiarclosedcateyory of cpposandcontinuoudunc-
tions.

In fact,every modelfor CBN mustbe a cartesiarclosedcateyory, asit mustvalidatethe 8- and
n-laws for functions.

Thesetwo cartesiarclosedcatagoriesare instancef a generalconstruction. Supposeas
in Sect.2.6.4,thatwe have a cartesiarcateggory C with a strongmonadZ’. Thenwe form the
category® of “algebrasandplain maps”,in which anobjectis a T-algebra X, 6) andamorphism
from (X, 0) to (Y, ¢) is any C-morphismfrom X to Y. Assumingsufiicientexponentsn C (we
will male this precisein Def. 97), this category mustbe cartesiarclosed[Sim92.

To seethatour two modelsareinstance®f this, noticethat

e analgebrafor the 2* x — monadon Setis preciselyan 4-set;
e analgebréafor thelifting monadon Cpo is preciselya cppo.

We emphasizehatin the category of algebrasandplain maps anobjectis analgebra( X, §),
not just a C-object X on which thereexists a strucuremapd. Although this latter definition
would give a cartesiarclosedcatayory equivalentto ours,it would not give a semanticof CBN.
To seethis, look atthesemanticdor pm : it usesthe specificstructured. In summary

aCBYV typedenotesanobjectof C; aCBN typedenotesa T-algebra.

We arenot claimingthatevery modelof CBN arisesfrom a monadin this way, justthatthe
printing modelandthe Scottmodeldo.

3This cateyory canbe seenasthe co-Kleisli cateyory for the comonadI” on the Eilenbeg-Moorecateyory ¢T .
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2.8 Comparing CBV and CBN

BecauseCBN satisfieghe §-law andn-law for functions,it is sometimesuggestethatCBN is
“mathematicallybetterbeharedbut practicallylessuseful” thanCBV. While the claim aboutthe
practicalinferiority of CBN is valid, the claim aboutits mathematicasuperiorityis notvalid.

For althoughthe CBN functiontypeis mathematicallysuperiorto the CBV functiontype,the
CBN sumtype (andbooleantype)is inferior to the CBV sumtype. We saw thatin the printing
semanticghe CBV sumsimply denoteshe sumof sets,while the CBN sumdenotesa more
comple constructionon 4-sets. Similarly, in the Scottsemanticsthe sum of cposis a much
simpler constructionthan the lifted sum of cppos. In particulay the CBV sumis associatre
whereaghe CBN sumis not.

This situationis seennot justin denotationakemanticsut alsoin equations.Considerthe
following equivalence—aspecialcaseof the n-law for bool. If M hasafreeidentifierz : bool
then

M = if z then M[true/z| else M[false/z]

holdsin CBV but notin CBN. It holdsin CBV because canbeboundonly to avalue,true or
false. It failsin CBN because& canbeboundto atermsuchasprint "hello"; true.

Thus,the perceptiorof CBN’s superiorityis actuallydueto thefactthatfunctiontypeshave
beenconsiderednore important,and hencereceved more attention,than sumtypesor even
groundtypes.

A consequencef this bias(towardsfunctiontypesandtowardsCBN) hasbeenthe promo-
tion of cartesianclosedcategoriesas a significantstructure,in the semanticof programming
languagesndevenin the semantic®of intuitionistic logic. Thelatteris especiallyinappropriate,
becauséhe type theoryto which intuitionistic logic correspondss effect-freeratherthanCBN
or CBYV, soits modelsmustbe bicartesianclosedcateayories.



42

Chapter 3
Call-By-Push-Value: A SubsumingParadigm

3.1 Intr oduction

3.1.1 Aims Of Chapter

In this chaptemwe presenthe CBPV languageandits operationahnddenotationakemanticgor
ourexampleeffectsof printinganddivergence andwe shav how it containsdoothCBV andCBN.
Operationabemanticss presentedh two forms: thefamiliar big-stepform andthe CK-machine
of [FF84.

We will introducethefollowing vocahulary, all of whichwill beusedin subsequerthapters:

e value,computationferminalcomputation;
e valuetype,computatiortype;
e thunk,forcing athunk;
e configurationjnside,outside;
e sequencedomputationproduceyconsumer
We suggesthefollowing slogansandmnemonics.
e A valueis, acomputatiordoes.
e U typesarethUnktypes,F' typesareproducertypes.
e For cpos,U meansUthing, F means'liFt”.

3.1.2 CBV And CBN Lead To CBPV

Becauseave have usedprinting ratherthandivergenceasourleadingexampleof aneffect, our ex-
plorationof CBV andCBN leadsusnaturallyto thetypesof CBPV. As we explainedin Sect.2.2,
in the printing semanticsa CBV typedenotes setwhereasa CBN typedenotesan 4-set. Thus
we will needtwo disjoint classef type in the subsuminganguage:typesdenotingsetsand
typesdenoting4-sets.Thesearepreciselythe valuetypesandcomputatiortypes(respectiely)
of CBPV. Furthermorethe subsuminganguageshouldprovide type constructorsorrespond-
ing to the variouswayswe have seenof constructing4-sets,and CBPV indeeddoesthis. For
example,

e F'A denoteghefree 4-seton [[A]
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e U B denoteghecarrierof [ B].

Inventing the term calculusof the subsuminganguagds not as easyasthe types,but we
canobtainhelpful guidelineshy recallingequationafactsaboutCBV andCBN andtheinformal
reasongor them.

e In CBY, then-law for sumtypes(andboolearntype)holdsbecausédentifiersareboundto
values.

e In CBN, the n-law for functiontypesholdsbecause term of functiontype canbe made
to evaluateonly by applyingit.

We would lik e our subsumindanguagédo have bothof thesepropertiesandindeedCBPV does.

3.2 Syntax
We recallthatthetypesof CBPV aregivenby

A= UB | J;e14i | 1| AxA
Bi= FA| [erB; | A= B

whereeachset! of tagsis finite. (We will alsobeconcernedvith infinitelywide CBPV in which
I may be countablyinfinite—seeSect.5.1 for more discussion.) We will often write 7z for a
particularelemenbf 1. We usuallyomit terms,equationstc.for thetypel, becausd is justthe
nullary analogueof x.

Sinceidentifierscanbe boundonly to values,they musthave valuetype. Sowe have the
following:

Definition 13 A contt I is afinite sequencef identifierswith valuetypesxg : Ag,. .- ,%Xp_1:
A,_1. Sometimesve omit theidentifiersandwrite I asalist of valuetypes. m|

Thecalculushastwo kindsof judgement
r-“M:B r'v:A

for computationsand valuesrespectiely. We emphasizahat, in eachcase,only value types
appearontheleft of -. Thetermsof basic(i.e. effect-freeCBPV) aredefinedby Fig. 3.1. We
will freely addwhateser syntaxis requiredfor the variouscomputationakffectsthatwe look at.

Definition 14 1. A produceris acomputatiorof type F A.
2. A groundtypeis atypeof theform §;.;1 (suchasbool =1+ 1).
3. A groundvalueis avalueof groundtype.

4. A groundproduceris acomputatiorof type F' A, where A is agroundtype.
Wewrite true andfalse for theclosedvaluesof typebool = 1+1andif V then M else M’
for thecorrespondingm construct. m|

NoticethatCBPV hastwo formsof product.In theterminologyof Sect.2.3.2,the productof
valuetypesis a pattern-matb productwhereaghe productof computatiorntypesis a projection
product Thereasonwe do not have a constructtV whereV hastype A x A’ is thatthe CBPV
operationalsemanticgpresentedn Sect.3.3) exploits the fact that valuesdo not needto be
evaluated. So we cannotallow a comple value suchas 7(true,false), which needsto be
evaluatedto true. Comple valuesarediscussedully in Chap.4.
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Mx:AlMN-Yx: A
r'v:A
I produce V: FA

rN-“M:B
Y thunk M :UB

r=Yv:A;

r’Yv:A rx:A~“M:B
MNCletxbeV.M:B

rMN-“mM:FA T,x:AF*N:B
N*“Mtox.N:B

rYv:.uB
“forceV:B

FI—VV:ZieIAi . r,XZAi ¢ M;

FEY (V) SierA

ME VA TRV A
FE (V,V):Ax Al

S THM;:B; -

FEEX LMy} NierBs

MNx:AF*M:B
rMN-°xx.M:A—B

MN-*pmVas{...,(4,x).M;,...}: B

FrV:AxA Tx:Ay: A+ M:B
MN-“pmV as(x,y).M:B

MM [ierB;
F<#M:B,

rINYv:A M-“M:A— B
rN<v‘'mM:B

Figure3.1: Termsof BasicLanguage

3.3 Operational SemanticsWithout Effects

Although at this stagewe give the languagewithout effects, we take carethat the definitions,
propositionsandproofscaneasilybe adaptedo variouseffectswherepossible.

3.3.1 Big-Step Semantics
Thefollowing closedcomputations@reterminat
T:= produceV | M...,i.M;,...} | \x.M

Wewrite Cp for thesetof closedcomputation®f type B, T for thesetof terminalcompu-
tationsof type B, andV 4 for the setof closedvaluesof type A.
Thebig-stepsemanticss givenin Fig. 3.2.

Proposition9 For every closedcomputationM, thereis a uniqueterminalcomputatiorl” such
thatM | T O

Proof(in thestyleof [Tai67]) Wedefine by mutualinductionovertypes threefamiliesof subsets:
for eachA, red CVyu
for eachB, red; C Tp
for eachB, red; C Cp

Thesedefinitionof thesesubsetproceedsasfollows:
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M[V/x]{T
letxbe V.M |T

M |} produce V. N[V/x]|| T
produce V || produce V Mtox. N|T

M|T
forcethunk M | T

Mi[V/x| 4 T
pm(2,V)as{...,(4,x).M;,..} 4 T

M[V/x,V'[y] 4T
pm (V,V') as (x,y).M | T

MUM...,iNi,..} N; T
Moo i M, Y UMM, ) *MUT

My Xx.N N[V/x]|T
Ax.M | Ax.M ViM|T

Notethateachof theserulesis of theform
MOUTO M’r—l‘UTr—l

T (3.1)

for somer > 0.

Figure3.2: Big-StepSemanticgor CBPV
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thunk M € redy;p iff M eredp
(V) e red"zieIAi ?ff V € redy,
(V, V') € redy, ar iff  V eredy andV’ € red",
produce V € red 4 iff  V eredy
M...,i.M;,...} €red g, it Mie red°B; foralli e I
el=1
Ax.M eredy ,p iff  M[V/x] € redg for all V € red}
M € redp iff M | T for uniqueT’, andfurthermoreT’ € redtﬁ

Noticethatif T' € Tg, thenT € red§; iff T' € red’;.

Finally we shaw that for ary computationAo, ..., A, 1 - M : B, if W; € redY, for i =
0,...,n—1 thenM[Vm] € redg; andsimilarly for ary value Ay, ..., A, 1 FY V : A. Thisis
shavn by mutualinductionon M andV, andgivestherequiredresult. i

3.3.2 CK-Machine

The CK-machineis a generaform of operationasemanticshatcanbe usedfor CBV andCBN
aswell asfor CBPV. It wasintroducedin [FF86] as a simplification of Landin’'s SECD ma-
chine[Lan64, andtherearemary similar machinegBie98, Kri85, SR98]. At ary pointin time,
the machinehasconfigurationM, K when M (theinsidé is the termwe areevaluatingand K
(theoutsidg is astacK. Thereis noneedfor anervironmentor for closurespecaussubstitution
is used.

Themachineas summarizedn Fig. 3.3. To understandhe CK-machinejustthink abouthow
we mightimplementthe big-steprulesusinga stack.

Supposdor examplethatwe areevaluatingM to x. N. Thebig-stepsemanticgells usthat
we mustfirst evaluateM . Sowe putthecontext [] to x. N ontothestack,becauseatpresenive
do not needit. Later, having evaluatedM to produce V, we canremove [| to x. N from the
stackandproceedo evaluateN [V/x], asthe big-stepsemanticsuggests.

As anotherexample,supposeve areevaluatingV* M. The big-stepsemanticgells usthat
we mustfirst evaluateM . Sowe puttheoperand V' ontothestack becausat presenive do not
needit. Later, having evaluatedM to Ax.N, we canremove the operandl/ from the stackand
proceedo evaluateN [V/x], asthe big-stepsemanticsuggests.

To evaluatea closedcomputationM, we startwith the configurationd/,nil andfollow the
transitionsin Fig. 3.3 until we reacha configurationT,nil for a terminalcomputationl’. We
shall seein Sect.3.3.4thatthis will happenpreciselywhen M |} T. The outsidenil is often
referredto asthetop-level outside

Noticethat

e thebehaiour of V* M is to pushV andthenevaluateM
e thebehaiour of A\x.M isto popV andthenevaluateM [V/x]

Fromthebig-stepruleswe have thusrecoveredthe push/popreadingdescribedn Sect.1.5.1.

1Readersamiliarwith similar conceptsn aCBV settingmayfind theusageof “outside” confusing sowe explain
asfollows. Whatwe call an outsideis roughly what Felleisencalledan evaluationcontext. We usethe terminology
currentoutsideratherthancurrentcontinuationbecausén CBPV (unlike CBV) notall outsidesarecontinuationsfor
exampletheoutsideV :: K is apair, nota continuation We look at continuationrsemanticsn detailin Sect.6.4.4.

2f we wantedour usageto be strictly consistentyve would put the context V* ] ratherthanjust V ontothe stack,
but thisis unnecessarilgomplicated.
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Initial Configuration

Transitions

letxbe V.M
M[V/x]

M tox. N
M [[tox. N::

produce V [[tox. N :
N{V/x]

force thunk M
M

pm (3,V)as{...,(¢,x).M;,...}
M;[V/x]

pm (V,V') as (x,y).M
M[V/x,V'/y]

M

M

)

N ORR ORX RN ORR ORR XN XN RN XN

)

Moo iM;,. )
M;

V'M
M Vo

Ax.M Vo
M[V/x]

Terminal Configurations

produce V nil
)\{ ,ZM“} nil
Ax.M nil

Figure3.3: CK-MachineFor CBPV
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3.3.3 Typing the CK-Machine

If we executethe CK-machinefrom aninitial configurationtheneachconfigurationM, K that
we reachhas2 typesassociateavith it:

e thetype B of M;
e thetypeC of theinitial computation.

We saythat M, K is a closed configuation of typeC andthat K is an closedoutsidefrom B
to C. It is clearthatwe canform a cateyory whoseobjectsare computationtypesandwhose
morphismsareoutsidescompositionis givenby concatenation.

We write F'é K : B to meanthat K is a closedoutsidefrom B to C; in otherwords, it
accompaniesn inside of type B in the courseof evaluatinga computationof type C. More
generally we canincludefreeidentifiersI” andwe thenwrite I Fé K : B. (Thiswill beuseful
in Sect.3.3.5.) Thetyping rulesfor this judgementaregivenin Fig. 3.4. We canthensay

Definition 15 A I'-configumation of typeC consistof
e acomputationtype B;

e apair M,K wherel - M : Bandl' - K : B.

Mx:AFM:B THYK:B

MH&nil: C FHEJtox. MK :FA
r-& K :B; rVv:A THEK:B
Mg 7 K MierB; rEV:iK:A—B

Figure3.4: Typing Outsides

Proposition 10 (deterministic subjectreduction) For everyclosedconfigurationM, K of type
C, preciselyoneof thefollowing holds.

1. M, K is notterminal,and M, K ~~» N, L for uniqueN, L. N, L is aclosedconfiguration
of type(C.

2. M, K isterminal,andtheredoesnotexist N, L suchthatM, K ~» N, L.

O

To completethe CK-machinesemanticsye write ~~* for thetransitive closureof ~». More
technically:

Definition 16 We defineinductively therelation~+* on closedconfigurations:
M' K' ~*N,L
M,K ~*M,K M,K ~~* N,L

(M,K ~ M' K"

O

3Sincewe have definedoperationalsemanticgor closedcomputationnly, all configurationghat ariseduring
executionare closed. However, this will not be the casein Sect.3.3.5,wherewe presentoperationalsemanticgor
non-closeccomputations.
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By analogywith Prop.9, we cannow formulatethe following.

Proposition11 For every closedconfigurationM, K thereis a uniqueterminal T suchthat
M, K ~* T ,nil, andthereis noinfinite sequencef transitionsfrom M, K. O

We deferthe proof of thisto Sect.8.6.

Definition 17 (complementaryo Def. 14(1)) A consumelis anoutsidefrom atype F'A to ary
type. O

Suchanoutside“consumes’the valuethata producemproducesFor example,[] to x. N :: K is
aconsumer

3.3.4 AgreementOf Big-Stepand CK-Machine Semantics
Thesoleaim of this sectionis to prove
Proposition12 For closedcomputationdf, T of type B, thefollowing areequialent:
1. M| T,
2. M,K ~*T, K for all outsidesk’ suchthatl—kQK : B for some(C;
3. M,nil ~* T, nil.
O

(1) = (2) is astraightforvardinduction. (2) = (3) is trivial. To prove (3)=-(1) we first definea
mappingfrom configurationgdo computations.

Definition 18 GivenaclosedconfigurationM, K of typeC wedefine- M e K : C by induction
OnK:

Menil = M
Me([J[tox. NK) = (Mtox.N)eK
Me(i::K) = ('M)eK
Me(V:iK) = (VM)eK

O

Lemma 13 Forall M andN of type B, if, for all T', M | T implies N | T', then,for every K

suchthatt-¢, K : B for someC, M e K || T impliesN e K |} T. m]
Proof Inducton K. a
Lemmald If M,K ~~*T nilthenM e K | T. O

Proof We inducton the antecedentAs anexampleclause supposdhatthe antecedenis given
by

produce V,[| tox. N :: K ~» N[V/x],K ~* T,nil

We know by the inductive hypothesisthat (N[V/x]) e K |} T, soby Lemmal3 we know that
(produce V tox. N)e K | T. O
Prop.12((3)=-(1)) is animmediateconsequencef Lemmal4.



50 Chapter3. Call-By-Push-¥lue: A SubsumindParadigm

3.3.5 Operational SemanticsFor Non-ClosedComputations

We have presentedig-stepand CK-machinesemanticgor closedcomputationonly. We now
shav how to extendthemto non-closeccomputation®n afixed contect I'. This extensionwill
be advantageousn Chap.6, especiallywhenwe look at control effects, becausave will then
wantto treatthe outsidenil asafreeidentifier Theonly difficulty is whena computatiortries
to forceor pattern-matcta freeidentifier: we mustthenterminateexecution.

Big-StepSemantics

We wantto definearelationM || T wherel ¢ M : B andl' ¢ T : B. Werequireabiggerclass
of terminalcomputationghanin Sect.3.3.1:

T:= produceV | M...,i.M;,...} | =x.M
| forcez | pmzas{...,i.M;,...} | pmzas (x,y).M

We mustaddto Fig. 3.2 rulesfor the additionalterminalcomputations:

force z || force z

pmzas{...,i.M;,...} pmzas{... ,i.M;,...}

pmzas (x,y).M

CK-Madine

Theonly changeequiredo theCK-machinedescribedn Sect.3.3.2is thatwe usel -configurations
ratherthanclosedconfigurationsandsowe requirea biggerclassof terminalconfigurations:

produce V nil
)\{ 77'Mu} nil
Ax.M nil
forcez K
pmzas {...,i.M;,...} K
pmz as (x,y).M K

3.4 Operational Semanticsfor print
We now addprinting: morepreciselywe addto the syntaxof CBPV thetyping rule
r-“m:B
Cprintc; M : B

andwe mustadaptthe operationakemanticsaccordingly

3.4.1 Big-Step Semanticsfor print

Sincewe have addedonly oneterm constructoito the basiclanguagewe might expectthatwe

needonly addonerule to Fig. 3.2. However, this is clearly not possible:whereador the basic
languagethe big-steprelationhasthe form M || T', it now hasthe form M | m,T. It seems
thereforethatwe mustpresenthebig-stepsemanticgrom scratch.
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Fortunatelythisis notthe case We simply replaceeachrule in Fig. 3.2 of theform (3.1) by
MO U’ mo,To T Mrfl U’ mr717Tr71
M| mo*...xmu_1,T

Thenwe addthebig-steprule
Mm, T
printc; M | cxm,T

Proposition 15 For every computationM, thereexistsuniquem,T" suchthat M | m,T. m|

Theproofis easilyadaptedrom the proof of Prop.9.

3.4.2 CK-Machine For print
In Fig. 3.3atransitionhastheform

M K ~ M’ K’ (3.2)
Whenwe addprint to thelanguagewe wantatransitionto have theform
M K ~ m M’ K'

for somem € 4*. We thereforereplaceeachtransition(3.2)in Fig. 3.3by

M K ~~ 1 M’ K’
andwe addthetransition
printc; M K ~ c M K

We replaceDef. 16 by thefollowing.
Definition 19 We definetherelation~*, whoseformis M, K ~* m, M', K’ inductively:
M' K' ~*n,N,L
M,K ~*1,M,K M,K ~*mxn,N,L

(M,K ~m,M' K"

We canstateandprove analogue®f all theresultsin Sect.3.3.3—-3.3.2In particularwe have
Proposition16 M | m,T iff M,nil ~»* m,T ,nil. O

3.5 Observational Equivalence
As with CBV andCBN, we wantto definea notionof obsenationalequivalence.

Definition 20 1. A groundcontetis aclosedgroundproducemwith zeroor moreoccurrences
of a holewhich mightbea computatioror avalue.

2. Giventwo computation$ < M, N : B, wesaythatM ~ N whenfor every groundcontext
C[] wehavethatC[M] | T iff C[N]{ T (for every T'). We similarly define~ for values.
O

We modify this to suitthe effect beingconsideredFor printing (without divergence)we say
that M ~ N whenfor every groundcontext C[], we havethat C[M] |} m, T iff C[N]{ m,T (for
everyT).
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3.6 Denotational Semantics

In the printing semanticsa valuetype (andhencea context) denotesa set,anda computation
typedenotesan 4-set. The semantic®f typesis givenby

[UB]] = thecarrierof [B]
[Sicrdil = YierllAi]
[AxAT = [A]x[A]
[FA] = thefree4-seton[A]
[(MierBill = MMierlBi]
[A—B] = [A]—[B]

Similarly we definethedenotatiorof acontet I': if I' isthesequencely, ..., 4,_1, thenwe set
[T to betheset[Ao]] X - -« X [Apn-1]

Next we definethe semantic®f terms.A valuel' FY V' : A denotesa function [V from the
set[[l']] to theset[[A]], andacomputation” < M : B denotesa functionfrom theset[I'] to the
carrierof the 4-set[ B]. Herearesomeexampleclauses:

[produce V]p = (1,[V]p)

|
[Mtox.N]p = mx*x[N](p,x+— a)where[M]p= (m,a)
[ohume My = [M]p
[force VIp = [Vip
D Mlp = Ae.M](p,x )
VMo = (Vo) (IM]o)
|

[print m; M]p = mx*([M]p)

In the Scottsemanticsa valuetype denotesa cpoanda computatiortype denotes pointed
cpo. Someexampleclauses:

[UB] = [B]
[FA] = lift of [4]
[A—B] = [A]—[B]

Like a valuetype, a context denotesa cpo, givenby x. Thenavaluel FV V : A denotesa
continuoudunction [V fromthecpo[I'] tothecpo[ A]], andacomputatiod” - M : B denotes
acontinuoudunctionfrom thecpo[I']] to the pointedcpo[[B].

Notice that, in both printing and Scott semanticsthe constructsthunk and force are
invisiblein the sensehat

[thunk M] = [M]
[force V] = [V]

In the Scottsemantics[J too is invisible, becausdU B]] = [B]|. By contrast,in mary of the
semanticsn Chap.6 thunk , force andU areall visible.

Proposition 17 (Soundnesof Denotational Semantics) For ary closedcomputationM, if M |
m, T then[M] = mx*[T]. O

Corollary 18 (by Prop.9) For ary closedgroundproducerM, we have M |} m,produce n iff
[M] = (m,n). Hencetermswith the samedenotatiorareobsenrationally equivalent. O
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If we aredealingwith non-closeccomputationssin Sect.3.3.5,thenProp.17 extendsto

Proposition 19 Forary computatior” =< M : B andary ervironmentp € [[']] if M |} m,T then
[M]p=mx*([T]p). O

3.7 SubsumingCBV and CBN

We give translationsfrom the small fragmentsof CBV and CBN describedin Chap.2. The
full translationsandtheir technicalproperties(adequay, full abstractioretc.) aregivenin Ap-
pendixA.

If thereadebearan mindthedenotationasemantice®f CBV andCBN, thetranslationsnto
CBPV areobvious.

3.7.1 From CBV to CBPV
Thebig differencebetweenCBV andCBPV is thatin CBV Ax.M is avaluewhereasn CBPV
Ax.M is acomputation.ThusAx in CBV decomposeBito thunk Ax in CBPV.

More generally a CBV function from A to B is, from a CBPV perspeciie, a thunk of
a computationthat popsa value of type A and producesa value of type B. So we have a
decompositiorof —cgy into CBPV givenby

A—)C|3vB=U(A—)FB) (33)

It is importantto seethatthis decompositiomespectdoth of our denotationakemantics.e. the
two sidesof (3.3) have the samedenotation.This is essentialf thetranslationis to be regarded
assubsumptie.

e In the printing semanticsA — F'B denotesan 4-setwhosecarrieris the setof functions
from [A]] to 4* x [ B]. SothethunktypeU (A — F B) denoteghis set,asdoesA —cpy
B.

¢ In the ScottsemanticsA — F' B denoteghe cppo of continuousfunctionsfrom [A] to
[B] .. SothethunktypeU (A — F B) denoteghis cpo,asdoesA —cpy B.

Thetranslationfrom CBV to CBPV s presentedhn Fig. 3.5. Justasa CBV valueV hastwo
denotationgV]? and[V]P9, soit hastwo translationd/ 2 andVPd relatedby

yPred — produce V@

in the CBPV equationatheoryof Chap 4.
As we explainedfor —cpy, thetranslationpreseresdenotationakemanticsThus,for both
printing andScottsemanticsye have thefollowing:

Proposition20 1. Forary CBV type A, [A]lcev = [A"]|cepv-
2. Forary CBV valuel' -V : A4, [V]&l, = [V'¥]cepy.

3. Forary CBV producef” - M : A, [M]¥35 = [MP%cgpy.
m|

Thatthe translationrespectoperationalsemanticgto a certaindegreeof intensionality)is
provedin AppendixA.
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C | C" (avaluetype)
bool boolie.1+1
A+B AY+BY

A—B| U(AY— FBY)

Agy..., Ay 1 FVIC | AY,... AL FYVval oY
X X
true true
false false
inlV inl V!
inrV inr V@
Ax.M thunk \x.MProd
Aogy..., Ap-1FM:C AY,... AL FCMPed: pOY
X produce x
let xbe M. N MProd go x. NProd
true produce true
false produce false
if M then N else N’ MP°d t0 z. if z then NP9 else NP
inl M MPd t0 z. produce inl z
inr M MP™d o z. produce inr z
pm M as {inl x.N,inr x.N'} | MP9 to z. pm z as {inl x. NP9 inr x. N'P°%}
Ax.M produce thunk Ax.MProd
M'N MPod to x. NPd to £. x' (force £)
printc; M print ¢; MPrd

Figure3.5: Translationof CBV types,valuesandproducers
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3.7.2 From CBN to CBPV
Thetranslationfrom CBN to CBPV is motivatedasfollows.

¢ |dentifiersin CBN are boundto unevaluatedterms, so we regard them (from a CBPV
perspectie) asboundto thunks.

e Similarly, tuple-componentand operandsn CBN are unevaluatedterms, so we regard
themasthunks.

e Consequentlyidentifiers tuple-componentandoperandsll havetypeof theform U B—a
thunktype.

We thushave adecompositiorof —cgyn into CBPV.
A—cenB=(UA)— B (3.4)

It is importantto seethatthis decompositiomespectbothof ourdenotationatemantics.e. both
sidesof (3.4) have the samedenotation. This is essentialf the translationis to be regardedas
subsumptie.

e In the printing semanticsjf A denoteshe A4-set(X,«) and B denoteshe A-set (Y, *)
thenU A denoteghesetX and(U A) — B denotesX — (Y, ), asdoesA —cgn B.

¢ In the Scottsemantics(U A) — B denoteghe cppoof continuousfunctionsfrom [A]] to
[B]], asdoesA —cgn B.

Similarly we have decompositions

boolcgy = Fbool
A+cenB = F((UA)+(UB))

It is easily seenthat thesealso respectdenotationalsemanticsge.g. the Scott semanticsor
F((UA)+ (UB)) isthelifted sumof [A]] and[B]].

As we explainedfor —cpn , thetranslationpreseresdenotationatemanticsThus,for both
printing andScottsemanticsye have thefollowing:

Proposition21 1. Forarny CBNtype A, [A]lcan = [A"]lcepv-

2. Forary CBNterml+ M : A, [M]can = [M"]|cepy-
O

Thatthetranslatiorrespect®perationakemanticgto acertaindegreeof intensionality)is proved
in AppendixA.

3.8 CBPV As A Metalanguage

We canuseCBPYV not just asan objectlanguagebut asa metalanguageWhenwe do this, we
have to specifywhich CBPV modelthe metalanguages referringto. For example,whentalking
aboutthe printing model,we use F' A to referto thefree 4-setonthe set A, andU B to referto
thecarrierof the 4-setB.

Anotherexampleis the Scottmodel.

e If Aisacpowewrite F'A for its lift, acppo.

e If a € A wewrite produce a for the correspondinglementof F A.
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C | C" (acomputatiortype)

bool Fpoolie. F(1+1)
A+B F(UA"+UB")
A—B (UA™) — B"
Aogy..., Ap1FM:C UAR,... ,UA} FCM":.C"
X forcex
letxbe M. N let x be thunk M". M"
true produce true
false produce false
if M then N else N’ M" toz.if z then N" else N'"
inl M produce inl thunk M"
pm M as {inl x.N,inr x.N'} | M" to z. pm z as {inl x. N",inr x. N'"}
Ax.M Ax. M"
N'M (thunk N")' M"
printc; M print ¢; M"

Figure3.6: Translationof CBN typesandterms

e If b€ FA andf is afunctionfrom A to a cppo B, we write b to z. f(z) to mean.L if

b= 1 andf(a) if b= produce a.

e If Bisacppo,wewrite UB to meanthecpo B.

e If b € B wewrite thunk b for b regardedasanelemeniof UB.

e If a € UB we write force a for a regardedasanelementof B.

It mayseemsuperfluouso write U, thunk andforce whenreferringto the Scottmodel,because
they areinvisible. But the advantageof doing sois that everythingwe write in this notationis
meaningfulnotjustin the Scottmodelbut in ary CBPV model.

3.9 Useful Syntactic Sugar

3.9.1 Pattern-Matching

It is convenientto extendall constructghatbind identifiersto allow pattern-matchingWe give

someexamples.

suaar

unsugred

M to{...,(4,x).N;,...} Mtoz.pmzas{...,(i,x).N;,...}

Ax,y).M
pm M as (w,(x,y)).N

Az.(pmz as (x,y).M)
pm M as (w,z).(pm z as (x,y).N)

We usesuchabbreiations only informally, asit would be complicatedto give a precise,

generaldescription.
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3.9.2 Commands

It is sometimegonvenientto have acomputatiortype comm of commandsuchasprint ¢, with
thefollowing rules:

NMN<*M:comm TF*N:B
I € skip : comm rMN-“M;N:B

I ¢ print c¢: comm

It is alsousefulto have acomputatiortypenr comm of non-returningcommandge.g.diverge,
error e), with thefollowing rule:

M :nrcomm

€ coerce pM : B

Both canberegardedassucar:

sugar unsu@red

comm F1

skip produce ()

M;N Mto().N

print ¢ print ¢; produce ()
nrcomm FO

coerce pM M to {}

In orderto givetheCK-machineulefor coerce M, weprovideadummyoutsideneverused
for non-returningcommandsThemachineruleis then

coerce M K
M neverused

Thetypingrulefor neverused is

[ 5 neverused : nrcomm
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Chapter 4
Complex Valuesand the CBPV Equational Theory

4.1 Intr oduction

In this chapterwe build the CBPV equationatheoryandlook at its main properties.In order
for the equationaktheoryto have reasonablenathematicaproperties(in particulay categorical
semantics)we needto addin Sect.4.2 someextra termscalled comple values althoughwe
shaw in Sect.4.6thatthey canbeeliminatedto someextent.

As in Sect.2.3.4,we will look atthereversiblederivationspresentn the equationatheory
We will usethesederivationsto constructisomorphismsetweentypes,and corvert typesby
isomorphisninto canonicalform.

Finally, wewill look attherelationship$etweerthe CBPV equationatheoryandeffect-free
equationatheories.

4.2 Complex Values

Supposeave wantto form avaluex : bool Y not x : bool. This seemgeasonableit makes
sensalenotationallyandanaturalwayto codeit is if x then false else true. ButtheCBPV

syntaxasdefinedin Fig. 3.1 will not allow this, becausehe rulesallow pattern-matchingnto

computationnly, notinto values.(Recallfrom Sect.3.2thatif is the pattern-matcltonstruct
for bool = 1+ 1.) A similar problemariseswith valuessuchasw + 5 andx + y, which we used
in our exampleprogramin Sect.1.5.2.

For anotherexample—ancbnewhich which will be indispensablevhenwe cometo equa-
tional/ categoricalissuespecauset givesusa cartesiarcategory of values—tryto form avalue
x ! bool x nat F 7x : bool. Again, this makessenseadenotationallyanda naturalway to code
it ispm x as (y,z). y. Butthistooinvolvespattern-matchingnto avalue.

All theseareexamplesof comple values We incorporateheminto the CBPV languageby
addingtherules

rYv:A rmx: A W:B
N-VYletxbeV.W:B

T ViS4 - IxiA4AHVW;:B ---
MrYpmVas{...,(:,x).W;,...}: B

FrEV:AxA Tx:Ay A W:B
Nr='pmV as (x,y).W:B
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All theserulesmake sensen every denotationamodel,and,aswe mentionedabore, they are
indispensablevhenwe study equational/catgorical issues. The readermay thereforewonder:
why did we notincludetheserulesfrom theoutset?Theanswelis thatexcludingcomple values
keepgheoperationakemanticsimple: bothour big-stepandour machinesemanticexploit the
factthatvaluesdo not needto be evaluated Furthermoretherangeof thetransformsfrom CBN

and(coarse-grainICBV into CBPV doesnotinvolve comple values.

It would certainlybe possibleto extendthe operationabemanticgo includecomple values,
but atthe costof canonicity We would have to make anarbitrarydecisionasto whento evaluate
comple values. Sincethe evaluationof complex valuescauseso effects, the decisionhas
no semanticsignificance.We will thereforecontinueto exclude complex valueswhentreating
operationalssuesput otherwisewe will includethem.

We shallseein Sect.4.6thatcomple valuesaddno expressve powver to computation®r to
closedvalues pecausacomputatioror closedvaluecontainingcomplex valuescanbecornverted
into onewithout. For example,produce (if x then false else true) canbe corvertedinto
if x then produce true else produce false.

4.3 Equations

In Sect.3.1we looked at equationabropertiesof CBV andCBN, andtheinformal reasongor
them:

e In CBY, then-law for sumtypes(andboolearntype)holdsbecausédentifiersareboundto
values.

e In CBN, then-law for functiontypesholdsbecause term of functiontype canbe made
to evaluateonly by applyingit.

We stipulatedthata subsumindanguageshouldhave both of theseproperties.We cannow
seethatCBPV indeedmeetstheserequirements.

¢ Identifiersareboundto values sothen-laws for sumtypesholds.

e A term of function type can be madeto evaluateonly by applyingit, sothe n-law for
functiontypesholds.

Theequationalssueis moreimmediatelyapparenfrom a denotationaperspectie, whetherwe
look atthe printing semantic®r the Scottsemantics:

e InCBPV, [A + A’] is preciselythedisjointunionof [ A]] and[A'—likein CBV but unlike
in CBN.

¢ In CBPV[A] — [B] is preciselythe setof functions(or the cpoof continuousunctions)
from [A] to [ B]—likein CBN but unlikein CBV.

We thusformulatean equationatheoryfor CBPV (with comple values),givenin Fig 4.1.
M, N and P rangeover computationswhile V' andW rangeover values.

The equationsfor print anddiverge are of coursespecificto our example effects, but
therearedirectly analogousquationdor mary othereffects. The sequencingquationswill be
usedin Prop.24, andthroughoutPart Illl. We call this theory (without the print anddiverge
equationsihe CBPVequationaltheory.

For bothprintingandScottmodelswe have (asa consequencef asubstitutionemma,which
we omit)

Proposition 22 Provably equaltermshave the samedenotation. m|
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B-laws
letxbe V. M = M[V/x]
letxbe V. W = W[V/x]
(produce V) tox. M = MI[V/x]
force thunk M = M
pm (3,V)as{...,(i,x).M;,...} = M;[V /%]
pm (2,V)as {...,(5,x).W;,...} = W;i[V/x]
pn (V,V') as (x,y).M = M[V/x,V']y]
pm (V,V') as (x,y).W = WV/x,V'/y]
... M, ) = M;
V' ax.M = MI[V/x]
n-laws
M = M to x. produce x
|4 = thunk force V
MV /z] = pmVas{...,(4,x%).M[(i,x)/z],...}
W[V /z] = pmVas{...,(4,x%).W[(i,x)/z],...}
M[V/2) = pnVas (uy) M{(xny)/2]
WV = pnVas(ny)W(xy)/2
M - Moo, id M.}
M = Ax.(x' M)
sequencingaws
(Mtox.N)toy. P = M tox. (N toy. P)
M tox. AM{...,i.N;,...} = M...,i.(M tox. N;),...}
M tox. A\y.N = Ay.(M tox. N)
print laws
(print ¢; M) tox. N = print ¢; (M tox. N)
print ¢; A{...,i.M;,...} = M...,i(print ¢; M),...}
print c¢; Ax.M = Ax.(print ¢; M)
diverge laws
diverge tox. N = diverge
diverge = M...,i.diverge,...}
diverge = Ax.diverge

Figure4.1: CBPV equationsusingconventionsof Sect.1.4.2
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4.4 CK-Machine llluminates — Equations

Werecallfrom Sect.1.5.2andSect.3.3.2that A\x andV"* canbereadascommands:
e \x means‘pop x”;
e V' means'pushV™.

Thisreadinglluminatesmary equationsnvolving — (aswell astheanalogougquationsnvolv-
ing [). Herearesomeexamples.

1. Considertheequation
print "hello"; Ax.M = Ax.(print "hello"; M) (4.1)

In the CK-machinereadingthe LHS means
print "hello”;
pop x;
M

while theRHS means
pPop X;

print "hello”;
M

Provided the stackis non-empty(asit mustbe if the initial configurationwas ground),
thesetwo behaioursarethe same pecaus@oppingandprinting do notinterfere.

2. Inthes-law
V' Ax.M ~ M[V/x]
theLHS means

push V;

pop X,
M

Thefirst two lines have the effect of bindingx to V' andleaving the stackunchangedso
theoverall effectis to obey M with x boundto V.

3. Inthen-law
M ~ X x.(x* M)
theRHSmeans
pop X;
push x;

M

Assumingagain thatthe stackis non-emptythe first two lines have the effect of leaving
the stackunchangedndbindingx to thetop entryin the stack.But we areassuminghat
x is notusedin M, sothefirst two linescanberemoved.
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4. Theanalogueof (4.1)for divergenceis
diverge ~ Ax.diverge
TheRHSmeans

pop x,
diverge

Assumingaggin thatthe stackis non-emptythis diverges.
As anaside we noticethatall these4 equationsandthe push/pogeadingthatexplainsthem,
holdin CBN aswell asin CBPV.
4.5 Reversible Derivations

Proposition23 The CBPV equationatheorypossessethe following reversiblederivations,all
of which presere substitutionn I':

- T,A;F'B --. co T,A;F¢B -
r7 ZieIAi H' B ra ZieIAi k< B
rAAF B rAAF B
MAxAH B NAxA+B
FEYA TH A r-<B
T Ax A r-"UB
STHB; .- A B
M MierBs r-“A—B

For example thereversiblederivationfor — is givenby

e theoperatiord : M — Ax.M, whichturnsacomputatior ,x : A+¢ M : B into acompu-
tationfF*N:A— B

e theoperationd~: N — x' N, which turnsa computation” < N : A — B into acompu-
tationl,x: A+ M : B

andit is clearthattheseoperationsareinverseup to provableequality usingthe 8- andn-laws
for —, andthatthey commutewith substitutionin I, aswe explainedin Sect.2.3.4.

Notice thatthe only type constructothat doesnot possess reversiblederivationis F. All
thebadnespresenin the CBN sumtypeandin the CBV functiontypeis, in CBPV, concentrated
in F. For thisreasonit is F' thatmakesthe cateyoricalsemanticof CBPV complicated.

Definition 21 A reversiblederivation # betweencomputationds saidto preserveprinting, to
preserveadivergenceor to preservesequencingn I whentherespectie equation

f(print ¢; M) = printc; (M)
f(diverge) = diverge
g(Ptoz. M) = Ptoz. 0(M) (zanidentifierinl")

is provable. O
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We can make similar definitionsfor other effects. As with preseration of substitution,if 6
preseresprinting/divergence/sequencirthensodoesy .

Proposition 24 Eachreversiblederivation betweencomputationdisted in Prop. 23 preseres
printing, divergenceandsequencingn I'. m|

For theabove exampleof 8 : M — Ax.M thisresultis givenby theequations

Ax.(print ¢; M) = printc Ax. M
Ax.diverge = diverge
Ax.(Ptoz.M) = Ptoz Ax.N

all of which areincludedin Fig. 4.1.
In fact,if 6 preseressubstitutionandsequencingn I, thenit automaticallypreseresprint-
ing anddivergence pecaus®f the provableequations

printc; M = (print c¢;produce ())to (). M
diverge = divergepyto{}

As we statedin Sect.2.3.4,thesereversiblederivationsprovide importantinformationabout
the categorical structureof the equationatheory We shallseethisin Partlll.

4.6 Complex Valuesare Eliminable

Lemma?25 If M = N is provableandM andN donotcontaincomple valuesthenM ~ N. O

Proof Thisfollows from Prop.22 andCor. 18. m|

We arenow in a positionto seethat complex valuescan be eliminatedfrom computations
andfrom closedvalues.

Proposition26 1. Thereis an effective procedurethat, given a computationl” - M : B,
possiblycontainingcomple values,returnsa computation” < M : B without complex
values,suchthatM = M is provable.

2. Thereis an effective procedurethat, given a closedvalue=¥ V' : A, possiblycontaining
comple values returnsa closedvaluet" V:A without comple values suchthatV = 1%
is provable.

O

Proof

1. Wewill defineonesuchprocedureandsimultaneouslyfor eachvaluel’ H¥ V' : A, possibly
containingcomplec values,andeachcomple-value-freecomputation”,v: A+¢ N : B,
we will definea comple-value-freecomputation” ¢ N[V /v] : B suchthat N[V//v] =
N[V/v] is provable.

By mutualinductionon M andV, we defineM andN[V///v] in Fig. 4.2andwe prove the
equations

M=M

N[V//v] = N[V/v]



64 Chapter4d. Compl Valuesandthe CBPVEquationalTheory

2. ForavalueAy,...

,An_1HY V1 A possiblycontainingcomples valueswewill defineV to
beafunctionthat,whenappliedto asequencéVy, ... f
values-V W; : A;, returnsa comple-value-freeclosedvalueV (W, ...

V(Wa,...

, Wn_1 of comple-value-freeclosed
, Wy,—1) suchthat

Wo1) = V[Wi/x]

is provable. Thisis definedby inductionon V' in Fig. 4.2. The specialcasen = 0 givesthe

desiredresult.

a
V N[V//v]
x N[x/v]
letxbe W.U (let x be w. N[U//v])[W //w]
(z, W) (let v be (7,w). N)[W//u]
pmWas{...,(i,x).U;,...} | (pmwas {...,(¢,x).N[U;//v],...}) [W//w]
(W, w") (let v be (w,x). N)[W//u][W'//x]
pm W as (x,y).U (pmw as (x,y).N[U/v])[W//w]
thunk M N[thunk M /v]|
M M
letxbe W. N (let xbe w. N)[W//w]
pmWas{...,(i,x).N;,...} | (pmwas {...,(4,%).N;,...}) [W//w]
pm W as (x,y).N (pmwas (x,y).N)[W /]
M., (4,%).N;, ..} M., (4,%).Ni, .. .}
N N
Ax.N Ax.N
V'N (v'N)[V /]
produce V (produce v)[V//v]
N tox. P N tox. P
forceV (force v)[V//v]
printc; N printc; N
v V(W)
X; W;
letxbe W.U (7 I/_V> V_V>
(G, W) G, W v‘V)
pn W as {...,(i,x).U;,...} (7 V_VZ,V') whereW (W) = (3, V')
(W, W) <W<W>,W'<W>> )
pm W as (x,y).U U(Wz, vV WhereW(WZ) = (V,v")
thunk M thunk M[W;/x;]

Figure4.2: Definitionsusedin proofof Prop.26

By choosingsomesuchprocedurewe canextendtheoperationatemantic$o includeground
producerswith complex values:if M is sucha producey we saythat M |} m,i iff M | m,i.
Becausef Lemma25, this relationdoesnot dependon the choiceof procedure™.

We can adaptthe proof of Prop.26 to shav that comple valuescanbe removed from a
contt. Soit is immaterialwhether in our definition of obsenational equivalence,we allow
contets to containcomplex values.
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We canextendProp,22 andCor. 18 asfollows, for the printing language:

Proposition 27 Provable equality implies denotationalequality which implies obsenrational
equialence. m|

This adaptgo thevariouseffectsanddenotationamodelswe will 100k at.

4.7 Syntactic Isomorphisms

4.7.1 Desired Examples
We frequentlywantto saythattwo CBPV typesare“isomorphic”. Herearesomeexamples:

Il

A—(B—0) (AxB)—>C (4.2)
UAxUA" = U(An4) (4.3)

(4.2) is the curryingisomorphism.Operationally this saysthat poppingtwo operandssuc-
cessvely is essentiallythe sameaspoppinga pair of operands.

(4.3) saysthata pair of thunkscanbe coalescednto a singlethunk, of a computationthat
first popsabinarytagandproceedsiccordingly

Theseisomorphismsare obviously valid in both the printing model and the Scott model.
For example,thereis a canonicaisomorphism(4.2) of 4-sets(in the senseof Def. 10(1))anda
canonicalsomorphismn(4.3) of sets.Butwerequireasyntacticnotionof “isomorphism”between
two types.Thisis straightforwardfor valuetypesbut lesssofor computatiortypes.

4.7.2 A Suitable Definition

Definition 22 1. An isomorphisnbetweenvaluetypesA and B is areversiblederivationd
r=vA
r-YB

that preseressubstitutionin I'. (By the Yonedaembeddingwe could also characterize
anisomorphismasa pair of termsAF' V : B and B W : A inverseup to provable
equality)

2. An isomorphisnbetweercomputatiortypesA andB is areversiblederivationd

r<A
*_C

_|
I

thatpreseressubstitutionrandsequencingn I'.
O

In Chap.15.1we will explain why we define(2) in thisway. For the momentwe canprovide a
roughintuition by sayingthatpreserationof sequencing—whickgswe saidin Sect.4.5,implies
preserationof printing anddivergence—isanalogougo the structurepreserationin Def. 10and
Def. 12. A reversiblederiationthatpreseressubstitutionbut not sequencingn I givesusonly
a syntacticisomorphisnmbetweenV A andU B. It is thereforeanalogougo a bijection between
thecarriers of [A] and[B]], ratherthanan 4-setisomorphisnbetweenA]] and[B].

We cannow shav thatthe examplesabove areinstance®f Def. 22.
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(4.2) canbegivenasthe compositereversiblederivation

rN“A— (B—0)
MNAF*B—C
ABFC
MAxBFC

F(AxB)—=C

which preseressubstitutionrandsequencingn I' becauseachof its factorsdoes.
(4.3) canbegivenasthe compositeeversiblederivation

FTHYUAxUA
rYUA THUA
FrCA TrFeA
FrECAnA’
r=Yu(AnA4)

which preseressubstitutionin I' becauseachof its factorsdoes.

4.7.3 Type Canonical Forms

The readermmay be familiar with the factthatevery PCFtype is isomorphicto one of the form
Ag— ---— A,—1 — B, whereB is agroundtype. Thereis ananalogousesultfor CBPV. We
saythatCBPV typesin thefollowing inductively definedclassesrecalledtypecanonicalforms

A= YiiUB;
B:= [|er(UB; — F4;)

Proposition 28 Every CBPV typeis isomorphicto atype canonicafform. i
Thisis easilyprovedby inductionover types.We canunderstandhis resultasfollows.

e Every closedvalueV is atuple (moreaccuratelya hereditarytuple) of tagsandthunks.
All thetagscanbe coalescednto asingletag,and(aswe explainedin Sect.4.7.1)all the
thunkscanbe coalescedhto a singlethunk. So V' correspond$o a pair (z, thunk M).

e Every n-expandedclosedcomputationM popsseveral operandsandthenbehaesasa
producer Eachof the operandss either a tag or a value, and eachoperandwhich is
a valueis a tuple (more accurately a hereditarytuple) of tagsand thunks. So we can
coalesceall the operandsnto a singletag and a singlethunk. Thus M correspondgo
M...,2.Ax.N;, ...} whereeachN; is aproducerandeachx hasthunktype.

e Every closedoutsideK consistsof several operanddollowedby a consumer Again, we
cancoalescall the operandsnto a singletaganda singlethunk. Thus K corresponds$o
anoutside? :: (thunk M) :: L, whereL is aconsumer

4.8 Relationship With Effect-FreeLanguages

The effect-freeanalogueof CBPV is the x 5 [T —-calculusshown in Fig. 4.3; essentiallythis
is the Abool+-calculusof Sect.2.3 extendedwith both pattern-matclproductsand projection
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Types

A= 1|AXA|ZZ€IA’L| HZEIAllA_)A
whereeachsetI is finite (or countablefor infinitely wide x 5[] —-calculus)

Terms

Fr-M:A INx:A-N:B

Mx:AlNFx: A lletxbe M.N:B
FrEM:A THM:A FrN-M:AxA Tx:Ay:A+-N:B
F=(M,M"):Ax A -pm M as (x,y).N: B

M=-M: A; FEM:SiefAi - Txt AiFEN;:B ---

FE(,M): YicrAi Nr-pmMas{...,(4,x%).N;,...}: B

S TFM;:B; - [+ M :[NierBs

CEM... i M, ) [ierBs F-#M:B;

MNx:Ar-M:B rN-M:A T-FN:A—B

lN-Xxx.M:A— B l'FM'N:B

Equations, using corventionsof Sect.1.4.2

[-laws
letxbe M. N = N[M/x]
pm (M, M') as (x,y).N = N[M/x,M'/y]
pm(z,M)as{...,(3,%).N;,...} = N;[ M /x]
TN M,. ) = M;
M‘Ax.N - N[M/]
n-laws
N[M/] = paMas (xy)N(xy)/4
N[M/z] = pmMas{...,(4,%).N[(i,x)/z],...}
M - Moo i M.}
M = Ax.(x' M)

Figure4.3: The x 5 [1 —-Calculus
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products. As this calculusis effect-free,it is not necessaryo have both kinds of product,just
corvenient.

We usetheterm* x ¥ -calculus™for thefragmentof this calculususingjust x andy ; similarly
“x-calculus”andsoforth.

Theimportanttranslationsareshowvn thus:

%y [1 —-calculus

x Y -calculus——
fragment

CBPV+print

We seetwo relationshipsere.

e XY -calculusis a fragmentof CBPV (calledthe valuefragmen). The embeddindeaves
typesunchange@ndtransformsaterml - M : Aintoavaluel Y V : A.

e We can collapseeffect-free CBPV into x y [] —-calculususingthe trivialization trans-
form, written —t". This transformdiscardsU and F' andleavesall othertype constructors
unchanged.It translatesa valuel FV V : A to aterm Y - V¥ : A", andtranslatesa
computation” ¢ M : Btoaterml - M : BY,

Consequently:

e every CBPV modelmustincludea modelfor x ¥ -calculus(the value category), suchas
Set, Cpo or SEAM (introducedn Sect.5.2);

e everymodelfor xy [T —-calculus suchasSet givesamodelfor CBPV (atrivial mode).
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Chapter 5
Recursionand Infinitely DeepCBPV

5.1 Intr oduction

This chapterns aboutthe computationakffect of divergence.Thereis little original work here;
we are simply recallingandadaptingwell-known material,which is not specificto CBPV, for
usein subsequenthapters.

First,we addrecursionto CBP\\—bothrecursve termsandrecursve types—andook atthe
denotationakemantics .Ratherthanusearbitrary cposandcpposaswe did in Chap.3, we re-
strictthe modelto Scott-Ershe (SE) domainsand Scott-Ershg-Abramsk/-McCusler (SEAM)
predomainsWe dothisto make thepointthatthe cateyoryin which CBPV valuesareinterpreted
doesnot needto be cartesiarclosed.(Anotherbenefit,aswe explain below following thetreat-
mentin e.g.[SHLG94], is thatthe notion of (e, p)-pair usedin the semanticf type recursion
hasa simplerepresentation.)rhe materialon denotationakemanticf type recursionwill be
usedfurtherin Sect.7.10,whenwe look atthe denotationatemanticof thunk storage.

Secondlywelook atalanguagdeaturethatis, in asenseequialentto recursion—infinitely
deepsyntax.This meanghatthe parsetreeof atermor type canbeinfinitely deep,.e. branches
canbeinfinitely long. Bohmtreesareawell-known exampleof suchterms.Ouronly subsequent
useof infinitely deepCBPV will beto statedefinability resultsfor gamesemanticsn Chap.9.

It is importantnot to confusethis infinitely deepsyntaxwith the wealer featureof infinitely
wide syntax, which is usedthroughoutthe thesis. The latter simply meanghatwe allow types
YierAi and[];crB;, wherel is countablyinfinite. (Therefore parsetreesof typesandterms
areinfinitely wide.) Infinitely wide syntaxdoesnotintroducedivergenceinto the languageand
all the CBPV semanticsn the thesiscaninterpretit. It provides,for example,an easyway of
giving atype of naturalnumbers:asy ;.n1. We useit alsoasa metalanguagevhile describing
the possibleworld semanticsn Chap.7.

It is easyto seethat oncewe allow infinitely deepsyntax,we canencodeinfinitely wide
syntax—forexample, the infinitely wide type ¥ ;.n1 canbe written asthe infinitely deeptype
1+(14+(1+4--+)). In summary:

finitary c infinitely wide c infinitely deep
CBPV CBPV CBPV

We stressthat theserelationshipsapply equallyto CBV or to CBN. However, the designphi-
losoply of CBPV is maximalist(“How much canwe addto the languagewithout losing the
semantics?”)andthis perhapsnakesit morenaturalto considertheseextensionsfrom a CBPV
perspectie thanfrom a CBV or CBN perspeciie.

Thereis a seriousproblemthatarisesfrom bothinfinitely wide andinfinitely deepsyntax—
non-computability.For example,whenwe definenat to be §;.n1, everyfunction f from N to



70 Chapter5. Recusionand Infinitely DeepCBPV

N is definablegvenif f is notcomputable:
F¢Ax.pmx as {...i.produce f(7),...} :nat — F'nat

Consequentlyealizability modelsof CBPV (which we do not treatin this thesis)arenot mod-
els of eitherinfinitely wide CBPV or infinitely deepCBPV. This canprobablybe remediedby
restrictinginfinitely deepCBPV to “computableterms” and“effectively presentedypes”, asis
donefor stratgiesandarenasn gamesemanticge.g.[HO94]). However, we have notinvesti-
gatedthis.

5.2 SE DomainsAnd SEAM Predomains

We cancut dowvn thecpomodelof CBPV in the following way.

Definition 23 1. A (Scott-Ershg) Scott-Eshor (SE)domain is a countablybased consis-
tently complete algebraiacppo.

2. A Scott-Eshor-Abramsly-McCusler (SEAM)predomains acpoisomorphicto oneof the
form ¥,;c;U X, wherel is countableandeachX; is a SEdomain.

3. SEAM is thecatayory of SEAM predomaingndcontinuousfunctions.
O

The Scottsemanticdor CBPV (evenwith recursve types,aswe shall see)takesplaceentirely
within SE domainsand SEAM predomains. (Def. 23(2) is motivated by Prop. 28 for value
types—cf.[AM98a].)

Noticethat

e aSEdomainis preciselya SEAM predomairwith aleastelement;

e SEAM is notacartesiarclosedcateyory, becaus®f the countabilitycondition. For exam-
ple, N is a flat SEAM predomainjput N — N is anuncountabldlat cpo andhencenot a
SEAM predomain.

We recallthe standardepresentatiotheoryfor SEdomaingPlo83 SHLG94, andadaptit
for SEAM predomains:

Definition 24 1. A conditionaluppersemilatticg(cusl)is aposet( A, <) with aleastelement
L, in which every consistenti.e. upperboundedYinite subsetasaleastupperbound.

2. A multi-cust is a posetwhich s a disjoint unionof afamily of cusls.
3. Anidealof aposet(A,<) isasubsetl C A suchthat

e [ isdown-closed.e.if z € I andy < z theny € I,
e everyfinite subsebf I hasanupperboundin I.

Countablemulti-cuslsareequialentto SEAM predomainsin thefollowing sense.

e Given a SEAM predomainD, the posetof compactelementsof D forms a countable
multi-cusl.

e Given a countablemulti-cusl A, the posetof idealsof A, orderedby inclusion,forms a
SEAM predomain.

e Theseoperationsareinverseup to posetisomorphism.

Similarly, SEdomainsareequialentto countablecusls.

ITheterm“pre-cusl” hasalreadybeenused.
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5.3 Divergenceand Recursion

Althoughwe have alreadydescribedhe Scottmodelof CBPV in Sect.3.6,the modelis rather
pointlessf we do notaddrecursiorto thelanguageWe now look at this addition.

5.3.1 Divergentand Recursive Terms
We addto thebasicCBPV languagégheconstructs

Mx:UBF"M:B
I“diverge: B M=ux.M:B
While diverge is notstrictly necessarye.g.it canbedesu@redasux.force x) it is corvenient

to includeit asa primitive.
We addthebig-steprules

diverge | T M[thunk px.M /x| | T

diverge || T pux. My T
Therule for diverge canof coursenever be applied,soit is technicallydispensableWe have
includedit to reflectthe operationalidea of divergence: to evaluatediverge, one evaluates
diverge, andsoforth. We saythat M divemesiff theredoesnotexist T suchthatM | T'. (This

definitionis acceptabl@nly in adeterministicsetting.)
To the CK-machinewe addtransitions:

diverge K
~+ diverge K
K
K

pux. M
~» M[thunk ux.M/x]
Proposition29 Let M beaclosedcomputation.
SoundnesslIf M |} T then[[M] = [T7].

Adequacy If M divergesthen[M] = L.
O

Proof(in the style of [Tai67]) Soundnesss straightforvard. For adequayg, we define,by mutual
inductionover types,threefamiliesof relations:
foreachd, <Y between[A] andV,;
for eachB, <% between[B] andTg;
for eachB, <% betweer{B] andCg;
Thedefinitionof theserelationsproceedsasfollows:

a g‘{@ thunk M iff forcea <C§ M
a <v2ieIAi (V) iff a=(3,b) for someb <y V
a<Y,n (V,V) iff a=(b,b') for someb <Y V andt/ <Y, V'
b <%, produce V iff b= _1 orb= produce a for somea <Y V'
f gtl_l' |B, M. i M.} iff 2elimpliest f <G M;
el—=1 D
f<h g M iff o<y Vimpliesa' f <G M[V/x]
b<g M iff b= L or, forsomeT, M || T andb <t§ T

Notice thatfor terminal T, b <% T iff b <3 T. We prove by mutualinductionover typesthe
following: N N
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e For eachvalueV € V4 theset{a € [A] : a <Y V'} is admissible(closedunderdirected
joins).

e 21f a <Y, V anda’ <Y V andproduce a < produce a’ thena < o',

e For eachterminal computationT € Tg the set{b € [B] : b <j T} is admissibleand
containsL.

e ForeachcomputationM € Cg theset{b € [B] : b <% M} is admissibleandcontains..

Finally we shav that for ary computationAo,..., 4,1+ M : B, if a; <}, W; for i =

0,...,n—1lthen[M] 5~ a; <§ M[W;/x;]; andsimilarly for ary valueAo, ..., An 1 -V : A.
Thisis shavn by mutualinductionon M andV', andgivestherequiredresult. i

Corollary 30 Forary closedgroundproducerM , wehave M |} produce n iff [M] = produce n,

and M divemesiff [M]] = L. Hencetermswith the samedenotatiorareobsenationally equiv-
alent. O

5.3.2 Type Recursion

Both valuetypesand computationtypescanbe definedrecursvely, so we extendthe type ex-
pressionasfollows:

| X | pxA

A=
B:i= .- | X| pXB 1)

Herearesomeexamplesof CBPV recursie types:

pX.(1+bool x X) thetype of finite lists of booleans
uX.F(14+1vool x UX) thetypeof (finite or infinite) lazy lists of booleans

Noticeagain theflexibility of CBPV, it candescribebotheagerandlazy recursve types.
Thereis a syntacticdifferencebetweerthetwo kinds of recursve type:

FrEYV:AuXx.A/X] TH'V:puXA Tx:AuX.A/X]FM:B

M-YfoldV :uX.A M=“pmV as foldx.M: B
[+ M : B[uX.B/X] MM :pX.B
I-¢fold M : uX.B I ¢ unfold M : B[uX.B/X]

The reasonwe do not have a constructunfold V' ,whereV hastype uX.A, is thatthisis a
comple value in the sensef Sect.4.2,and(aswe explainedthere)we excludecomple values

in orderto keepthe operationasemanticxanonical.For all non-operationgburposeshowever,
we addthe comple valuerule

FrEYV:uXA Tx: ApX.A/XJFYW:B
MN-VpmV as foldx.W :B

2Thisclauses usedin proving theadmissibilitypropertyfor F'A, butit is notreally necessarpecausén the Scott
modelwe immediatelyhave a strongemesult: produce a < produce o’ impliesa < a’. However, we includethis
clauseheresothattheadequag proof generalizeso othermodelswherethe strongeresultis not valid.
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—enablingusto defineunfold V aspm V as fold x.x—andthe equationgusingthe corven-
tionsof Sect.1.4.2)

(B) unfold fold M = M

() pmfoldV asfoldx.W = WI[V/x]

() pmfoldV asfoldx.M = M[V/x]

(n) M = fold unfold M

(n) W([V/z] = pmV as fold x.W|[fold x/z]

(n) M[V/z] = pmV as fold x.M[fold x/z]
M tox.fold N = fold (M tox. N)

diverge = fold diverge

print ¢; fold N = fold (print ¢; N)

(The lasttwo are of courseeffect-specific—althougliivergenceis necessarilypossiblein the
presencef type recursion—it thereareanalogousquationdor eacheffect.) We canthenre-
move comple valuesfrom computationsandclosedvaluesasin Prop.26,andwe have syntactic
isomorphisms

UKA 2 AUKA/X]
pX.B = B[uX.B/X|

1

For big-stepoperationabemanticsye first extendthe classof terminalcomputations
T:= - | fold M
andthenaddthefollowing rules:
M[V/x]yT
pmfoldV as foldx.M | T

MyT
fold M |} fold M unfold fold M | T
To the CK-machinesemanticsve add
unfold fold M K
~ M K
pmfold V as foldx.M K

5.3.3 Denotational Semanticsfor Type Recursion

The denotationalkemanticdor recursve typesare obtainedusing a generaltheory described
in [SP83.

Definition 25 Let C beaposet-enrichedategory.
An (e,p)-pair from A to B consistsof morphisms

e

A B

p

suchthate; p=id4 andp;e < idg. e is calledanembeddingndp is calleda projection—
they determinesachother We write C*P for the category with the sameobjectsas C, and
(e,p)-pairsasmorphisms.
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2. Let D beadirecteddiagramin C¢P i.e. a functorfrom a directedposetD, regardedasa
smallcateyory, to C*P. A cocongrom D consistof anobjectV (thevertex) togethemwith,
for eachd € D, an (e, p)-pair (eq, pg) from Dd to V', suchthat

Dd
S
ford < d' = commutes.
Sucha cocones anO-colimitwhen
\/ (pd;ed) =idy (5.2)

deD

Many propertiesof O-colimitsaregivenin [SP82].

Definition 26 An enriched-compactategory C is a Cpo-enrichedcateyory with the following
properties.

e Eachhom-cpoC(A4, B) hasaleastelementL.
e Compositionis bi-strict.

Lig = 1
il = 1

e ( hasa zeroobjecti.e. an objectwhich is both initial and terminal. (Becauseof bi-
strictnessjust oneof thesepropertiess sufiicient.)

e Every countabladirecteddiagramof (e, p)-pairshasan O-colimit.

O

(Thefirst 2 conditionscould be expressedy sayingthat C is enrichedn the monoidalcategory
(CppOyict, ®) Of cpposand strict continuousfunctionswith smashproduct.) Every enriched-
compactcatagyory C is algebraically compact[Fre9] andso every locally continuousfunctor
from ™ x C to ¢ hasa canonicalffixpoint (up to isomorphism).

To give examplesof enriched-compaatateyories,we usethe following.

Definition 27 (basedon [AM98a]) Let A and B be SEAM predomainsA partial-on-minimals

continuoudunctionfrom A to B is a partialcontinuoudunction A B suchthat f is
definedon z iff f is definedontheleastelementelon x. i

Noticethatif A=y, ;UX, to B=y ;. ;UY; then f canbespecifiedby

9

e apartialfunctionI J

e for eachi € dom g, acontinuousunctionfrom UX; to UY ;).
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We will write SEAM paremin for the category of SEAM predomainsndpartial-on-minimalson-
tinuousfunctionsandwe will write SEgict for the category of SEdomainsandstrict continuous
functions.Thesearethe categoriesin whichwe will interpretrecursve valuetypesandrecursve
computatiortypes,respectrely. Noticethatanisomorphismin SEAM p,tmin IS preciselyaniso-
morphismof SEAM predomainswhile anisomorphismin SEgic: is preciselyanisomorphism
of SEdomains.

Usingtherepresentatiotheorypresentedn Sect.5.2,we cangive a simplecharacterization
of (e, p)-pairsin thesetwo categories.

Proposition 31 [SHLG94]

1. Let A and B be the multi-cuslsof compactelementsof SEAM predomainsX andY.
An (e,p) pairfrom X to Y in SEAMparemin iS given by aninjections from A to B that
preseresandreflects<, minimality, inconsisteng andjoins. In particulay it providesan
injectionfrom the minimal elementf A (equivalently; of X) to the minimal elementsof
B (equialently, of Y).

2. Let A and B be the cuslsof compactelementsof SEdomainsX andY. An (e,p) pair
from X toY in SEyyict IS givenby aninjectionfrom A to B thatpreseresandreflectss,
L, inconsisteng andjoins.

Proof

(1) Given(e,p) we noticethate is total andinjective and preserescompactnesso define: to
be the restrictionof e to the compactelements.Corversely given: we definee to take
T € X 10 Vaeaacoi(a) andptotakey € Y 10 V,ea ia)<ya if {a € Ali(a) < y}is non-
empty—otherwise is undefinedaty. It is easyto checkthattheseconstructiondave the
correctpropertiesandareinverse.
Note If (e,p) is constructedrom ¢ in this way thenthe compositep; e takesy € Y to
Vaea,i(a)<yi(a) if {a € Ali(a) < y} is non-empty—otherwisg; e is undefinedaty.

(2) Similar.

Proposition32 1. SEAMpartmin iS anenriched-compadctategory.
2. SEstrict Is anenriched-compadatategory.
3. A productof enriched-compadatateyoriesis anenriched-compaatategory.

4. If 7 is a small Cpo-enrichedcategory and C is an enriched-compactategory, thenthe
catgory [J, C] of locally continuoudunctorsis anenriched-compadatateyory.
O

Proof

(1) TheemptySEAM predomairD is initial andhencea zeroobject. Givena countabledirected
diagramD of (e, p)-pairs,we useProp.31(1)to obtaina diagramof countablemulti-cusls

dd'

Ad andinjectionsAd _ Ad' andconstructhecolimit of this asa countablemulti-

cusl C with injections Ad C. (C is constructedasa quotientof the disjoint
unionof theposets{ A4} 4cp, justlike colimitsin Set) Welet V bethe SEAM predomain
correspondingo C'. To prove (5.2),it is sufiicientto prove it for compactelementof V.
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If ¢is suchacompactklement(i.e. c € C), then,by the constructiorof C, ¢ isin therange
of 14 for sufiiciently large d. For suchd, the notein the proof of Prop.31(1) shows that
Dd; €4 takesa to a. Hence\ g (pa; €q) takesa to a.

(2) The 1-elementSE domainl is terminaland hencea zeroobject. The O-colimits are con-
structedasfor (1).

(3) Trivial.

(4) SupposeD is a countabledirecteddiagramin [J, C]*P. For eachi € J, we obtaina diagram
D; in C®P. We take the O-colimit of this; it hasvertex Vi and,for eachd € D, amorphism

(eds, pai) from Dg; to Vi. For ary J-morphismi

Vi Vj to be Vgen(pdai; Daf; eqj)- It is easyto shawv thatthis makes (eq;, pai)
naturalin ¢ andthatV is alocally continuoudunctor. Wethushave acoconetheO-colimit
propertyis immediatefrom the O-colimit propertyat each.

j wedefinethe C-morphism

O
To interpretrecursve types,we needto extendthe type constructorgo locally continuous
functorsbetweerthesecategories.

Proposition 33 e U extendscanonicallyto a locally continuousfunctor from SEgyict to
SEANIpartmin-

e 5, extendscanonicallyto alocally continuougunctorfrom SEAM I to SEAM partmin-

partmin

¢ X extendscanonicallyto alocally continuousunctorfrom SEAM partmin X SEAM partmin
to SEAM partmin.

F extendscanonicallyto alocally continuousfunctorfrom SEAM partmin 10 SEstrict-

M:cr extendscanonicallyto alocally continuousfunctorfrom SEL ;.. t0 SEgrict.

op

— extendscanonicallyto a locally continuousfunctor from SEAM jartmin X SEstrict O
SEstrict-

O
UsingProp.33togethewith Prop.32 we caninterpret

e avaluetype A with m free valuetype identifiersand n free valuetype identifiersby a
locally continuoudunctor

(SEAM ., min X SEAM partmin)™ X (SEstrict® X SEstrict)” — SEAM partmin

e acomputationtype B with m free valuetypeidentifiersandn free valuetypeidentifiers
by alocally continuoudunctor

(SEAM:):rtmin x SEAM partmin)m X (SEstrictop X SEstrict)n — SEstrict

In particular a closedvalue type denotesa SEAM predomainand a closedcomputationtype
denotesa SEdomain.We have isomorphisms

[ux.A] [A[uX.A/X]]
[ux.B]] = [B[ux-B/X]]

We thus obtaina semantic§or CBPV with recursve types. It is obviously sound. To prove
adequayg, we usePitts’ methoddPit96], which work for ary enriched-compaatateyory.

IR
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5.4 Infinitely DeepTerms

5.4.1 Syntax

We now wantto allow the branchef aterm’s parsetreeto beinfinite branchesasin a Bohm
tree. However, this is not alwaysacceptableTo seethis, considerthe following infinitely deep
terms:

1.
Y thunk force thunk ...: UB
[ force thunk force thunk ...: B
Y thunk force thunk force thunk ...:UB
F¢ force thunk force thunk force thunk ...: B
Thisis acceptablelt is a divergentcomputatiorandhenceshoulddenotel .
2.

FY true:bool  xg:bool,x;:boolF°1let xybe true....:B
Y true : bool Xg : bool ¢ let x1 be true. let x5 be true. ... B
¢ 1let xg be true. let x; be true. let xy be true. ...: B

Thisis acceptablelt is a divergentcomputatiorandhenceshoulddenote.l .

3. Thisexampleusestherulesfor comple values.

FY true:bool xp:bool,x;:booltF" let x be true. ... bool
Y true : bool Xg :bool Y let x1 be true. let xo be true. ...:bool
Y let xg be true. let x1 be true. let x» be true. ... bool

Thisis notacceptableAs aclosedboolearnvalue,it shoulddenoteeithertrue or false—but
it diverges.

FY true:bool FYfold (true,...): uX.(boolx X)

F' true : bool FY fold (true,fold (true,...)): uX.(bool x X)

FY fold (true,fold (true,fold (true,...))): pX.(bool x X)

This is not acceptable.lt shoulddenotean elementof [[uX.(bool x X)]]—but this is the
emptycpo.

Eachof thesetreeshasa singleinfinite branch. We needa condition on brancheghat is
satisfiedoy (1)—(2) but not by (3)—(4). The correctrequirements asfollows.



78 Chapter5. Recusionand Infinitely DeepCBPV

Definition 28 An infinitely deepparse-tredor atermis acceptablevhenit hasno branchthat
is, from somepoint upwards,aninfinite branchconsistingonly of value-formingrules. O

We stresdhatit is quiteacceptabléor a branchto containinfinitely mary value-formingrules—
thishappensn (1).

The branchconditionin Def. 28 appearsnelegant. A more abstractcharacterizatiomsing
inductionand coinductionis givenin Sect.5.6. Anotherapproachusing cposis to definean
infinitely deeptermto be anideal of finitely deepterms,usingthe partial order< which is the
leastcompatiblg(i.e. preseredby all termconstructorsjelationon finitely deeptermssuchthat
diverge< M for every M.

5.4.2 Scott Semantics

The cpo modelfor CBPV with recursionextendsto a semantic§or CBPV with acceptablen-
finitely deepterms.We needthefollowing notion:

Definition 29 We saythat M <5, N (“ M is a finite approximantof N”) when M is finitely
deepand N is obtainedby replacingevery occurrenceof diverge in M by a computation.
More abstractlywe candefine<s, to betheleastbinaryrelationbetweentermssuchthat<s, is
compatible(i.e. closedunderall termconstructorspnddiverge <, N for all N. O

For every finitely deepterm M we defineits interpretation[ M]fi" in the usualway. Then,for
every term M, we defineits interpretation[M]™™ to be |z, xy[M]. It is clearthatthe set
{[M] : M <sin N} is directed—theconditionon branche®nsurests nonemptiness—sthe join
mustexist. Furthermorejf M is finitely deepthen [M]"f = [M]fi", so[[-]"f is an extension
of [-]™.

Finally, we needto adaptthe adequag proofin Sect.3.8 to includeinfinitely deepterms.
We definethe variousrelationsandprove their admissibilityjust aswe did there.We thenprove
thatfor ary computationdo, ... ,A,—1 F M <, N : B, if a; g"Ai W; fori=0,...,n—1then
Mzi—=a; < N[Vm]; andsimilarly for ary valuesAy,..., A, 1F U<,V : A. Thisis
shavn by mutualinductionon M andU. By admissibility we seethat [M] < M for ary
closedcomputation), andthis givesthe desiredresult. N

5.5 Infinitely DeepTypes

5.5.1 Syntax

Having extendedCBPV with infinitely deepterms,we proceedto allow a type’s parse-tredo
have infinite branchesFortunatelyherethereis no needfor restrictionson branchesary parse
treewith finite or infinite branchess acceptable.

For example,we have avaluetype

bool X (bool X (bool X ---))

Thisis theunwindingof uX.(bool x X). Thereis no closedvalueof this type because putatve
termsuchas(true, (true, (true,...))) would violatethe branchrestrictionon terms.

5.5.2 Scott Semantics

Justasin Sect.5.4 we extendedthe semanticdor recursionto a semanticdor infinitely deep
terms, we can extend the cpo semanticdor type recursionto a semanticdor infinitely deep
types.We saythat A <5, B whenA is afinitely deeptypeandB is obtainedfrom A by replacing
someoccurrence®f 0 with a value type and someoccurrence®of 1 (the computationtype
which is the productof the emptyfamily) with a computationtype. We first define[—]fi", the
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semantic®f finitely deeptypes. Thenwe define[ B]"f is definedto be the O-colimit of [A]fi"
overall A<s, B, usingthefactthatthe setof finite approximant®f B is directedandcountable.
Soundnesss trivial andadequay is provedasfor recursve types.

We obtainisomorphismsuchas

1

[A]f™ (A finitely deep)
[B]fi" (B finitely deep)
[[A]]inf % [[Al]]inf

ulB™

1

g__._
) = =
3
1

S|
1%
IR

It would be desirablefor theseisomorphismgo be identities, but in the cpo modelthey are
not. If it werepossibleto make theminto identities,thenit would alsobe possibleto make the
isomorphisms

[ux.AJ™ = [Aux.A/X]]"

[uX.B]*" = [B[uX.B/x]]"™
into identities,andthisis clearlynot possiblen the cpomodelbecaus®f the Axiom of Founda-
tion. By contrastjn modelssuchasinformationsystemgSco82],precusl§SHLG94],gamedMcC96]

and non-well-foundedcpos (replacingthe Axiom of Foundationby the Anti-FoundationAx-
iom [Acz88]) all theseisomorphismsanbe madeinto identities—weomit details.

5.6 The Inductive/Coinductive Formulation of Infinitely DeepSyntax

Thebranchconditiononinfinitely deeptermsappearsnelegant. In this section(whichthereader
mayomit asit is notusedin theremaindeiof thethesis)we give amoreabstractharacterization
of infinitely deepsyntax.We write

e valtypes for thesetof valuetypes;
e comptypes for the setof computatiortypes;
e contexts for the setof contexts;

e valterms for the objectin the catayory Sefentextsxvaltypes suchthatvaltermsr 4 is the set
of valuesl Y V' : A;

e compterms for the objectin the catagory Sefortextsxcomptypes g chthat compterms g is
the setof computationg < M : B.

We discussonly the caseof countableag sets,but ananalogousliscussiorappliesto finite tag
sets.
To seetheissuesconsideffirst the definitionof (infinitely wide) CBPV types:

A= UE|Z’;€IAZ|1|AXA
B:i= FA| B, | A= B

wherel mustbe countable This definesanendofunctoion Setx Setgivenby:

(X,Y) = (Y +3; countableX " +1+ X% X+ countabld”’ +XY)

Thereademayworry thattakinga sumover all countablesetsis problematic.But thereare
two straightforvardsolutions.

o We cantake the sumover all countablesmallsetsrelative to a Grothendieckuniverse.
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e Lessdrastically we cantake thesumover all initial segmentsof N. This requiresusto fix
bijectionsthat allow usto regard the setof suchsegmentsas closedunderfinite product
andcountablesum(indexed over aninitial sggmentof N).

Thussizeis nota seriousproblem,andwe will notaddresst further.

For finitely deepsyntaxthedefinitionof typesis inductivei.e.thepair (valtypes, comptypes)
is the carrierof aninitial algebrafor this endofunctor Whenwe allow infinitely deeptypes,the
definition of typesbecomesoinductivei.e. (valtypes,comptypes) is the carrierof a terminal
coalgebrdor this endofunctor

The definition of CBPV termsgiven in Fig. 3.1 similarly describesan endofunctot on
Sefontextsxvaltypes , gggontextsxcomptypes |t mystbe of the form (F,G) where

o I Sef:ontextsxvaltypes % Sef:ontextsxcomptypes Sefontextsxvaltypes

° G : Sef:ontextsxvaltypes X Sefontextsxcomptypes Sefontextsxcomptypes

but we will notwrite F' andG explicitly.

We seethat (valterms, compterms) is the carrierof aninitial algebrafor this endofunctor
But whenwe allow infinitely deepterms,it is not the casethat (valterms,compterms) is the
carrierof aterminalcoalgebrdor this endofunctorbecausef the branchcondition. However,
(valterms, compterms) is certainlya fixpoint of the endofunctoiin the sensehat

~

valterms = F'(valterms,compterms)

compterms = G(valterms,compterms)

How can we characterizehis fixpoint? Clearly we require somekind of mixed induc-
tive/coinductve definition: valuesare inductively defined,computationsare coinductvely de-
fined. But the coinductive part must be (loosely speaking)on the outside,becausetherwise
we will excludeinfinite brancheghat containinfinitely mary value-formingrules,andwe have
alreadyseenthatthisis too restrictive.

To expressthis, we write X for initial algebraandvX for terminalcoalgebra.

Proposition 34 We have thefollowing descriptionof infinitely deepterms:

compterms = vY.G(pX.F(X,Y),Y)
valterms = uX.F(X,compterms)

Thisis provedby giving anexplicit representationf thefunction
Y — uXF(X,Y)

We omit details.

5.7 Relationship BetweenRecursionand Infinitely DeepSyntax

We saidin Sect.5.1thatrecursionandinfinitely deepsyntaxare,in asensegquivalent.We nowv
explainthis sensein avery informal way, usingexamples.

Any recursioncanbe unwoundinfinitely often. For example,if we take the recursve type
uX.(1+X), this canbe unwoundto give 1+ uX.(1+ X), thenunwound again to give 1+ (1+
px.(14X)), andsoforth. Ultimately, we obtaintheinfinitely deeptype1+ (1+(1+---)). Thus
if we have asemanticgor infinitely deepsyntax,it providesa semanticgor recursionoo.

3We glossover issuef identifierbinding. See[FPD99]for a fuller discussion.
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On the other hand,if we have an infinitely deepterm or type, it can be expressedusing
a countablecollectionof simultaneouslyecursve definitions. For example,take the infinitely
deeptype A = 0+ (1+ (2+(:--))). We namethe subexpression®f this asfollows:

Ao = 04+(14+(24+--+))
A = 1+(24B+-))
Ay = 24+@B+@4+-))

Now we candefinethesetypesby mutualrecursion:

Ag = 0+A;
A = 1+A4)
A, = 2+ A3

Thusarny semanticgor recursionthatcaninterpretcountablesimultaneousecursiongjivesusa
semanticdor infinitely deepsyntax.

Sometimest is easierto work with recursion,sometimeswith infinitely deepsyntax. One
advantageof theformeris that, by allowing only finitely deepsyntax,we have a clearnotion of
compositionabemanticsFinitely deepsyntaxis aninitial algebraor anendofunctorandacom-
positionalsemanticss onespecifiedoy anotheralgebrafor this endofunctor—theinterpretation
is thengiven by the uniguealgebrahomomorphisnfrom the syntaxto this algebral GTW79].
By contrast,it is not clearin what sensethe semanticdor infinitely deepCBPV thatwe have
considereatanbe saidto be compositional.
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Chapter 6
Simple Models Of CBPV

6.1 Intr oduction
Thegoalof Partll is to advancethefollowing claim.

Wheneer we arestudyingeffectful higherorderlanguage¢andremembethat
meredivergencemakesalanguagéeffectful”), thesemantigrimitivesaregivenby
CBPV, It is thereforea goodchoicefor our languageof study

While this is certainlya radicalclaim, we assemblethroughoutPart Il, extensie evidencefor
it. In awide rangeof fields, we seefirstly that CBPV semanticss simplerthanthe traditional
CBV andCBN semanticsandsecondlythat thesetraditionalsemanticcanbe recoreredfrom
the CBPV semantics—save do notloseout by shifting our focusto CBPV.

Admittedly, we encounterexceptions,wherea CBV modeldoesnot decomposeaaturally
into CBPV Theseexceptionsare

e themodelfor erraticchoicewith the constrainthatchoicemustbefinite (Sect.6.5.3);

e the possibleworlds modelfor cell generatiorwith the constraintof “parametricityin ini-
tializations” (Sect.7.9).

Eachof thesds a constrainediariantof a simplerCBV modelthatdoesdecompos@to aCBPV
model,sowe do not considerthemto be a major objectionto our claim. A ratherdifferentcase
is the CBV modelfor inputbasedon Moggi’s input monadMog91].

We have alreadyseenthe decompositiorinto CBPV for printing anddivergence aswell as
for operationalsemanticsjn Chap.3. In this chapterwe look at global store, control effects,
erraticchoiceand errors,and at variouscombinationsof theseeffects. This rangeof “simple
models”is basedon [Mog91], althoughwe do nottreatMoggi’'s exampleof “interactive input”.
We omit alsothe extremelysubtlecombinationof erraticchoiceanddivergence.

We first look at semanticof values,in Sect.6.2, asthis is commonto all the modelsin the
chapter Thenwe devote onesectionto eacheffect; thesesectionscanbe readindependentlyof
eachothet

As the semanticof valuesis straightforward, the difficulty lies in the semanticof compu-
tations. To inventit, therearetwo usefulheuristicsthatcanbe applied. Oneis to take a known
CBV (or CBN) modelandlook for adecomposition.

e For example,considerthe traditionalglobal storeinterpretationof A —cgy B viz. S —
(IA] — (S x [B])). Weimmediatelyseethedecompositiorinto U (A — F'B); it appears
thatU will denoteS — —, that— will denote—, andthat F' will denoteS x —. Thusthe
CBPV typeconstructordhiave simplerinterpretationshan—cpy .
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e As anotherexample,considerthe traditional continuationsemantic§or A —cgy B viz.
(IA] x ([B] — Ans)) — Ans. We immediatelyseethe decompositiorinto U (A — F'B);
it appearshatU and F' will bothdenote— — Ans, and— will denotex. Againthe CBPV
type constructordiave simplerinterpretationgshan—cgy.

e For both of theseexamples thereare correspondingCBN semanticpresentedn the lit-
erature: A —cgn B is interpretedin [O'H93] as (S — [A])) — [B] (for global store)
andin [SR9§ as([[A] — Ans) x [B]. Eachof thesemakesapparenthe decomposition
of A —cpn B into (UA) — B. Again, the semanticf the CBPV type constructorsare
simpler In factthe CBN semanticdooks quite strange;CBPV thus providesa rational
reconstructiorfor it.

Theotherheuristic,which we shallusein this chapteris to guessn adwancetheform of the
soundnestheoremandproceedrom there,usingthereversiblederivationsof Sect.4.5.
6.2 Semanticsof Values

We describehe semanticof valuesatthe outsetbecausét is straightforvardandit is thesame
acrosghedifferentmodelsin the chapter We will considemodelsusingsetsandmodelsusing
cpos.In all of thesetmodels,

e avaluetypedenotesaset;

e in particular ¥;.;A; denoteshesety ;. ;[A;]] andA x A’ denotesheset[A]] x [A];
e acontet Ao,...,A,_1 denotesheset[Ao] X --- X [An-1];

e avaluel H¥ V : A denotesafunctionfrom [[I'] to [A].

Similarly, in thecpomodels,

avaluetypedenotesacpo;

in particular ¥ ;.;A; denoteshecpo ;<[ A;]] andA x A’ denoteshecpo[[A] x [A'];

acontext Ao, ..., A,_1 denoteshecpo[[Ag] X - -- X [An_1]];

avaluel’ H¥ V' : A denotesacontinuoudunctionfrom [[I']] to [A]].

6.3 Global Store

6.3.1 The Language

We take the simplestpossiblecaseof global store: we supposéhereis justonecell cell that
storesavalueof groundtype ¥ ;. 51, written S for short.
We thusaddto the basicCBPV languageconstructdor assignmenandreading:
r-“m:B MNx:SFM:B

. — 5 (s€5) - .
[+Ccell .=s;, M:B [+"readcell asx. M . B

(We continueour practiceof treatingcommandsasprefixes.)

For big-stepsemanticsyve definea relationof theform s, M |l s/,T, wheres,s' € S. We
oftenwrite s ascell — V, meaning“cell containsthevalueV”. To definel}, we replaceeach
rulein Fig. 3.2 of theform (3.1) by

so,Mol s1,To -+ sp—1,Mp_1l 8., T7—1
So,MU«S,,-,T
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andaddtherules
(cell = W), M | s,T (cell = V), M[V/x] I 5, T
(cell = V),(cell :=W; M) | s,T (cell = V),(read cell asx. M) | s,T

Proposition 35 For every s € S andclosedcomputationM, thereexists uniques’, T' suchthat
s,M|s,T. O

This is proved similarly to Prop.9. We canalsoadaptthe CK-machineto this computational
effect, but we omit this.
We adaptthe definition of obsenationalequivalence.

Definition 30 Giventwo computationd” +¢ M, N : B, we say M ~ N whenfor ary ground
context C[] andary s € S, we have

s,C[M] | s',produce n iff s, C[N] | s',produce n

Similarly for two valuesl HY V. W : A. O

6.3.2 Denotational Semantics

We seeka denotationakemanticgor the languagedescribedn Sect.6.3.1. Sincethereis no
divergencewe useasetmodel. The semanticof valuesis givenin Sect.6.2—thedifficulty lies
in theinterpretatiorof computations.

While logically we shouldpresenthe semanticdirst, andthenstatethe soundnesgheorem,
this malkes the interpretationof type constructorsappearunintuitive. So we will proceedin
reverseorder We will statefirst the soundnessheoremthat we are aiming to achieve, even
thoughit is notyet meaningful, andusethis to motivatethe semantics.

We expectthe soundnessgesultto look lik e this:

Proposition 36 (soundness)For every closedcomputationM, if s,M |} §',T then [M]s =
[T7s" O

If we areusingnon-closedcomputationsasin Sect.3.3.5,thenthe soundnessesultwill look
likethis:

Proposition 37 For every computation” ¢ M : B andevery ervironmentp € [[I']), if s,M |}
s',T then[M](s, p) = [T]|(5', p) O

In Prop.37,themeaningof acomputatiorl ¢ M : B takesbothstores € S andervironment
p € [I'] asarguments For thisto bemeaningful M/ mustdenoteafunctionfrom S x [[']] to some
set—wecall this set[B]).

Thusa computationtype will denotea set. We mustnext decidehow to interprettype con-
structors.

To find theinterpretationgor U, [, —, we usethereversiblederiationsof Prop.23:

U Sincewe have thereversiblederivation
Nr-<B
r=YuB

we seethatafunctionfrom [I'] to [U B] shouldcorrespondo afunctionfrom S x [I'] to
[B]. Thissuggestshatwe set[UB] to be S — [B].
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[T Sincewe have thereversiblederivation
- THB; -
M Mier B,

we seethatafunctionfrom .S x [I'] to [[];erB;]] shouldcorrespondo afamily of functions
in which thesth functionis from .S x [[']] to [B;]]. This suggestshatwe set[[[;c;B;] to

be Mics[B]-
— Sincewe have thereversiblederivation
rA-°B
ey

we seethat a function from S x [I'] to [A — B] shouldcorrespondo a function from
S x ([F] x [A]) to [B]. Thissuggestshatwe set[A — B] to be[[A] — [B].

For F', thereis no reversiblederivation. But it is clearthata producer” ¢ M : F'A should
denotea function from S x [[I']] to S x [[A4], becauseéf we run M in a particularstates and
environmentp we obtainastores’'—whichis obsenable—andvalueof type A. Thusafunction
from S x [[']] to [F'A]] correspondso a functionfrom S x [[I']] to S x [A]]. This suggestshat
weset[[FA] tobeS x [[A4].

The semantic®f termsis straightforvard. Herearesomeexampleclauses:

[produce V](s,0) = (s,[V]p)
[Mtox N(s,p) = [NJ(s',(p,x > ) where[M](s, ) = ()
[ehunk M]p = As.([M](s,))
[force V(s,p) = s (V)
[Ax.-M](s,p) = Ae.([M](s,(p,x > 2)))
[cell :=V; M](cell = i,p) = [M](cell = [V]p,p)
[read cell as x. MJ(cell = i,p) = [M](cell —,(p,x+ 1))

It is easyto prove Prop.36.

Corollary 38 (by Prop.35) If M is agroundproducerthens, M |} s’,produce n iff [M]s =
(s',n). Hencetermswith the samedenotatiorareobsenationallyequialent. a

It is alsoeasyto shaw thatprovably equaltermshave thesamedenotatiori.e. themodelvalidates
the CBPV equations.
Noticethe semanticof CBV functions:

[A—cev Bl =[U(A— FB)]| = S — ([A] = (S x [B]))

As we saidin Sect.6.1,thisis thetraditional CBV semanticgor globalstore.

6.3.3 Combining Global Store With Other Effects

Themodelfor globalstorein Sect.6.3.2generalizeslf we have ary CBPV model,we canobtain
from it amodelfor globalstore.

As an example, considerthe printing modelfor CBPV. We seeka modelfor global store
togetherwith print. The big-stepsemanticwill have theform s, M | m,s’, T—we omit the
details,which arestraightforvard.

Thedenotationakemanticdor globalstorewith print is organizedasfollows:
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avaluetype (andhencea context) denotesa set;

acomputatiorntype denotesan 4-set;

avaluel -V V : A denotesafunctionfrom [[[']] to [A];

e acomputation” ¢ M : B denotesafunctionfrom S x [[']] to [B]].

We useCBPV asa metalanguagéescribingthe printing model, as explainedin Sect.3.8.
For example,wewrite F' A for thefree 4-setontheset A, andwe write U B for thecarrierof the
A-setB. With this notation,the semantic®f typesis givenby

[UB] = U(S—I[BI]) [FA] = F(Sx[A])
[Yierdil = Yier[Ai [MicrB:l = MierlBs]
[AxAT = [A]x[A] [A—B] = [A]—[B]

Semanticof terms:someexampleclauses

[produce V] (s,p) = produce (s,[[V]p)
[M tox. N](s,p) [M1](s, p) to (s',a). [NI(s', (p,x — a))
[thunk MJp = thunk As.([M](s,p))
[force V](s,p) s'force ([V]lp)
[Ax-M](s,p) Az ([M](s, (p,x = x)))
[cell :=V; M](cell — i,p) [M](cell — [V]p,p)
[read cell as x. M](cell — i,p) [MT](cell = i,p,x > 1)

[print ¢; M](s,p) = cx([M](s,p))

Proposition 39 (soundness)If s, M || m,s', T then[M]s = m* ([T]s). a

Corollary 40 (bytheanaloguef Prop.35)If M isagroundproducerthens, M || m,s’,producen
iff [M]s = (m,s’,n). Hencetermswith the samedenotatiorareobsenationallyequvalent. O

It is alsoeasyto shav thatprovably equaltermshave thesamedenotationi.e. themodelvalidates
the CBPV equations.

In a similar way, we canobtaina modelfor global storewith recursion. The semanticsof
typesandtermsare as above exceptthat we now understandhe metalinguisticU,F' etc. as
referringto the Scottmodelratherthanthe printing model.

6.4 Control Effects

6.4.1 letcos and changecos
For our explanationof controleffects,we will usethe CK-machineonly, notbig-stepsemantics.
The way that big-stepsemanticds structuredmalkesit unsuitablefor a languagewith control
effects.

We explainthebasicideaof controleffectsbeforediscussindyping rules. We addto CBP\A
two commanddetcos x andchangecos K.

1TheCBYV controloperatorgasin ML) aretranslatednto CBPV asfollows:

cont A as osFA
letccx. M as letcosx. M
throw M N as M tox. N toy. (changecos x; produce y)

We haveto usetheterminology“currentoutside”ratherthan“currentcontinuation”(thephraseusedin CBV) because
in CBPV not every outsideis a continuation.
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e letcos x meanslet x bethecurrentoutside”.
e changecos K means'changethecurrentoutsideto K.

Thuswe have two additionalmachinetransitions

letcosx. M K
~  MI[K/x] K
changecos K; M L
~ M K

Weillustratetheseconstructsvith anexampleprogram:

let y be thunk (
AX.
changecos x;
Az.
produce 34z

(7¢
print "hello";
letcos a.
(CA u.
true
a(
force y
) to v in
produce v+2
)
) to w.
produce w+5

e By thetime we reachtheline letcos a, we have printedhello andthe currentoutside
consistsof an operand? togethemwith theto w consumel(i.e. the consumethatbegins
ontheline to w in), Soa is boundto this outside.

By thetimeweforcey thecurrentconsist®of operanda andtrue andtheto v consumer

Whenwe forcey, we popthetop operandwhichis a, andbind x to it. We now change
the currentoutsideto a.

We popthetop operandwhichis 7 (again) andbind z to it.

We producelO to the currentconsumemhich is theto w consumerHencewe produce
15.

Noticehow thestackdisciplinehasbeencompletelylost;in theabsencef the controleffectswe
would expectforce y to produceavalueto theto v consumerbut we have usedchangecos
to overridethis.

Whenworking with controleffects,we will

1. usethe CK-machineon non-closedconfigurations

2. regardnil asafreeidentifier(whosetypewill begivenin thenext section).
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Theadwantageof (2) is thatit makesfor a smootheitreatmenf typesanddenotationakeman-
tics. Theadwantageof (1) is thatit makes(2) possible.
Thelist of terminalconfigurationss thenasfollows:

produce V z
M., M;, ..} z
Ax. M z
forcez K
pmzas {...,0.M;,...} K
pmzas (x,y).M K

Herez canbeary freeidentifier, includingnil .

6.4.2 Typing

In Chap.3 outsidesvereregardedasa separateyntacticcategory, but now they will bevalues.
For every computationtype B, we introducea valuetype os B; an outsidethat accompanies
insidesof type B is deemedo beavalueof typeos B.

Thusthetwo classe®f typesarenow givenby

A= U§|2161A1|1|AXA|OSE
Bi= FA| B | A—B

andwe addtherulesfor 1letcos andchangecos :
MNx:osBFM:B lINYK:osB TFM:B
-¢letcosx. M :B [ ¢ changecos K; M : B’

Noticethatchangecos K; M canbegivenary type,like diverge. It is a non-returningcom-
mandin the senseof Sect.3.9.2.

It shouldbe clearthatwe no longerneedthe judgement” I—é K : B, becauseve cannow
write thisasl,nil:os C ' K : os B. Wereplacethetyping rulesin Fig. 3.4—andtherulein
Sect.3.9.2for thedummyoutsideneverused—by thefollowing:

MNx:AF*M:B TH K:osB

N-"[[tox. MK :os FA I Y neverused : os nrcomm
N K:osB; NrNYv:A T K:osB
Y2 Kos [ierB; rYv:K:os(A— B)

Def. 15is replacedoy
Definition 31 A I'-configuiation consistof
e acomputatiorntype B;
e apairM,K wherel F¢ M : Bandl VY K : os B.
O

ThusaTl -configuratiornof type B in thesenseof Def. 15isa(l",nil : os B)-configurationin the
senseof Def. 31.
All theresultsof Sect.3.3.3adapt.In particularwe have

Proposition 41 (deterministic subjectreduction) (cf. Prop.10)For everyl-configurationM, K,
preciselyoneof thefollowing holds.
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1. M, K isnotterminal,andM, K ~~ N, L for uniqueN, L. N, L is al -configuration.

2. M, K isterminal,andtheredoesnotexist N, L suchthatM, K ~» N, L.
O

Proposition42 (cf. Prop.11) For every I' configurationM, K thereis a uniqueterminalI'-
configurationV, L suchthat M, K ~~* N, L, andthereis no infinite sequencef transitionsfrom
M,K. O

We deferthe proof of thisto Sect.8.6.

6.4.3 Observational Equivalence
In the presencef controleffects,we replaceDef. 20(2) by

Definition 32 Giventwo computationd” +¢ M, N : B, we say M ~ N whenfor any ground
context ¢ C[] : 3,71 we have

C[M],nil ~* produce n,nil iff C[N],nil ~»* produce n,nil
Similarly for valuesl" ¥ V, W : A. ]

SinceC[M] andC[N] arerequiredto beclosed(by thedefinitionof groundcontext), they cannot
containnil.

6.4.4 Denotational Semantics

We seeka denotationasemanticgor thelanguagedescribedn Sect.6.4.1.For reasonsve shall
seebelaw, this semanticss calleda continuationsemanticsSincethereis no divergencewe use
asetmodel. Thesemantic®f valuesis givenin Sect.6.2—thedifficulty liesin theinterpretation
of computations.

As in Sect.6.3.2,we will statefirst the soundnessheoremthat we areaiming to achieve,
eventhoughit is notyet meaningful,andusethis to motivatethe semantics.

Proposition43 (soundness)Supposehat M, K ~» N, L where

r-<m:B NINVvK:osB
NrN<nN:C =Y L:osC

Then,for ary environmentp € '],

[M1(p, [KTp) = [NT(p, [L]p) (6.1)
O

Notice the similarity betweenthis statementand Prop.37. There,a computationM can
changethe store,so [M ] takes storeasan argument. Here,a computationM canchangeits
outsideso [ M takesits outsideasanargument.

In Prop.43,we know that[K ] p € [os B]. So[[M]] mustbeafunctionfrom [[[']] x [[os B] to
someset;similarly, [ N] mustbeafunctionfrom [I'] x [os C] to the sameset. This set,which
we call Ans (the “set of answers”)cannotdependon the type of M, becauseM and N have
differenttypes.lt is anarbitrarysetwhich remaindixedthroughouthe denotationakemantics.

We proceedto the semanticsof types,which is givenin Fig. 6.1(1). At first sight, these
equationdooks strange but they make senseoncewe know that whenever we see[B], for a
computationtype B, we shouldmentally replaceit with [[os B]. To putit anotherway, the
semantidbraclets [—] for computationtypescontaina “hidden” os. To explain the semantics
of types,we first look at someequationsvhich do not requireary mentalreplacemenfbecause
they do not mentiondenotation®f computatiortypes)andsomake senseémmediately
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1. Official presentation—compositional

Valuestypes Computatiortypes
[UB] = [B]— Ans [FA] = [A]— Ans
[SicrAill = YierlAil [(MicrBil = YierlBil
[AxA] = [A]x[A] [A—B] = [A]x[B]
[losB] = [B]

2. Intuitive presentation—natompositional

Valuetypes
[UB] = [os B]— Ans [os FA] = [A] — Ans
[YierAil = YicrlAd [os MierBil = Yicrllos Bi]
[AxAT = [A]x[A] [os (A= B)] = [A] x[os B]
Computatiortypes
[B] = [osB]

Figure6.1: Semantic®f types—tw equivalentpresentations

e [os (A — B)]| = [A] x [os B] follows from the fact that a closedoutsidefor A — B
consistof a closedvalueof type A togethewith a closedoutsidefor B.

o [MictB;] = SicrlB;] follows from the reversiblederivation for [], but more obviously
from thefactthataclosedoutsidefor [;.;B; consistof atag: € I togethemwith aclosed
outsidefor B;.

e [os FA] = [[A] — Ans is plausible becausea consumeinf A-valuestakesan A-valueto
ananswer

e [UB] = [[os B]] — Ans follows from thereversiblederiationfor U.

Now theseequationstogetherwith the standardequationsof 3 and x, completelydetermine
the semanticof valuetypes. In otherwords, thereis a uniquefunction [—] from valuetypes
to setsthatsatisfieghem. But this functionis not givencompositionally Thereforejn Fig. 6.1,
we write [[B]] asshorthandor [Jos B], for the solereasorthatthis enablesisto rearrangahese
equationsnto acompositionakemantics.

We cannow saythata computationl” < M : B denotesafunctionfrom [[I']] x [B]] to Ans.
Herearesomeexampleclausedor semanticof terms:

[produce V(p,k) = ([VIp)'k
(

[M tox. NJl(p,k) = [M](p;ra-(INT((p,x = a),k)))
[thunk MJp = Ak.([M](p,k))
[force V](p,k) = K([VIp)
[A=-M]/(p,(a,k)) = [M]((p,x— a),k)
[V Ml(p,k) = [M](p,([VIp:k))
[letcos x. M]|(p,k) = [MI]((p,x k),k)
[changecos K; Ml(p,k) = [M](p,[K]p)
[Mtox. N:Klp = Aa.([N]((p,x— a),[K]p))

[V:iKlp = ([VIe,[K]p)
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Noticethe similarity betweerthesesemantiequationsaandthe machinetransitions.
We cannow prove Prop.43 straightforvardly.

Corollary 44 (by Prop.42) Supposéins has2 elements: # b. For asetN andelemenin € N,
write I, for the function from N to Ans thattakesn to a and everythingelseto b. Then
for ary closedgroundproducerM of type F'y;cn1, we have M,nil ~»* produce n,nil iff
[M]In,, = a. Hencedenotationakqualityimplies obserationalequivalence. m|

It is alsoeasyto shaw thatprovably equaltermshave thesamedenotatiori.e. themodelvalidates
the CBPV equations.

Definition 33 A continuationis avaluethat(for agivenervironment)denotes functionto Ans.
O

We notethattherearetwo kindsof continuation:thunksandconsumers.

We emphasizéthat outsidesandcontinuationsare quite distinctconcepts Only consumers
fall into bothcategories.An outsidesuchasV :: K is notacontinuatiorbecausé denotes pair.
Thesituationis summarizedn Fig. 6.2. Thereadershouldbeware: otherauthorssometimesise

outsides

continuations

Figure6.2: ContinuationsandOutsides

theword “continuation”to mean“‘consumer”or “outside”. For example:

e intheCBY literature,the“currentcontinuation”would be morepreciselydescribedasthe
currentconsumer;

e the“continuationtype” cont A in ML would be more accuratelydescribedasa type of
consumergof valuesof type A);

e [HS97,Lai98, SR98],whichtreatCBN aswell asCBY, use“continuation”to meanwhat
we call anoutside.

Noticethesemantice®f CBV functions:
[A—cev B] = [U(A— FB)] = ([A] x ([B] — Ans)) — Ans

As we saidin Sect.6.1,thisis preciselythetraditionalcontinuationsemanticgor CBV.

2especiallyto readergamiliarwith continuationsn the CBV setting,whereall outsidesareconsumersandsothe
currentoutsideis usuallycalledthe “currentcontinuation”
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6.4.5 Combining Control Effects With Other Effects
The continuationmodelin Sect.6.4.4generalizeslf we have ary CBPV model,we canobtain
from it a continuationmodelfor control effects.

As an example,considerthe printing modelfor CBPV. We seeka modelfor control effects
togetherwith print. The CK-machinesemanticswill have the form M, K ~» m,N,L asin
Sect.3.4.2.

We fix an 4-setAns. This playsthesamerole asthesetAns in Sect.6.4.4. Thedenotational
semanticgor controleffectswith print is thenorganizedasfollows:

e avaluetype (andhenceacontet) denotesa set;

e acomputatiortypedenoted a set;

e avaluel YV : A denotesafunctionfrom [[I']] to [A]};

e acomputation” -¢ M : B denotesafunctionfrom [[I']] x [B]] to Ans.

As explainedin Sect.3.8, we useCBPV asa metalanguageescribingthe printing model.
For example,we write U B for the carrierof an 4-set B and F' A for the free 4-seton a set A.
With this notation,the semantic®of typesis givenby

[UB] = U([B] — Ans) [FA] = U([A] — Ans)
[YierAil = Yier[Ai [MicrBill = YierlB]
[AxAT = [A]x[A] [A—B] = [A]x[B]

[es B] = [B]

Semantic®f terms:someexampleclauses.

[produce V(p,k) = ([VIp)*(force k)
[M tox. Nl(p,k) = [M](p,thunk Aa.(INT((p,x > a),k)))
[thunk MJp = thunk A\k.([M](p,k))
[force V](p,k) = Kk'force ([V]p)

[A=.M](p,(a,k)) = [M]((p,x+ a),k)

[V M](p,k) = [M](p,([V]p,k))

[letcos x. M(p,k) = [M]((p,x+ k),k)
[changecos K; M (p,k) = [M](p,[K]p)
[print c; M]|(p,k) = cx([M](p,k))

[[tox. N::K]lp = thunk Aa.([N]((p,x+— a),[K]p))
[ViKlp = ([VIe,[K]p)

Proposition 45 (soundness)Supposeahat M, K ~» m, N, L where

MN-<M:B N-vK:osB
MrM-cnN:C M-YL:osC

Then,for ary ervironmentp € [[I'],

[MT(p, [KTp) =m* [N (p, [L]p) (6.2)

3Asin Sect.6.4.4,[ B] shouldbethoughtof asshorthandor [[os B].
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Corollary 46 (bytheanaloguef Prop.42) Supposé\ns hastwo elements:, b with the property
that

mxa # m'xa form#m e M
mx*xa # m'xb form,m'eM

(This propertyis satisfiedoy thefree 2-seton a setof size> 2.) ForasetN andelement: € N,
write Iy, for thefunctionfrom N to Ans thattakesn to a andeverythingelseto b.

Thenfor ary closedgroundproducerM of type F'y ;. 1, wehave M,nil ~»* m,producen,nil
iff [M]In,,=m=*a. Hencetermswith the samedenotatiorareobsenationallyequivalent. O

It is alsoeasyto shaw thatprovably equaltermshave thesamedenotatiori.e. themodelvalidates
the CBPV equations.

In a similar way, we canobtaina modelfor control effectswith recursion.The semanticof
typesandtermsareasabove exceptthatwe now understandhemetalinguistidJ etc.asreferring
to the Scottmodelratherthanthe printing model. We needonly replacethe semanticequation
for print by anequatiorfor recursion.

6.5 Erratic Choice

Contraryto the falseclaim madein [Lev99], it is only in languagesvithout divergencethatthe
following approactaccuratelynodelserraticchoice.

6.5.1 The Language
We addto thelanguagehefollowing erraticchoiceconstruct

- THFM;:B ---
I € choose{...,i.M;,...}: B

wheres rangesover I. Accordingto taste,we canallow I to be finite, countable,nonempty
or arbitrary The meaningof choose {...,i.M;,...} is “choosesomes € I, thenexecuteM;".
Thusto thebig-stepsemanticsve add

M; )T
choose {...,i.M;,...} 4 T

andto the CK-machinewe addthetransition

choose {...,i.M;,...} K
~  M; K

It canbeprovedthatcomputationgannotdiverge. Our formulationof the big-stepsemantics
doesnotallow usto expresshis fact, but the CK-machinedoesallow usto expressit:

Proposition47 Thereis noinfinite sequencef transitionsfrom ary configurationM, K. O

6.5.2 Denotational Semantics

We seeka denotationasemanticdor the languagedescribedn Sect.6.5.1. Sincethereis no
divergence we usea setmodel. The semanticof valuesis givenin Sect.6.2—thedifficulty lies
in theinterpretatiorof computations.

Thiscanbemotivatedin asimilarwayto Sect.6.3.2,by startingwith thesoundnesstatement
andusingreversiblederivations.We summarizeéhe semantichere.

e A computatiortypedenotesa set.
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e A computation” < M : B denotesarelationfrom [[I']] to [B].

Writing P A for the powersetof A, the semantic®f typesis givenby

[UB] = P[B]

[FA] = [4]
[MierBi]l = SicilBsl
[A—B] = [A]x[B]

Semantic®f terms—some&xampleclauses:

(p,a) € [produce V] iff [V]p=a
(p,b) €[[M tox. N] iff forsomea, (p,a) € [M] and((p,x+ a),b) € [N]]
[thunk MJp = {be[B]:(p,b) € [M]}
(p,b) € [force V] iff be[V]p
(p,(a,b)) € [Ax.M] iff  ((p,x+>a),b) € [M]
(p,0) e[V M] iff (p,([V]p,b)) € [M]
(p,b) € [choose {...,i.M;,...}] iff forsomei, (p,b) € [M;]

Proposition 48 (soundnessand adequacy) For ary closedcomputationM , we have

[M] = | [T]
M{T
Od

Proof For (2) we inducton M |} T'. For (C) we definesubsetsedY,, redtﬁ andredj exactly as
in Prop.9, exceptthatwe replacethe clausefor M € redy by thefollowing:

M € red; iff for all b € [M]) thereexists T € redz suchthatM |} T andb € [T7.

We notethatif T' € redtﬁ thenT e red (unlikein the proof of 9, the corverseis notapparentt
this stageof the proof). Therestof the proof follows thatof Prop.9. O

Corollary 49 For ary closedgroundproducerM, we have M |} produce n iff n € [M]. O

It is alsoeasyto shav thatprovably equaltermshave thesamedenotation.e. themodelvalidates
the CBPV equations.
Noticethe semantic®f CBV functions:

[A —cav Bl = P([A] x [B])
Thisis thesetof relationsfrom [A] to [B]], atraditionalnondeterministisemanticgor CBV.

6.5.3 Finite Choice
We saidin Sect.6.5.1thatin therule

"THM;:B ---
€ choose{...,i.M;,...}: B

we can,if we like, restrictthe set I thati rangesover to be finite (or countableor nonempty).
This effect of finite erratic choiceprovidesaninterestingexampleof a CBV modelthatdoesnot
decomposaaturallyinto CBPV.
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We modify the CBV modelfor erraticchoicegiven abore sothat A —cgy B denotesnot
[A] — P[B], asit previously did (up to isomorphism)but [A] — Psn[B], where®;, X is the
setof finite subsetof X. Our decompositiorof CBV erraticchoicesemanticsnto CBPV was
basedntheisomorphism

A— PB=P(AXB)

but thereis no analogoussomorphisnfor A — P, B. Sowe do nothave aCBPV semanticgor
finite erraticchoice.(Similarly if we restrictto countablesubsetsr to nonemptysubsets.)

This is a situationwe shall seeagnin in Sect.7.9: the “basic” CBV model(in this example,
generalerratic choice)decomposemto CBPYV, but a constrainednodel (finite erratic choice)
doesnot.

6.6 Errors

Theerrors featurewe considethereis muchwealer thanthe exceptiondeatureof ML andJava.
In particular we do not provide a handlingfacility.

6.6.1 The Language

We fix asetE of errors. We addto CBPV acommanderror e for eache € E. Theeffect of
this commands to halt execution,reportinge asan “error message” Thuswe addto the basic
CBPV languageherule

°errore: B

Noticethaterror e canhave ary type,likediverge.
Thebig-stepsemanticsiow hastwo judgementdf || T andM | e. For eachrulein Fig. 3.2
of theform (3.1) andeachO < s < r weaddarule
Mol To -+ MsalTs1 Msle
Mle

andwe addtherule

errore e

Proposition50 For every closedcomputationM , preciselyoneof thefollowing holds
o thereexistsuniqueT suchthat M |} T' andtheredoesnotexist e suchthat M | e
e theredoesnotexist T suchthat M || T' andthereexistsuniquee suchthat M | e.

O

For the CK-machine,we first extend the classof configurations:a configurationmay be
eitherof theform M, K asin Sect.3.3.2,or of theform e for e € E. We extendthe classof
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terminalconfigurationgo bethefollowing:

produce V nil
)\{ ,'I:.Mi,...} nil
AxM nil

€
andwe addthetransition

errore K

ol e

6.6.2 Denotational Semantics

We seeka denotationakemanticdor the languagedescribedn Sect.6.6.1. Sincethereis no
divergence we usea setmodel. The semantic®f valuesis givenin Sect.6.2—thedifficulty lies
in theinterpretatiorof computations.

The semanticss very similar to our 4-setsemanticdor printing. In Chap.12 we shallsee
thatthey areinstance®f agenerakonstruction.

Definition 34 (cf. Def. 8)

e An E-set(X,error) consistsof asetX togetherwith afunctionerror from E to X. We
call X thecarrieranderror the structure.

e An elemenbf (X, error) is anelemenif X.

¢ A functionfrom asetW to (X, error) is afunctionfrom W to X.

Herearesomewaysof constructingE-sets(cf. Def. 9).
1. Forary setX, thefree E-seton X hascarrierX + E andwe seterror e to beinr e.

2. For ani € I-indexed family of E-sets(X;,error), we set[];c;(X;,error) to have carrier
[M:crXi andstructuregivenpointwise:z* (error e) = error e.

3. For ary setX and E-set (Y, error), we definethe E-set X — (Y, error) to have carrier
X — Y andstructuregivenpointwise:z' (error e) = error e.

ComputatiortypesdenoteE-setsandvaluetypesdenotesetsin theevidentway: in particular
F A denoteshefree E-seton[[A]| andU B denoteshecarrierof [ B]|. A computatior <M : B
denotesa functionfrom [[I']] to [B]. We omit semantic®f terms;thekey clauseis

[error e]|p=errore
Proposition51 (soundness) e If M | T then[M] = [T7].

o If M | ethen[[M] = errore.
O

Corollary 52 (by Prop.50) For a closedgroundproducerM, we have M || produce n iff
[M] =inln,andM | e iff [M] =inre. O

It is alsoeasyto shav thatprovably equaltermshave thesamedenotation.e. themodelvalidates
the CBPV equations.
Noticethatwe recoverthetraditionalsemantic®f CBV functions:

[A— B] =[A] = ([B] + E)
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6.7 Combining Printing and Divergence

6.7.1 The Language

Whenwe combineprinting anddivergencetheform of the big-stepsemanticchangesGivena
closedcomputationM therearetwo possibilities:

1. M couldprintafinite stringm andthenterminateas?'. As before wewrite thisM || m,T.
2. M couldprint afinite or infinite stringm andnever terminate We write thisas M |} m.

We write 2* for the setof finite or infinite stringsof characterén 4.
We would lik e to provide a big-stepdefinitionfor thesebehaiours, but we do notknow how
to dothis. Insteadwe will definethemusingthe CK-machine.

Definition 35 1. We saythat M || m,T whenthereexistsa finite sequencef transitions

M;, K; ~ mg, M1, K1 forO<i<r
where Mo, Ko = M,nil
M,, K, =T,nil

mo*---*Mp_1=mMmM

2. We saythat M |} m whenthereexistsaninfinite sequencef transitions

M, K; ~mi, Mi11,Kip1 for0<i <o
where Mo, Ko = M,nil
mo* e =m

O

We would stronglypreferthisto beaproposition(analogouso Prop.12) ratherthanadefinition,
but this requiresa big-stepcharacterizatiohof 1}, which we have not found. We leave this to
futurework.

6.7.2 Denotational Semantics

The denotationakemanticss very similar to our 4-setsemanticgor printing andto our E-set
semanticdor errors.In Chap.12 we shallseethatthey areinstance®f agenerakonstruction.

Becaus¢hedenotationatemanticés acpomodel,thesemantic®f valuetypesis asgivenin
Sect.6.2andwe will useCBPV asa metalanguagéor the Scottmodelasexplainedin Sect.3.8.
For examplewe write U B for thecppo B regardedasa cpo,andwe write F'A for thelift of the
cpo A. Usingthis notationwe have thefollowing; it is analogougo Def. 8.

Definition 36 1. An 4-cppo (B,*) consistsof a cppo B togetherwith a function x from
4 x UB to B. We call B thecarrier andx the structure.

2. An elemenbf (B, ) is anelemenbf B.

3. A continuougfunctionfrom acpoW to (B, ) is acontinuoudunctionfrom W to B.
O

4Anotherapproachis to usesmall-stepsemanticsbut we have avoidedthis styleof operationabemanticshrough-
out thethesis,becausét is inaccuratefor infinitely deepterms. For example,the computationM = 3'3'3'3 --- di-
verges,but small-stepsemanticawvould suggesthatit is terminal,asthereis no rewrite M ~~» N. We considerthis a
symptomof a deepeiproblem:thatsmall-stepsemanticsby contraswith big-stepand CK-machinesemanticsdoes
notgive a correctdescriptionof flow of control,becaus@nly conversionof redexesis represented.
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Eachcomputationtype will denotean 4-set,andeachcomputation” ¢ M : B will denotesa
continuousfunction from [I']] to [B]]. As for 4-sets,given an A4-cppo,we canextendx to a
functionfrom 2* x UB to B. We write ¢ * b insteadof *(c,thunk b). Furthermorewe definea
functionstream from 2*° to B wherestream m is definedto bethelub of n * L for all finite
prefixesn of m.

By analogywith Def. 9, we candefinethefree 4-cppoonacpo A, whosecarrieris the cppo
uX.F(A+ A4 x UX), andwe candefineproductandfunction 4-cpos. We omit the detailsof
the semanticandthe proof of thefollowing:

Proposition 53 (soundnessand adequacy) 1. If M | m,T then[[M] = mx[T7].

2. If M 1y m then[M] = stream m.
O

Corollary 54 For a closedgroundproducerM, we have M || m,produce n iff [M] = m *
produce n, and M 1} m iff [M] = stream M. Therefore termswith the samedenotationare
obsenationallyequialent. O

It is alsoeasyto shav thatprovably equaltermshave thesamedenotationi.e. themodelvalidates
the CBPV equations.

6.8 Summary

The easypartof all thesemodels—thesemantic®f values—wasgivenin Sect.6.2. In Fig. 6.3
we summarizehe moredifficult part—thesemantic®f computations.

Remembetthat, when giving semanticfor global store + printing and the semanticgor
control + printing, we useCBPV asa metalanguagéor the printing model: U means‘carrier”,
F means'free 4-set”. But we cancombineglobal storeor controlwith ary effectthatwe have
amodelfor, by understandin@’ and F' asreferringto this model.

For eacheffect, we seethatthesemanticef U F' givesamonadn thestyleof Moggi[Mog91].
It is remarkablehow eachmonaddecomposesito U and F' in a specificway thatfits the op-
erationalsemantics.In someways, we have coveredthe samegroundof Moggi; but the key
improvementsarethat

e we haveincludedCBN aswell asCBV,
e ourlanguagéehasoperationasemantics.

Looking atafew exampleswe seein Fig. 6.4thatwe recovertraditionalsemanticgor CBV,
andwe obtainstrange-lookinggemanticgor CBN. As statedn Sect.6.1,the CBN semanticgor
globalstorewaspresentedn [O'H93], while the CBN semanticgor controlappearedh [SR98].
We canseethat CBPV providesan explanationof theseapparentlymysteriousmodels.



6.8. Summary 101

Themodelsarearrangednto two groups.In theterminologyof Sect.6.2 (wherethe semantics
of valuesis described)thefirst grouparesetmodelsandthe secondyrouparecpomodels.

effect acomp.typedenotes| acomputation” ¢ M : B denotes
printing an 4-set afunctionfrom [[I'] to [B]]
globalstore aset afunctionfrom S x [[I']] to [B]]
globalstore+ printing | an 4-set afunctionfrom S x [[I']] to [B]
control aset afunctionfrom [']] x [B]] to Ans
control+ printing aset afunctionfrom [[I'] x [B] to Ans
erraticchoice aset arelationfrom [[I']] to [ B]
errors an E-set afunctionfrom [[I']] to [ B]]
divergence acppo acontinuoudunctionfrom [[I'] to [ B]]
divergence+ printing | an4-cppo acontinuoudunctionfrom [[I'] to [ B]]
effect U F UF=T
printing carrier free 4-set A* x —
globalstore S—— Sx— S—(Sx-)
globalstore+ printing | U(S — —) | F(S x —) U(S— F(Sx-))
control — — Ans — — Ans (= — Ans) — Ans
control+ printing U(—— Ans) | U(— — Ans) | U(U(— — Ans) — Ans)
erraticchoice P — P
errors carrier free E-set —+E
divergence - lift lift
divergence+ printing | carrier free4-cppo | pX.(—+A4AxX),
effect = | Mier
printing = | Meer
globalstore — | Mier
globalstore+ printing | — | [ier
control X | Sier
control+ printing X | Sier
erraticchoice X | Sier
errors — | Mier
divergence = | Mier
divergencet printing | — | [ier

Figure6.3: Summaryof simpleCBPV models

effect ‘ HA —CBV B]] = [[U(A — FB)]] ‘ HA —CBN B]] = HUA — B]]
globalstore | S — ([A] — (S x [B])) (S —=[A]) —[B]

control (TA] x ([B] — Ans)) — Ans | ([A] = Ans) x [[B]]
erraticchoice| P([A] x [B]) (P[[A]) < [B]

Figure6.4: Inducedsemanticgor CBV andCBN functiontypes
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Chapter 7

PossibleWorld Model for Cell Generation

7.1 Intr oduction (Part 1)

In Sect.6.3, we looked at semanticf global storagecells. But mostprogramminganguages
provide facilities for generatingnew cells (i.e. memorylocations)during execution. In sucha
languageheremaybe, at onetime, 3 cellsstoringa booleanand1l cell storinga numberandat
alatertime, 5 boolean-storingellsand6 numberstoringcells, becaus&€ new boolean-storing
cellsand5 newv numberstoringcellshave beengeneratedConsequentlyto describethe stateof
thememoryat a giventime, we requiretwo piecesof information:

¢ theworld, whichtellsushow mary boolean-storingells,how mary numberstoringcells,
etc.,arein existence;

¢ thestore, whichtellsuswhatvaluesthesecellsarestoring.

Thesetwo piecesof informationtogetherarecalleda world-store. We stresghatthe world can
only increasenew cellsaregeneratedbut (atleastin principle)noneareever destrged. Writing
w for theearlierworld andw’ for thelaterworld, in the above example,we saythatw < w'. We
write W for the posetof worlds,regardedasa smallcategory.

How canwe provide adenotationatemanticgor suchalanguage®neplausibleapproachs
to usetheglobalstoresemantic®f Sect.6.3,replacingthesetof storeshy thesetof world-stores.
However, by contrasiwith the storein Sect.6.3, which canchangen ary way at all, the world-
storeis constrainedn the way it canchangeby the fact thatthe world canonly increase.Our
goalis to provide amodelthat, unlike theglobalstoremodel,embodieghisimportantconstraint.

Thekey ideawhich leadsto sucha modelis thatof possibleworlds avaluetype,insteadof
denotingjust one set(or cpo), hasa differentdenotationin eachworld. In the above example,
thetyperef bool (thetype of cellsstoringbooleansilenotes 3-elemensetin theworld w but
a5-elemensetin theworld w’. We write [A]Jw for thedenotatiorof A in theworld w.

The varioussetsdenotedby a type A arerelated. In the abore example, [ref bool]w is
clearlyasubsebf [ref boolllw'. In generalwheneerw < w', therewill bea function [A]%,
from [AJJw to [[A]Jw’. Thesefunctionssatisfythe equations

[Alye = a

w

[A]%a = [A]%([A]%a) forw <w' <w”

In summaryevery valuetype A denotesafunctorfrom 9/ to Set
A numberof possibleworld modelshave beendescribed[Mog90, Ole82 PS93,Rey81,
Sta94. Themodelwe will presentdiffersfrom thesein seseralrespectsFor example,in these
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modelsatype denotesa functornot from %/ but from the larger cateyory of world injectionsor
the even larger category of store shapeqOle82. Sothis chapteris not the usualstory of “tra-
ditional CBN andCBV semanticgiecomposénto CBPV semantics”at leastnot in a straight-
forward way—therelationshipshetweenthe variousmodelsare rathersubtle. For thatreason,
it is probablywise for readerdamiliar with older modelsto regard the modelin this chapteras
essentiallydifferent;we discusghisin Sect.7.9.

Still, the chapterdoesprovide a good example of what can be achieved with CBPV. For
whereasprevious models(with the exceptionof [Ghi97]) interpretonly storageof groundval-
ues,our approachcaninterpretstorageof anything: groundvalues,cell locationsandthunks.
Suchafacility is, afterall, commonplacen practicalCBV languagesuchasML andScheme.
Thedisadwantageof our approachs that, preciselybecausef this generality it doesnot easily
accommodatparametricityconstraintsandthe stackallocationpresentn IdealizedAlgol.

We will first describethe operationalsemanticsand the denotationakemanticsof values.
This is just laying the foundationsandis not new or surprising. Thenwe will continueour
discussiorin Sect.7.6to look athow we canusea semanticgor CBV to suggesta semanticgor
CBPV. In particular we will seehow the possiblewvorld semantic$ollowstheslogan“U denotes
[1, F denotesy”.

7.2 The Language
We addref typesto CBPV, giving the following typesystem:

A= U§|2161A1|1|AXA|refA
Bi= FA| MieB; | A>B

Asin ML, avalueof typeref A is acell (i.e.amemorylocation)thatstoresa valueof type A.
For example,avalueof typeref ref bool is acell storinga cell storinga boolean.
Maintainingour corventionthatcommandsreprefixes,we addthefollowing terms.

Assigningto a cell

FrNV:irefA THW:A THFM:B
rv=w; M:B

This computationreplaceghe currentcontentsof the cell V' with W, andthenexecutes
M.

Readinga cell

FrViref A Tx:AF°M:B
NN“readVasx.M:B

This computatiorbindsx to the currentcontentsof thecell V' (in otherwords,substitutes
thecurrentcontentof V for x), andthenexecutesM .

Generating a new cell

FrNYv:A MNx:ref AFM:B
M*newx=V; M

This computatiorgenerates new cell x, initially storingV’, andthenexecutes)M . There
arerecursye variantsof this constructput we will omit them.
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Equality of cells Thebasicconstrucis
FFYV:ref A TH' V' :ref A
MYV =V":vool
Thisis acomple value(in thesensef Sect4.2); so,for thesale of operationasemantics,
we regardasprimitive the construct

FTFYV:refA TH' V' :refA THFM:B T+M':B
M if V=V'then M else M': B

7.3 Operational Semantics

7.3.1 Worlds

As computatiorproceedsnew cells aregeneratedThe numberof cells presentlyin existence,
togethemwith theirtype,is describedy aworld.

Definition 37 1. A world w is afunctionfrom the setvaltypes of valuetypesto N, suchthat

wy <
Aevaltypes

Informally, w 4 is thenumberof A-storingcellsin theworld w. Theconditionensureshat
thetotal collectionof cellsin aworld is finite.

2. Usingthenotationof Sect.1.4.1,we write cells w for thefinite sety 4cyaiypes$wa, theset
of cellsin w.

3. Theemptyworld 0 is givenby
04 = Ofor all A.
4. Letw beaworld andlet A beavaluetype. We usethephrasaw extendedvith an A-storing
cell I to meantheworld w’ definedby

w1l ifB=4
B7 ) wg otherwise

Thenew celll is thendefinedto bew 4.
5. Letw andw’ beworlds. We saythatw < w’ when
<

wa < wy forall A.

6. We write W for the posetof worlds regardedasa category. If w < z, we write ¥ for the
uniquemorphismfrom w to z.
|

For the sale of the operationalsemanticsyve needto defineextra judgementof w-values
andw-computations Thesearetermsthatcanexplicitly referto thecellsin w. We write these
judgements

wllrEYV:A wlFF*M: B

wherew is aworld. They aredefinedby the sametyping rulesasordinaryvaluesandcomputa-
tions,togethewith theadditionalrule

wherei € $w 4
w|l Y cell gi:ref A

Noticethatif w < w’ thenevery w-valueis alsoaw’-valueandevery w-computations also
aw’-computation.
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7.3.2 Stores

Theworld tellsusonly how mary cellsthereareof eachtype,notwhatthey contain.This latter
informationis providedby thestore.

Definition 38 1. Letw beaworld. A w-store is a function associatingo eachpair (4,1),
whereA is avaluetypeandi € $w 4, aclosedw-valuew| " Vy; 1 A. We write it

(...,CellAil—)VAi,...)

2. A world-stor is aworld w togethemwith aw-stores.

Theoperationsn storesaresimilar to the store-handlingonstructsn thelanguage:
Definition 39 Let (w, s) beaworld-storeandlet A beavaluetype.

1. If [ is an A-storingcell in w, we usethe phrasethe contentsof cell I in s to meanthe
function s appliedto (A,1).

2. If Lisan A-storingcellin w andw| -V : A, we usethe phrases with cell [ assigned/ for
thew-stores’ whichis thesameass exceptthat

s(A)=V
3. Ifw|FV : A, weusethephrasgw, s) extendedwith a cell I storingV” to meantheworld-
store(w’, s’) where

e v’ isw extendedwith an A-storingcell /;

e s isthew’-storein which the contentsof eachcell of w is the sameasin s (except
thatin s it is regardedasa w’-valueratherthana w-value)andthe contentsof the
new cell I is V' (regardedasaw’-value).

7.3.3 Operational Rules

The operationalsemanticof our dynamicallygeneratedtoreis similar to the operationalse-
manticsof globalstorein Sect.6.3.1.We definearelationof theform w, s, M || w', s, T where

e w,s isaworld-store;

e M is aclosedw-computation;

e w',s' isaworld-storesuchthatw’ > w;

e T is aclosedterminalw’-computation.

We replaceeachrule in Fig. 3.2 of theform (3.1) by

wo, s0, Mo § w1,s1,To -+ wWp—1,8r—1, Mp_1 J wy,s,,Tr_1

wOaSO7M ”U‘ w‘r7s7’7T
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andwe addthefollowing rules:
w,s, M[V/x] }w',s', T

V is thecontentsof A-storingcelllin s
w,s,read cell glasx. M | w',s',T

/ ! !
w,s,M{w,s,T

s’ is s with A-storingcell I assigned”
w,s,celll:=V; M |w',s, T

w', s, M[cell 4l/x] | w',s',T

(w',8") is (w, s) extendedwith acelll storingV’
w,s,newx.=V;, M{w, s T

w,s, M ' s T
w,s,if cell 4l = cell gl then M else M' | w',s',T

w,s, M' yw',s',T
w,s,if cell 4l =cell zl' then M else M’ w',s',T

(1£1)

Similarly, we canadaptthe CK-machineto includetheseconstructs.

7.3.4 Observational Equivalence

Definition 40 Given two computationd” ¢ M, N : B, we saythat M ~ N whenfor every
groundcontet C[] andevery world-storew, s andevery n we have

Jw', s (w,s, C[M] | w',s',produce n) iff Jw',s' (w,s, C[N] | w’,s’,produce n)
We similarly define~ for values. i

Someimportantobsenationalequivalencesare

newx' =V, M ~ M (7.2)
newx =V,newy'=W, M ~ newy:=W,;newx:=V; M (7.2)
newx:=V; (Mtoy.N) ~ Mtoy. (newx:=V;N) (7.3)

usingthecorventionsof Sect.1.4.2. Theequivalenceg(7.3)failsin thepresencef controleffects.

7.4 Thunk-Storage FreeFragment

In Chap.6, we studiedvariouseffectsin the absencef divergence.This enabledusto present
simpleset-basedemanticandto avoid a difficult adequag proof. But this corvenientstyle of
expositionis impossiblefor alanguagehatstoreshunks,becauseasLandinshaved, recursion
canbeencodedn termsof thunkstorage.

We will thereforeproceedn two stages.

1. For mostof the chaptey we will look at the thunk-stoege freefragmentobtainedby re-
strictingthelanguagen Sect.7.2to thefollowing types:

D:= S;iDi| 1| DxD | ref D
A= D | UB | ZiEIA’i | 1 | Ax A
Bi= FA| B | A= B

Thefirst line is the classof datatypes thesearethetypeswhosevaluescanbe stored.We
amendDef. 37-39accordingly replacing“valuetype” by “datatype”. This restrictionof
typeseliminatesdivergence:
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Proposition 55 For ary world-storew, s and ary closedw-computationM, thereis a
uniquew’,s’, T suchthatw,s, M | w',s',T. a

2. In Sect.7.10 we will explain how to adaptour approachto modelthe whole language,
includingthunkstorage.

Even the thunk-storagdree fragmentallows storageof cells andis thereforemore liberal
thanlanguagesllowing storageof groundvaluesonly.

7.5 Denotation of Valuesand Stores

7.5.1 Value Types
As we saidin Sect.7.1, avaluetype A (andlikewise a datatype anda contet) will denotea
covariantfunctorfrom %/ to Set [A]Jw shouldbethoughtof asthe setof denotation®f closed
w-valuesof type A. S and x areinterpretedpointwise,while ref D is interpretedasin the
exampleof Sect.7.1.

[SicrAilv = Yier[Ai]w
[AxATw = [AJwx [ATw
[ref DJw = $wp

Theseequationsompletethe semanticof datatypes,but for valuetypeswe still requirethe
interpretatiorof U.

Noticethat[ref D] is notdefinedin termsof [ D]. Therefore the semantic®f typesis not
compositional.Indeed,eventhe definition of “world” (Def. 37) involvesthe setof valuetypes,
soit is syntaxdependent.This seemdo be unavoidable: after all, ref doesnot even presere
isomorphisms.e. A = A’ doesnotimply ref A >~ ref A’

7.5.2 Values

Supposeve have avaluel Y V' : A. For eachworld w andeachervironmentp of closedw-
values,we obtain, by substitution,a closedw-value of type A. ThusV will denote,for each
world w, afunction[V]w from [[Iw to [A]Jw. Thesefunctionsarerelated:if w < w’ then(7.4)
mustcommute.

1w 2. g

(L [AL: (7.4)

/ !
M’ o [T
In summaryV denotesa naturaltransformatiorfrom [[[']] to [A].
Informally, (7.4) saysthatif we have an ervironmentp of closedw-values,substituteinto
V andthenregard the resultasa closedw’-value, we obtainthe sameasif we regard p asan
environmentof closedw’-valuesandsubstitutat into V.
More generally a wo-valuewo|l" Y V' : A denotesfor eachw > wq a functionfrom [[IJw
to [AJJw, satisfying(7.4)for eachwo < w < w'. If [ is empty it is clearthatthisis equivalentto
giving anelemenif [A]wo, aswe statedn Sect.7.5.1.
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7.5.3 Stores

Supposdhatw is aworld. Theneachw-storedenotesanelementof the setSw, definedby the
finite product

Sw = X [D]jw
(D,1) e cellsw

We usethetermw-store in two sensessyntactically(a w-storeis a tuple of closedw-valuesof
theappropriatdypes)andsemantically(aw-storeis anelemenbf Sw). Thusasyntacticw-store
denotesa semantiau-store.

The 3 operationgdefinedon syntacticworld-storesin Sect.7.3.2 (reading,assignmenand
cell generationhave evidentanaloguegor semantiavorld-stores.

In the thunk-storagdree fragment,this syntactic/semantidistinctionis of no significance,
becauseeachsemanticw-storeis the denotationof preciselyone syntacticw-store. Thisis a
consequencef

Proposition56 For every datatype D andworld w, the function [—] from the setof closed
w-valuesto to [D]w is abijection. O

It is importantto seethat Sw is not a covariantor contravariantin w. To seethis, suppose
ww.

e On the onehand,a w-storecannot,in general be extendedto a w'-store. For example,
supposew is the emptyworld andw’ hasa singlecell ¢ storingtype 0. Thenthereis one
w-storebut no w'-store,becausehereis no valuefor c to store.

e Ontheotherhand,a w’-storecannot,in general,be restrictedto a w-store. For suppose
w hasasinglecell ¢ storingtyperef 1 andw’ hasonemorecell d storingtype 1. Then
thereis onew’-store—where: storesd andd stores()—but no w-store,becausehereis
no w-valuefor c to store.

By contrastwhenwe allow storageof groundvaluesonly, S is indeedcontravariant: if w <
w’, thena w’-storecanbe restrictedto a w-store. This is why our possibleworld modelis so
differentfrom the older possibleworld models,which treat groundstoreonly and exploit the
contravarianceof S.

We write disc W for the discretecatayory (i.e. no non-identitymorphisms)whoseobjects
areworldsWe saythat.S is adiscretefunctor (asopposedo a covariantor contravariantfunctor)
from 7/ to Set this meanghatit is afunctorfrom disc W to Set

7.6 Intr oduction (Part 2)

Oneof our heuristicsfor designinga CBPV semanticss to find a CBV semanticsandlook for
the CBPV decompositiorof —cgy. Sucha CBV semanticdor cell generatiorwasconsidered
by O’Hearn,independentlyf ourwork. His suggesteéhterpretationvas

[[A —CBV B]]w = |'|wz>w(Sw’ — [[A]]U)I — Z’w"ZUJ'(Sw” X ﬂB]]w”)) (75)

Theintuition behind(7.5) is asfollows. Supposéd/ is a CBV functionin world w; it should
denoteanelemeniof theLHS of (7.5). Now V' canbeappliedin ary futureworld-store(w’, s'),
wherew’ > w ands’ is a w’-store,to an operandwhich is a w’-value of type A. It will then
changethe world-storeto (w”, s"), wherew” > w' ands” is a w”-store,andfinally producea
w"-valueof type B. TheRHS of (7.5) preciselydescribeghis narratve.

The CBPV decompositiorof A —cgy B asU (A — F B) isimmediatelyapparentn (7.5):

Musw(Sw' = [Alw' = Fyrse(Sw’x [Blw"))
U A - F B)
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This suggestghat a computationtype will, like a value type, denotea different setin each
world—we shall seein Sect.7.7.2thatit denotescontravariant functor from % to Set—and
thatthesedenotationsregivenby

[UBlw = Muwsw(Sw — [Blw) (7.6)
[A—Blw = [Alw—[Blw (7.7)
[[FA]]’UJ = Zw’)w(sw,x[[A]]w,) (78)

This canbe summarizedy theslogan“U denoteqT], F' denotesy”. As UB is avaluetype, it
mustdenotea covariantfunctorfrom 7/ to Set andit is easyto seethat(7.6) describeone. For
if w < z thenary element{ f,,y }./>. € [UBJw canberestrictedo { fu }w'>s € [UB]z.

To understandheseequationsnoreclearly, let w containa singlenumbercell [, represented
ascellO0, andconsiderthefollowing w-valueof typeU (ref nat — F'ref nat):

thunk ( Ax.
read cellOasy.
read x as z.
cellO:=z;
x:=7y,
neww:=y-+(3xz);
producez )

This canbeforcedin ary world-store(w’, s'), wherew' > w. It first popsacell I in w. Thenit
changesheworld-storeto (w”, s”) where

e w'” isw' extendedwith anat-storingcell I”;

e writing y and z for the contentsof cells/ and!’ in s’ respectiely, s” is the w”-storein
[ storesz

I’ storesy

1" storesy+3x z

every othercell storeswhatit storedin in s, regardedasa w”-value

which

We canseefrom this example

e aw-valueof U B type(i.e. athunkin world w) canbeforcedatary futureworld (w’, s'),
wherew’ > w—thisroughlyexplains(7.6);

e aw-computatiorof type A — B popsaw-valueof type A from thestackandthenproceeds
asaw-valueof type B—this roughlyexplains(7.7), but seethediscussiornn Sect.7.7.1;

e aw-computatiorof type F A changeghe world-storeto (w',s"), wherew’ > w, andthen
producesa w’-valueof type A—this roughly explains(7.8).

7.7 Denotation of Computations

7.7.1 Semanticsof Judgements

The mostsurprisingof our semanticequationss (7.7). The reader(especiallyif familiar with
otherpossibleworld models)maywonderasfollows.

SupposeM is a w-computationof type A — B (e.g.the exampleprogramin
Sect.7.6, with thunk removed). Then,for ary w’ > w, M canbe regardedasa
w’-computatiorandsoits operanccanbeaw’-value.How, then,can M denotgust
afunctionfrom [A]lw, as(7.7)tellsus?
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Theansweiis that M doesnotdenotgustafunctionfrom [[A]Jw. In thisrespectthesemantic®f
computatiortypesis deceptve: whereag AJjw is thesetof denotation®f closedw-valuesof type
A (aswesaidin Sect.7.5.1),[[B]w is notthesetof denotation®f closedw-computation®f type
B. Theessentiainformationthat makes senseof the situationis the semanticof judgements,
whichwe now describe.

Recallfrom Sect.6.3.2that, in the global storemodel,a computation” ¢ M : B denotes
afunctionfrom S x [[']] to [B]]. By contrast,n our possibleworld model, [} ]] dependsot
just on the storeand ervironmentbut alsoon the world. Therefore,for eachw, M denotesa
function [M]w from Sw x [[w to [B]w. Unlike the semanticf values thesefunctionsare
not requiredto berelatedby ary kind of naturalityconstraint.

More generally given a wo-computationwp|l" F¢ M : B, its denotationprovides for each
w = wo afunction [M]w from Sw x [[w to [B]w. Again, thereis no naturality constraint
relatingthesefunctionsfor varyingw.

We canthereforeseethataclosedw-computatiorof type A — B will denotefor eachworld-
store(w', s') wherew’ > w, afunctionfrom [AJjw’ to [ B]Jw'. Thisanswerghereadersquestion
above.

7.7.2 A Computation Type DenotesA Contravariant Functor

If we now attemptto write semanticequationdor the varioustermconstructorsall arestraight-
forward exceptfor two: new andsequencing.We look at the former. For simplicity, we will
supposehatl” is empty

Supposehat-Y V : A andx : ref A+ M : B. We wish to describethe denotationof
new x ;= V; M in theworld-store(w, s)—this denotatiorshouldbe anelementof [ B]w. First,
we extend(w, s) with an A-storingcell [ initialized to [V w, giving aworld-store(w’, s"). Then,
we look atthedenotatiorof M (with x boundto thenew cell I) in theworld-store(w’, s")—this
denotationis anelemenbf [B]w’. How canwe obtainanelementf [ B]w, asrequired?

Theanswertis that [ B] mustprovide extrainformation. If w < w', then[[B]] mustprovide a
function[B]%, from [B]lw’ to [B]Jw. Thesefunctionsshouldrespectdentity andcompositions.
In summarya computatiortype B denotesa contravariantfunctorfrom % to Set

This is reminiscentof the structurex in the semanticof printing. There,therole of x in
[B] = (X, ) wasto “absorb”printing into computationf type B. Here,therole of [B]Y, is
to “absorb”cell generationnto computation®f type B.

The contravariantfunctorsdenotedoy computatiortypesaregivenasfollows.

o We have alreadysaidthat[[F AJlw iS § >, (Sw' x [AJJw’). Consequentlyif w < z then
[FA]z C [FA]w.

e Thedenotatiorof [;c;B; is givenpointwise.Sinceeach[B;]Jw is contravariantin w it is
clearthat[];c[[B;]lw is contravariantin w.

e Thedenotatiorof A — B is givenpointwise. Since[[AJw is covariantin w and[[B]w is
contravariantin w, it is clearthat [AJw — [[B]Jw is contravariantin w.

7.7.3 Summary
We now summarizehe denotationatemantic®f thethunk-storagdreefragmentof CBPV with
cell generationThe semanticss organizedasfollows.

¢ A valuetype (andlik ewise a datatype anda contet) denotesa covariantfunctorfrom
to Set

e A valuel ¥ V : A denotesfor eachw, afunction [V]w from [[I'w to [A]Jw suchthat,
for w < w', diagram(7.4) commutesin otherwords,[V'] is a naturaltransformatiorfrom

[T'] to [[A].
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A wo-valuewp|l" Y V : A denotesfor eachw > wo, afunction[[V]w from [[I'Jw to [A]Jw
suchthat,for wo < w < w’, diagram(7.4) commutes.

A computatiortype denotesa contravariantfunctorfrom 9/ to Set

A computation” ¢ M : B denotesfor eachw, afunctionfrom Sw x [[['Jw to [B]jw.

A wo-computationwo|l" - M : B denotesfor eachw > wo afunctionfrom Sw x [[lw
to [Blw.

The semantic®f typesis givenby

Sw = X [D]jw
(D,1) ecellsw
[[UB]]’UJ = Hw’}w(sw, - [[B]]wl)

[YicrAilw = Yies[Aiw
[AxATw = [AJwx [ATw
[ref Djw = $wp

[FAJw = ¥,5,(Sw' x [A]w)

[MierBilw = [Mier[Bi]w
[A—=BJw = [AJw— [Blw

Someexamplesof semantic®f terms:

[produce V]wsp = (w,s,[V]wp)
[M tox. NJwsp =
pm [M]wspas (w',s',a). [By (INJw's'([T3px = a))
[thunk Mwp = Aw' As'.([M]w's'[T]¥ p)
[force V]wsp = s'w' [V]wp
[MxMJwsp = Aa.([M]ws(p,x+— a))
[V M]wsp = ([VIwp) ([M]wsp)
[Vi=W; Mwsp = [M]ws'p
wheres’ is s with A-storingcell [V]wp assignedW wp
[read V as x. Mwsp = [Mws(p,x+ a)
wherea is the contentf A-storingcell [V]wp in s
[newx:=V; Mlwsp = [BJ&[M]w's ([7]%p,x 1)
where(w', ') is (w, s) extendedwith acell [ storing[V]w'p

Proposition 57 (Soundness)Supposew, s, M |} w',s',T, where M andT have type B. Then
[M]ws = ([Bly) ([T]w's'). O

The contravarianceof [B] is essentiain formulating this statementjust as, for the printing
semanticsthe structuremapof [[B]] is essentiain formulatingProp.17.

Corollary 58 (byProp.55)If M isaclosedgroundw-producethenw, s, M |} w', s, producen
iff [MJws = (v',s',n). Hencetermswith the samedenotatiorareobsenationally equivalent.
O

It is alsoeasyto shav thatprovably equaltermshave thesamedenotatiori.e. themodelvalidates
the CBPV equations.
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7.8 Combining Cell Generation With Other Effects

7.8.1 Intr oduction

The modelfor cell generationin Sect.7.7 generalizes.If we have ary CBPV model (more
accuratelyary adjunctionmodel,asexplainedin Sect.14.4.4),we canobtainfrom it a model
for cell generation.We shav two examplesof this construction:startingwith the 4-setmodel
for printing, andstartingwith the Scottmodelfor divergence.

7.8.2 Cell Generation + Printing

Whenwe addboth cell generatiorand printing to CBPV, the big-stepsemanticawill have the
form w,s, M | m,w’,s',T. The principal differencebetweenthe modelin Sect.7.7 andthe
modelfor cell generatior+ printingis thatin thelatteracomputatiortypedenotes contravariant
functorfrom 7/ to 4Set the cateyory of 2-setsandhomomorphismgratherthanto Sef).

We useinfinitely wide CBPV asa metalanguagdescribingthe printing model,asexplained
in Sect.3.8. For example,wewrite F'A for thefree 4-setontheset A, andwe write U B for the
carrierof the 4-setB. With this notation,the semantic®f typesis givenby

[UBJw = Uusw(Sw — [Blw)
[FAJw = FYusy(Sw' x [Alw')
[(MierBilw = Mier[B;lw
[A— Blw = [A]w— [Blw

Someexamplesof semantic®f terms:

[produce V]wsp = produce (w,s,[V]wp)
[M tox. N|wsp =
[M]wspto (w',s',a). [Bly (IN]w's' ([T 50, = a))

[thunk MJwp thunk Adw' As'.([M]w's'[F]% p)
[force V]wsp = s'w' force [V]wp

[AxMJwsp = Aa.([M]ws(p,x— a))

[V Mlwsp = ([V]wp) ([M]wsp)

[V:=W; Mlwsp = [M]ws'p
wheres’ is s with A-storingcell [V]wp assignedW]wp
[read V as x. Mjwsp = [M]ws(p,x— a)
wherea is the contentsof A-storingcell [V]wpin s
[newx:=V; Mllwsp = [Bly [M]w's' ([F]5p,x— 1)
where(w’, s') is (w, s) extendedwith acell I storing[[V]w’p
[print ¢; Mlwsp = cx*([M]wsp)

Proposition 59 (Soundness)Supposev, s, M || m,w’,s’, T, whereM andT havetype B. Then
[M]ws = m ([B])(IT]w's)). a

Corollary 60 (by the analogueof Prop.55 for printing) If M is a closedgroundw-producer
thenw,s, M || m,w',s',produce n iff [Mws = (m,w’,s’,n). Hencetermswith the same
denotatiorareobsenationallyequivalent. O

7.8.3 Cell Generation + Divergence

We adddivergenceandrecursionto the thunk-storagdree fragmentof CBPV with cell genera-
tion. The semanticss organizedasfollows:

¢ A datatypedenotesa covariantfunctorfrom 7/ to Set so Sw is a setfor eachworld w.
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A valuetype (andlik ewise a context) denotesa covariantfunctorfrom %/ to Cpo.

A valuel’ H¥ V' : A denotesfor eachw, a continuousunction [V ]Jw from [ w to [A]Jw
suchthat,for w < w’, diagram(7.4) commuteslIn otherwords, [V'] is a naturaltransfor
mationfrom [[I']] to [A]] in thefunctorcateyory [, Cpo].

A wo-valuewo|l H¥ V' : A denotesfor eachw > wo, afunction[[V]w from [IJw to [A]Jw
suchthat,for wo < w < w’, diagram(7.4) commutes.

A computatiortype denotesa contravariantfunctorfrom 9/ to Cppog,;.; (thecatgory of
pointedcposandstrictfunctions).

A computatiorT < M : B denotesfor eachw, acontinuougunctionfrom Sw x [[[']Jw to
[Blw.

A wo-computationwo|l" F¢ M : B denotesfor eachw > wg a continuousfunction from
Sw X [[Mw to [ B]jw.

Theequationgyiving the semantic®f typesandtermsareexactly the sameasin Sect.7.8.2,
exceptthatwe now interpretthe metalinguisticCBPV constructsasreferringto the Scottmodel
ratherthanthe printing model.

Proposition 61 (Soundness/Adequacy) 1. Supposev,s, M | w',s’, T, whereM andT have
type B. Then[M]lws = ([B]%)(IT]w's").

2. Supposew, s, M diveges.Then[M]ws = L.
O

Proof(in the style of [Tai67]) (1) is straightforvard. For (2), define,by mutualinductionover
types,threefamiliesof relations:

for eachA andw, <Y, betweern[Aw andV?y;

for eachB andw, <%, betweer]B]w andtriplesw’, s, T wherew' > w, s € Sw' andT € T%
for eachB andw, <%, betweer]B]lw andtriplesw’, s, M wherew' > w, s € Sw' andT € C% .
Thedefinitionof theserelationsproceedssfollows:

a <{;g,, thunk M iff  forallz > w,s € Sz,s'z'force a <5, z,5, M
a ngieIAiw (z,V) iff a=(2,b)forsomeie Tandb <Y, V
a<a (V,V') iff a=(b,b') forsomeb <Y, V andd’ <Y, V'
b <% 4, T,s,produce V iff b= _1 orb=produce (z,s,a) for somea <%, V
<t Baw z, s, \{...,s.M;,...} iff, foreachie I, ' f <%, s M;

1el—=1 =24
f <4 By T8, 2. M iff, foralla € [A]lw, ([A]¥)a <Y, V implies

a' f <%, =,8,M[V/x]

b <%, 5, M iff b=_lorz,s,M|a,s,Tandb<}y, «',s,T

Note thatfor terminal T, b <%, z,s, T iff b gtﬁw x,s,T. We prove by mutualinductionover
typesthefollowing:

¢ ForeachvalueV € VY4 theset{a € [A] : a <Y, V'} is admissiblgclosedunderdirected
joins).

o Lif a <y, V andd’ <Y, V andproduce a < produce o’ thena < a'.

1This clausds usedin proving theadmissibilitypropertyfor F'A, butit is notreally necessarpecausén the Scott
modelwe immediatelyhave a strongemresult: produce a < produce o’ impliesa < a’. However, we includethis
clauseheresothatthe adequag proof generalize$o othermodelswherethe strongeresultis notvalid.
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e For eachterminal computationz, s, T' the set{b € [B]Jw : b <} T'} is admissibleand
containsL.

e For eachcomputationM € Cp theset{b € [Bllw : b <% M} is admissibleandcontains
L. B

o If a <Y, Vandw < z then([A]|Y)a <Y, V.
o If b<B, z,5,M andw < w' then([B]3)b <%, =,s, M.
o If b<%, ,5,T andw < w' then([B]l)b <%, ,s,T.

We shaw that,for ary datatypeD, a -}, V' iff a = [V]w, by inductionon D.

Finally, we shav that for ary computationw|Ao, ..., A1+ M : B, if w <z, s € Sz
anda; <Yy, , W;fori=0,...,n—1 then[M]zsai <, :c,s,M[W—/xZ] andthatfor ary value
wAo,.. An 1Y VA if w2z andg; <z Wi fori=0,...,n—1then[W]za; < <

VTR =

Corollary 62 If M isaclosedgroundw-produceythenw, s, M |l w',s',produce n iff [M]ws =
produce (w',s',n), andw, s, M divergesiff [M]ws = L. Hencetermswith thesamedenotation
areobsenationallyequialent. O

It is alsoeasyto shav thatprovably equaltermshave thesamedenotationi.e. themodelvalidates
the CBPV equations.

7.9 Related Models and Parametricity

In the modelsof this chaptey the obserationalequivalenceg7.1) and (7.3) are not validated.
(7.2)is validatedwhenV andW have distincttypes,but notwhenV andW have the sametype.
By contrasttheoldermodelsdo validatetheseequivalencessoit is immediatelyclearthatthere
aresubstantiatlifferences.

For example,the IdealizedAlgol modelof [Ole87 interpretscomm—correspondindo? the
CBPV type U comm of thunksof commands—atv by Sw — Sw. Contrasthis with our model
whichinterpretsU comm atw bY [(y>4, (Sw' = 3 s Sw”). Therearetwo differencesbetween
thesesemanticshotha consequencef thefactthatin IdealizedAlgol only groundvaluescanbe
stored.(Indeedthe cell storagemodelof [Ghi97] providesa semantic®f comm similar to ours.)
To understandhesedifferencessupposehatV is a closedw-valueof type U comm.

e Our modelspecifieghe behaiour of V' whenforcedin ary future world-store(hencethe
[1), andwe haveimposedhorelationshipbetweerthebehaiour in differentworlds. In the
IdealizedAlgol model,by contrastjf V is forcedat (w', s), its behaiour is determinedy
therestrictionof s’ to aw-store.Theextracellswill beunafected,becauseghey cannotbe
storedin thecellsof w. Thusthecontravarianceof S (mentionedn Sect.7.5.3)is essential
to thismodel.

e Our model saysthat, when V' is forced, new cells can be generatedhencethe ¥). In
the IdealizedAlgol model,any new cells canbe garbage-collectehenthe commands
completedbecausehey will not be storedarywhere. This featureis knowvn asthe stadk
disciplineof IdealizedAlgol.

2Although IdealizedAlgol is a CBN language the possibleworld model of [Ole87 is essentiallya model of
thunks—thisis why this modeldoesnot allow directinterpretationof conditionalsat all types. Hencea type of this
languagsds interpretedasa U type,anddenotesa covariantfunctor.
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It is becausef thesedifferenceghat, in the IdealizedAlgol model, the naturality conditionis
requiredacrossall world-injections—thisis explainedin [OT95].

Moggi’'smodel[Mog9(Q] for CBV with ref 1 usescontravarianceof S in asimilarwayto the
IdealizedAlgol models. But asthe languageg(called v-calculusin [Sta94) includesproducers
otherthangroundproducergqunlike IdealizedAlgol, wherethe only producersaarecommands),
thereis nostackdiscipline. Sotheinterpretatiorof T'1 (again correspondingo U comm in CBPV)
atw is Sw — 3,5, Sw'. However, this summatioris quotientedby anequivalencerelation,and
thisis how the obsenationalequivalencesof Sect.7.3.4arevalidated. Suchquotientingis easy
whenworking with sets(asMoggi does) but problematiovhenworking with cpos.For although
it is possibleto quotienta cpo by an equivalencerelation[Jun9Q, we do not have the simple
characterizatioof elementghatwe have in the caseof sets.

We canrecover all of thesemodelsof storageby taking the CBV modelfor storagegiven
in Sect.7.6 andimposinga weakform of relationalparametricityfOT95] called“parametricity
in initializations”. We will not describethis restrictedmodelhere;it doesnot exhibit a simple
CBPV decompositionn the way thatthe basicmodeldoes. (This situationis analogougo that
of the CBV modelfor finite nondeterminismgdiscussedn Sect.6.5.3.) Furthermoreaswith
Moggi’s model, it is not simple (althoughpossible)to generalizeérom setsto cpos,becausef
the quotientingrequired.

A ratherdifferentpossibleworld model,whoserelationshipto ourswe have notinvesticated,
is Odersk’'s modelfor ref 1in aCBN languagdOde94].

7.10 Modelling Thunk StorageAnd Infinitely DeepTypes

We now wish to adaptthe modelfor cell generationt+ divergence(Sect.7.8.3)thefull language
of storagen Sect.7.2,ratherthanjustthefragmentin Sect.7.4. Thedifficult partis thesemantics
of types,which shouldbe organizedasfollows.

e S isadiscretefunctorfrom 7 to SEAM.
o [[A4] is acovariantfunctorfrom % to SEAM, for eachvaluetype A.

¢ [B] is acontravariantfunctorfrom % to SEyict, for eachcomputatiortype B.

Thesefunctorsshouldsatisfytheisomorphisms

S = [A]
(A,l) e cells
[UB] = Us[B]
[YierAil = YierlAi]
[Ax AT = [A]x[A]
[ref A] = ref A
[FA] = Fs[A]
[MierBill = MierlBi]
[A—B] = [A]—[B]

wherewe usethefollowing terminology

Definition 41 1. For X anobjectof [W*, SEic:] and S anobjectof [disc W, SEAM], we
write UsX for the objectof [, SEAM] givenatw by U]y>.(Sw’ — Xw') andat}y
by the evidentrestriction.

2. For X anobjectof [W,SEAM] and.S anobjectof [disc W,SEAM], we write FsX for
the objectof [W, SEsict] givenatw by F'y 5, (Sw’ x Xw') andaty by the evident
inclusion.
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3. For avaluetype A, we write ref A for the objectof [/, SEAM] givenby $w 4 atw and
by inclusionsat,.

4. For {X A} acvaltypes @ family of objectsin [, SEAM] we write X X 4 for the
(A,1) € cells
objectof [disc W,SEAM] givenatw by X Xaw.
(A)) ecellsw

5. We write ¥, x, [, — for the evident pointwiseoperationson covariantand contravariant
functors.
O

Constructingthe functorsis not simply an applicationof Prop.32(4), becausé W/, SEAM]
is notenriched-compactnsteadwe usethe following.

Proposition 63 Write [, SEAM C SEAM partmin] for thefull subcatgoryof [, SEAM partmin]
whoseobjectsarefunctorsF from % to SEAM (i.e. F% is total, for w < w'). Thenwe have the
following.

1. [disc W,SEAM partmin] is enriched-compact.
2. [W,SEAM C SEAM ,aremin] IS enriched-compact.
3. [W*, SEurict] is enriched-compact.

O

Proof (1) and(3) follow from Prop.32(4). For (2), supposeD : D — [ W, SEAM C SEAM partmin] ™"
is a countabledirecteddiagramof (e,p)-pairs. We constructthe colimit V' asin the proof of
Prop.32(4). Thusfor w € W, the SEAM predomainl/ w is definedasa colimit in SEAM jartmin,
andfor w < w', themorphismV.¥ is definedto be \/ 4ep (Pdw; Da»,; €dw'). Theonly extra fact
we have to shaw, by comparisorwith the proof of Prop.32(4),is th%ltVJﬁ is total, sothatV is an
objectof [7,SEAM C SEAM partmin]. We agueasfollows. Givenz € Vw, we know by (5.2)
that

V (Paw: €dw)r =
deD

Therefore,for sufiiciently large d, pq4., is definedat z. Hence,for suchd, pgw; Dav,; €du 1S
definedatz, becauseéyw, is total. SoV,; is definedat z, asrequired. o
We areseekinga semanticof typesin which

e Sisanobjectof [disc W,SEAM partminl;
e [[A] is anobjectof [WW,SEAM C SEAM paremin], fOr eachvaluetype A;
e [B] is anobjectof [W* SEyict], for eachcomputatiortype B.
In summarythe semantic®f typesis givenby anobjectof the enriched-compadatateyory
B = [disc W, SEAM partmin] X [W, SEAM C SEAM partmin] 2P x [, SEqtrict] OmPYPES

We mustspecifyalocally continuougdunctorfrom B% x B to B; thesemantic®f typeswill then
be given asthe canonicalfixpoint of this functor The functoris constructedstraightforvardly
usingthefollowing analogueof Prop.33.

Proposition 64 o {Xa}acvaltypes — X extendscanonicallyto alocally continuous
(A,1) ecells
functorfrom [W,SEAM C SEAMpartm;n]"a"types to [disc W, SEAM partmin)-
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(S,X) — UsX extends canonically to a locally continuous functor U from
[disc W, SEAM partmin] X [W*, SEstrict] tO [W,SEAM C SEAM partmin -

Y ie1 extendscanonicallyto alocally continuougunctorfrom [, SEAM C SEAM partm;n]f
to [, SEAM C SEAM partmin)-

x extendscanonicallyto alocally continuoudunctorfrom [, SEAM C SEAM partmin] X
[W,SEAM C SEAM partmin] 10 [#,SEAM C SEAM partmin-

(S,X) — FsX extends canonically to a locally continuous functor F from
[disc W, SEAM partmin] X [W, SEAM C SEAM partmin] t0 [T, SEstrict .

I” x

— extendscanonicallyto alocally continuougunctorfrom [/, SEAM C SEAM partmin
[Wop, SEstrict] to [WOP ) SEstrict] .
m|

We omit the constructiorof all thesefunctors,whichis tedious.It is clearfrom Prop.64 thatthe
isomorphismsibove indeeddefineafunctorfrom 8™ x B to B, andwe thusobtainour semantics
of types.

Having constructedunctorssatisfyingthesaésomorphismsywe defineoperation®on semantic
storesandthendefinesemanticof termsjustasin Sect.7.8.3(wheretheseisomorphismsareall
identities).

Proposition 65 (Soundness/Adequacy) 1. Supposev,s, M |w',s',T,whereM andT have
type B. Then[M]w[s] = ([By) ([TTw'[s]).
2. Supposew, s, M diverges.Then[M]w[s] = L.

O

(1) is straightforvard. To prove (2), we adaptthe proof of Prop.61(2). To shawv the existence
of the requiredlogical relation,we apply Pitts’ methodgPit96] (which work for ary enriched-
compactcateory) to the category ‘B.

Mic: extendscanonicallyto alocally continuousunctorfrom [ W™ | SEyict]” to [ W™, SEsrict)-

Corollary 66 Foraclosedgroundw-producerM , thereexistss’ suchthatw, s, M || w’,s’, producen

iff thereexists s’ suchthat[M]w[s]] = produce (w',s’,n), andw, s, M divergesiff [M]w[s] =
1. Hencetermswith the samedenotatiorareobsenationally equivalent. m|

Finally, we obsenre that everything we have donein this sectionworks if, in additionto
generaktoragewe allow infinitely deeptypes.
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Chapter 8
Jump-With-Ar gument

8.1 Intr oduction

In Sect.6.4.5, we presenteda continuationsemantic§or CBPV+control,togetherwith other
effectssuchasprinting. But a continuationsemanticss far morethanjust a denotationaimodel.
As Steeleexplainedin the CBV setting[Ste7§, it providesa jumpingimplementation

Our continuationrsemanticsisedCBPV asa metalanguagandwasparametrized an 4-set
calledAns. ThusSect.6.4.5canbe seenasdefininga syntactictransformfrom CBPV+control
into CBPV + Ans, whereAns is a free computation-typedentifier This transformis calledthe
outside-passingtyle (OPS)transform,becausevery computatioris regardedastakingits out-
sideasa parameter(ln the CBV setting,it is calledthe continuation-passingtyle (CPS)trans-
form becausall outsidesare consumerandhencecontinuations.)Now the rangeof the OPS
transformis not the whole of CBPV + Ans, but a specialfragmentwhich we call Jump-Wth-
ArgumentJWA). Thisfragmentwhichis very similarto Steelesintermediatdanguageandvar-
iouslike calculi [App91, AJ89 Dan92 SF93,Thi974, is worth separatingutfrom CBPV+Ans
andstudyingindependentlybecauseét canbe regardedasa languageof jump instructions. In
SteeleSwords:

Continuation-passingtyle, while apparentlyapplicatve in nature,admitsa pe-
culiarly imperative interpretation]... ] As aresult,it is easilycorvertedto anim-
peratve machindanguage[Ste7§

To summarizethe OPStransformis atransformfrom CBPV+controlto ajumpinglanguage
calledJWA, whichis afragmentof CBPV+Ans.

OPS
CBPV + control —— JWA —— CBPV + Ans
transform -

We canadd(non-control)effectsto this picture,e.g. printing

CBPV+control  OPS JWA .. CBPV + Ans
+print transform +print +print

andwe will useprinting asour examplenon-controleffect throughouthis chapter While some
treatmentdn theliteratureusedivergencetheissuesareclearerwith printing (asin Sect.2.2).
The OPStransformtranslatesorce V andproduce V into jump commands It therefore
makesapparentheintuitive pointthatwe madein Sect.1.5.3:thatforce andproduce arethe
only two instructionghatcausesxecutionto move to elsavherein theprogram.This shavsonce
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again the advantageof working with CBPV ratherthanCBV and CBN, which do not make the
flow of controlsoexplicit.

In additionto the jumping operationasemanticgor JWA, we alsodescribea morecorven-
tional operationabemanticdbasedon rewriting andexplain their agreement.

We thenform an equationaltheory for JWA and describeits categyorical semanticgfortu-
natelymuchsimplerthanthe categyorical semanticof CBPV). Using this equationatheory we
seethat CBPV+controlis equialentto JWA, alongthe OPStransform.(This is very similar to
the“equationalcorrespondenceesultof [SF93].) Consequentlynodelsfor CBPV+controlare
essentialljthe sameasmodelsfor JWA—a usefulfact,becausdWA is somuchsimplet

Finally, in Sect.8.10,we explain how JWA canbe regardedasa type theoryfor classical
logic. Thisis basedon the classictreatmentof [Fri78, Gri90, LRS93]. But we urgethereadey
exceptduring Sect.8.10,to ignorelogical issues—inparticular ignorethe factthat the symbol
= for continuationtypesis the sameasthetraditionalsymbolfor logical negation.

8.2 The Language

JWA is anextensionof Thieleclke’s “CPS calculus’[Thi974. Unlike Thieleclke’s languageput
like theuntypedlanguage®sf [Dan92,SF93,Ste7§, it includesvaluesandabstraction.
Thetypesof JWA aregivenby

A= —-A | ZiEIAi | 1 | Ax A (81)

whereeachset! is finite (or countablefor infinitely wide JWA).

A value of type —A4 is an* A-acceptingcontinuation”—intuitvely this meansa point that
we jump to taking an argumentof type A. For example,a BASIC line numberwould have
type —1, becausehe agumentis trivial. Althoughwe have followedthe establishedisageof —
for continuationtypes,we considerit to be a confusingusagebecause- is not exactly logical
negation,aswe explainin Sect.8.10. Therearetwo kindsof judgement

r'v:A r="m

calledrespectirely valuesand non-returningcommandgin the senseof Sect.3.9.2—wewiill
sometime®mit the word “non-returning”). Thetermsof JWA aregivenin Fig. 8.1. It is corve-
nientto usethesyntaxlet V be x. M ratherthanlet x be V. M.

The embeddingof JWA in CBPV+Ans (with printing, if desired)is givenin Fig. 8.1. We
thusobtain,for each4-setAns, adenotationasemanticgor JWA + print. By usingtheempty
A-setfor Ans, we canprove

Proposition67 Thereis no closednon-returningcommandn JWA + print. |

Becausef this situation,we alwaysconsideoperationasemantic$or non-closecon-returning
commandsgxecutionterminatesvhenwe attemptto jump to or pattern-matcla free identifier.
Of course Prop.67 becomedalseif we adddivergenceor errors,becauseiverge anderror e
arebothnon-returningcommands.

8.3 Jumping

8.3.1 Intuiti ve Reading of Jump-With-Ar gument

We saidin Sect.8.2thatan A-acceptingcontinuation(avalueof type—A) is apointthatwe jump
to takinganargumentof type A. We explain the constructdor — in asimilar way:

o V /"W isthecommandijump to thepoint W takingargumentl/”.
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Mx:ATFx: A

MY V4

FTEY Vi Sierdi

FFV:A Tx:AFM
Fr"letVbex. M

. r,XIAi [ Mi

T (2, V) Sierdi

rEYv:A THv A

FrFYV:Ax A

MrM"pmVas{...,(4x).M,...}

Fx:Ay: AF"M

FE(V, V) Ax Al

Mx:AF"M
Mr=Y~yx.M:-A

For printing, we addthe construct

M"pmV as (x,y).M

VA THW:-A

v  Aw

re"MmM
" print ¢; M

To seeJump-Wth-Argumentasa fragmentof CBPV+Ans, regard

-A as
anon-returningcommand as
vx.M as

V W as

U(A— Ans)
acomputatiorof type Ans
thunk Ax.M
Viforce W

Figure8.1: Termsof Jump-Wth-Argumentandits embeddingnto CBPV+Ans
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e vx.M is apoint. Whenwe jumpto it takingargumentV’, we bind x to V' andthenobey
thecommandM .

Theeasiestvayto graspthiswill beto seetheexecutionof anexampleprogram.Ourexplanation
of jumpingis informal; its aimis to corvey thejumpingintuitions of JWA.

8.3.2 Graphical Syntax For JWA

Thetermsyntax(moreaccuratelytheabstracsyntax)for JWA is ratherincornvenientfor jumping
around.We thereforeusea graphicalflowchart-like syntax,illustratedin Fig. 8.2,where

e sincey represents point, it is written e
e eachinstructionis enclosedn arectangle;

e bindingoccurrencesf identifiersandpatternsareplacedon edgegenclosedn arounded
rectangle).

We give the namejumpaboutto this kind of tree of rectanglesedgesandpoints. (We will not
give a precisedefinition,asour explanationof jumpingis informal.)

8.3.3 Execution

We will illustrate executionusingthe commandy : nat F" M where M is the lastexamplein
Fig. 8.2. Hereis the graphicalsyntax;we have numberedeachpointandeachrectangleor ease
of reference.

This jumpaboutis calledthe code As we executeit, we form anotherjumpaboutcalled the
trace We call apointin the codejumpabouta codepoint, anda pointin thetraceatracepoint;

similarly for rectangles.During execution,the codestaysfixed but the tracegrows. The basic
cycle of executionis

e copy thecurrentinstructionfrom thecodeto thetrace;
e 0begy thecurrentinstructionin thetrace.

We bggin atthetop; thenwe follow the sequencef instructionsdown the code,exceptwhenwe
jump.

cycle0 copyinstruction We copy theinstructionlet e be from coderectangle, giving

let 0001 pe <

Notice that we numbereachtrace point, and indicatein squarebracletsthe code
point thatit wascopiedfrom—thelatteris calledtheteater. ThuscodepointO is
theteachelrof tracepoint 0. To reduceclutter, we omit the numbersandteacherof
tracerectangles.

We write « for “wherewe arenow”.



122 Chapter8. Jump-Wth-Argument

Term Syntax GraphicalSyntax

print "hello"; print "goodbye", 3/‘y

‘ print "goodbye"

[(meu o~

‘ print "hello" ‘ ‘ diverge ‘

% as inly. print "hello";3 "y
P inry. diverge

3y

pmz as (x,y). print "hello"; 3 "y

let 3be x. print "hello"; x Ny

print "hello"

3/ y
vx.(print "hello"; x M'y)
print "hello"
x My
let yx.(print "hello"; x ~y) bew. (3 7 w)
let be
(= v
print "hello" | [8 /W
x/y

Figure8.2: Examplesf GraphicalSyntaxfor Jump-Wth-Argument
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obeyinstruction Now we mustobey thisinstruction,by bindingthevaluept0 to x giving

let @000] be

|

cyclel copyinstruction We copy the instruction3 ~ w from coderectangle3 to the trace,
giving

Notice that we have replacedw with its binding, point 0. We find this binding by
looking up the branchof thetrace.

obeyinstruction Theinstructiontellsusto jumpto point0 (i.e. tracepoint 0) taking 3 as
anargument.We obey it by jumpingto tracepoint 0 andbindingx to 3, giving

let /00[0] be
(x = 3 ) (w — pto )
> 3 / pto

cycle2 copyinstruction We copy the next instructionprint "hello" from coderectanglel
to thetrace,giving

let @001 be
<x|—>3) (prtO)

[ print "hello" |« [ 3 /7 pto |

obeyinstruction We obey this by just printing “hello”. No bindingis made,sowe are
readyfor the next instruction:

let #0001 be
(x»—>3> <w>—>pt0>

print "hello" ‘ ‘ 3 /' pto ‘

<

cycle3 copyinstruction We copy thenext instructionx 'y from coderectangle? to thetrace,
giving
let #0001 be
(x = 3 ) (w — pto )

print "hello" | [ 8 7 pto |

3y <

Notice thatwe have replacedx with its binding 3. We find this binding by looking
up thebranchof thetrace.

terminate Thisinstructiontells usto jumpto y taking3. But because is free,we cannot
obey thisinstruction,soexecutionterminates.
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Noticethatthe functiontakingtracepointsandtracerectanglego their teacherglescribesa
jumpabouthomomorphisntalledtheteacher homomorphisnfirom thetraceto the code.As the
tracegrows duringexecution,theteachethomomorphisngrows with it.

This example programis very simplistic. More interestingsituationsarisewhenwe jump
severaltimesto the sametracepoint. Eachtime, a new branchof thetracecomesinto existence,
andso (unlike in our example)therecanbe mary tracepointswith the sameteacher This is
explainedmoreeasilywith alive demonstratioron a boardthanon paper

8.4 The OPS Transform

8.4.1 OPSTransform As Jumping Implementation

The OPStransformfrom CBPV+controlto JWA is givenin Fig. 8.3. By composingt with the
embeddingn Fig. 8.1, we recover the continuationsemanticglivenin Sect.6.4.5.

As we have describedif only informally) ajumpingoperationasemanticgor JWA, we ob-
tain from the OPStransforma jumpingimplementatiorof CBPV+control.Noticethefollowing.

e As depictedin Fig. 6.2, thereare 2 kinds of valuesthat are translatedas continuations:
thunksandconsumersThis meanghatthunksandconsumerganberegardedaspoints.

e Thereare2 computationdghataretranslatedasjumpsforce V (whichis a jump to the
thunk V) andproduce V (whichis ajump to the currentconsumer).This makesprecise
theintuition of Sect.1.5.3.

e Thetransformof a computationdescribests behaiour in the CK-machine.For instance,
the computatiom\x. M first pattern-matchess outsideasV :: K, thenbindsx to V, then
performsM with outsideK . Thisis exactly describedy thetransformof Ax. M.

8.4.2 Related Transforms

ThevariousCPStransformghatappeain theliterature listedanddiscussedn [Thi974], canall
berecoveredfrom the OPStransform becausén eachcasethe sourcdanguages afragmentof
CBPV+control.

e Primary amongthesetransformsis the CBV CPStransform[DHM91, Plo76]. This is
recoveredfrom the OPStransformalongthe embeddingof CBV into CBPV. The CBV
controloperatorgasin ML) aretranslatednto CBPV asfollows:

cont A as os FA
letccx. M as letcosx. M
throw M N as M tox. N toy. (changecos x; produce y)

e The “CBN CPStransform”[Plo7§ is, in our terminologyof Sect.2.7.3, not CBN but
lazy. Thus,asexplainedin [HD97], it is recoveredfrom the CBV CPStransformvia the
thunking transformwhich we presentin Sect.A.5. Many of the other CPStransforms
listedin [Thi974 arelikewisefragmentsof CBV.

e The“CBN CPStransform”of [HS97]is in our terminologyOPSratherthanCPS,but it
is genuinelyCBN andis recoveredfrom our OP Stransformvia theembeddingf CBN in
CBPV.

This providesyet anotheiillustration of the unifying power of working with CBP\—it provides
the souicelanguaye for the OP Stransformfrom which all the othersareobtained.
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B B

FA -A o
MicrBs  Yie1B;
A—-B AxB

nrcomm 1

Ao,...,Anfll—VVZE
X

x
(V) (0.V)
V.V V.V’
thunk M yk.M
[tox. M K vx.(M[K /x])
neverused ()
in K (2, K)
VK (V,K)

Complex Values
letxbe V. W let V be x.W
pmVas{..,(4,x)W;...} pmVas{.. B (i,x).W,...}
pmV as (x,y).W pnV as (x,y).W
Aogy...,Ap-1FM B Aoy, Ap—1,k:BF"M
letxbe V. M let Vbex. M
pmVas{...,(4,x).M;,...} pmnVas{..,(i,x).M;,...}
pnV as (x,y).M pmV as (x,y).M
produce V/ V /'k
M tox. N let kbe yx.N. M
M., M;, ..} pmkas {...,(i,k).M;,...}
M let k be (3,k). M
Ax.M pmk as (x,k).M
V'M letkbe (V,k). M
forceV k MV
coerce M letkbe (). M
letcosx. M let xbe k. M
changecos K; M letkbe K. M
printc; M print ¢; M

Figure8.3: The OPStransformfrom CBPV + controlto JWA, with printing
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Transitions

let V bex.M
~ MV/x]

pm (2,V)as {...,(4,x).M;,...}
- MiV/A

pm (V,V') as (x,y).M
~ M[V/x,V'/y]

V Myx.M
~ M[V/x]

Terminal Configurations

V Nz
pmzas {...,(i,x).M;,...}
pmzas (x,y).M

Figure8.4: Rewrite Machinefor Jump-Wth-Argument

Furthermorethetarget language JWA of the OPStransformis alsoCBPV, in the sensehat
it is a fragmentof CBPV+Ans (aswe explainedin Fig. 8.1). Admittedly, the JWA rewrites of
Fig. 8.4 canbe seenas CBN rewrites or as CBV rewrites—thisis essentiallythe indifference
resultof [Plo76. But for denotational/equation@lurposest is inappropriatgo regard JWA as
embeddedh CBN, becaus¢hisembeddingloesnotpreserethern-law for sumtypes.Regarding
JWA asembeddedn CBYV is alsosomevhatproblematic:— A is thenregardedas

A —cpy Ans =U(A — FAns)

ThusAns in Fig. 8.1 hasbeenreplacedby F'Ans, andwe have lost generality In the caseof
printing, for example,the embeddingn Fig. 8.1 providesuswith a JWA semanticdor any 4-
set,whereagheembeddingn CBV allows only afree 4-set.

In summary:we have benefitedfrom ensuringthat both the sourcelanguageandthe target
languageof the OPStransformareCBPV.

8.5 Rewrite Machine

8.5.1 Rewrite Machine for Effect-FreeJWA

Whilst the jumping operationalsemanticgor JWA is intuitive, it is usefulto have alsoa more
corventionaloperationabemanticdbasedon rewriting. Therewrite madineis givenin Fig. 8.4.
It is similar to the CK-machine gxceptthatthereis no needfor a stack.Recallingfrom Sect.8.2
that we work with non-closednon-returningcommandswe fix a context I, and definea I'-
configuationto beanon-returningcommand™ " M.

Proposition 68 (deterministic subjectreduction) (cf. Prop.41) For every I'-configurationiM,
preciselyoneof thefollowing holds.

1. M isnotterminal,andM ~~ N for uniqueN. N is al -configuration.
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2. M isterminal,andtheredoesnotexist N suchthatM ~s N.

a
Definition 42 (cf. Prop.16) We definetherelation~~* on configurationsnductively:
M' ~»* N
_— — (M ~ M)
M ~* M M ~*N
O

Proposition 69 (cf. 42) For every ' configurationM thereis a uniqueterminall”-configuration
N suchthat M ~»* N, andthereis noinfinite sequencef transitionsfrom M . O

Proof(in the style of [Tai67]) Wefix I'. We saythataI"-configurationM with the propertiesde-
scribedin Prop.42is reducible Thusouraimis to prove thatevery I -configuratioris reducible.
For eachtype A we definea setredY, of reduciblevaluesl” -V V' : A by inductionontypes.

e [FVV :—=Aisreducibleiff V is eitherafreeidentifieror yx.M wherefor all V € red";,
M|V /x] is reducible.
o YV . 5,crA; isreducibleiff V' is eitherafreeidentifieror (z, W) whereW € redy. .

o [V :Ax Aisreducibleiff V is eithera freeidentifieror (W, W') whereW € red%
andW’ € red.

By mutualinductionon M andV, we prove the following.

e Forary non-returningcommand-, Ao, ..., A,—1 =" M, andary Wo € red}y ... ,Wp_1 €
redy _,,thel -configurationM [W;/x;] is reducible.

e For ary valuerl, Ao,..., A, 1 FY V : B, andary Wy € redy ,... , Wy, 1 € redy _, the
valueV [W;/x;] is reducible.

8.5.2 Adapting the Rewrite Machine for print
In Fig. 8.4 atransitionhastheform

M > M’ (8.2)

Whenwe addprint to thelanguagewe wantatransitionto have theform
M ~ m M
for somem € 4*. We thereforereplaceeachtransition(8.2)in Fig. 8.4by
M ~ 1 M’
andwe addthetransition

printc; M ~ c

We replaceDef. 42 by the following.
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Definition 43 We definetherelation~*, whoseformis M ~~* m, M’ inductively:

M'~*n, N
- —— (M~ m, M)
M ~* 1, M M ~*mx*n, N
O
It is easyto prove analogue®f Prop.68—69.
Proposition 70 (soundness)If M ~~* m,T then,for ary p € [I'],
[M]p=mx*([T]p)
O

Corollary 71 Supposéins hastwo elementsy, b with the propertythatat

mxa # m'xa form#m'eM
mx*xa # m/'xb form,m'e M

(This propertyis satisfiedby the free 4-seton a setof size > 2.) For asetN andelementn,
write I, for thefunctionfrom N to Ans thattakesn to a andeverythingelseto b.

Then for ary non-returningcommandk : =5, y1 " M, we have M ~* m,n ~ k iff
[M](k — Inz)=m+*a. Hencetermswith thesamedenotatiorareobsenationallyequialent.
O

8.6 Relating Operational Semantics

We now have 3 operationasemanticseachof which canbe extendedfor print:
1. theCK-machinefor CBPV+control,
2. therewrite machinefor JWA,
3. thejumpingmachinefor JWA (which we have describednly informally).
The OPStransformexactly preseresmachineprogressfrom (1) to (2):

Proposition72 Let M, K beaTl -configurationof the CK-machinefor CBPV + control. Then
MK /x] is aT -configurationof the rewrite machine Furthermore:

e M, K isterminaliff M[K /x] is terminal.
o If M,K ~» N, L, thenM[K /x| ~ N[L/k].
O

This enablesisto deducaheterminationof the CK-maching(Prop.42 andthewealer Prop.11)
from theterminationof the JWA rewrite machineg(Prop.69).

Likewise, the relationshipbetweenthe (2) and (3) is exact: one transitionof the rewrite
machinecorrespondgo one cycle of the jumping machine. (We do not prove this here.) For
example,the computationin Sect.8.3.3rewritesin 3 transitionsto 3 * y, printing hello in
the last transition. Thesetransitionscorrespondo cycle 0, cycle 1 andcycle 2 in the jumping
execution.
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8.7 Equations

8.7.1 Obserwational Equivalence

Definition 44 A groundcontet is anon-returningcommandk : =5 ;1" C with oneor more
occurrencesf aholewhich maybeanon-returningcommandor avalue. m|

Definition 45 Letl " M andl -" N benon-returningcommandsWe saythatM ~ N when
for ary groundcontet C

C[M]~*Tiff CIN]~*T
Similarly for values. m|

We caneasilyadaptDef. 45 to differentcomputationakffects,e.g.printing.

8.7.2 Equational Theory
Beforeformulatingthe equationatheory we addthefollowing comple valuesto JWA:
rMNYv:A Ix:ArYW:B
MN-VYletVbex.W:B

FI—"V:ziGIAi -Nx: AAFVW;:B ---
rpmVas{...,(4,x).W;,...} ' B

FrVv:AxA Tx:Ay: AHW:B
Nr-YpmV as (x,y).W:B
Asin Sect.4.2,we excludethesevalueswhenconsideringpperationakemanticsbut include

themotherwise As with CBPV, it canbe shavn thatthe notionof obsenationalequivalencefor
comple-value-freetermsis unafectedby the presencef comple valuesin groundcontexts.

B-laws
let V bex. M = M[V/x]
let Vbex. W = W[V/x]
pm (2,V)as{...,(4,x).M;,...} = M;[V/x]
pm (3,V)as{...,(¢,x).W;,...} = W;[V/x]
pm (V,V') as (x,y).M = M[V/x,V']y]
pm (V,V') as (x,y). W WIV/x,V'/y]
V S yx. M = M[V/x]
n-laws
MV /z] = pmVas{..,(4x).M[(ix)/z],...}
W([V/z] = pmVas{...,(4,x).W[(ix)/z],...}
M{V/2] —  paVas (uy) M(xy)/2)
wiv/z) = pnVas(xy) Wikky)/
|4 = vx.(x /V)

Figure8.5: JWA equationsusingcorventionsof Sect.1.4.2

In additionto theusualreversiblederivationsfor x andy, theJWA equationatheorysatisfies

thefollowing reversiblederivationfor —:

-

MAR"

-4
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As with CBPV (Prop.26), comple valuescanbe eliminatedfrom non-returningcommands
andfrom closedvalues.

8.7.3 Type Canonical Forms

We saw in Sect.4.7.1that two thunkscan be coalescednto a single thunk. Similarly, two
continuationsanbe coalescednto a singlecontinuation:

—Ax A= (A+ A (8.3)
To make this precisewe needto definesyntacticisomorphism.
Definition 46 An isomorphisnbetweervaluetypesA and B is areversiblederivationd
r=v A
r B

thatpreseressubstitutionin I'. (By the Yonedaembeddingthis definitioncould bereplacedoy
acharacterizatiomsingtermsAF' V : BandB Y W : A inverseupto provableequality) O

Now (8.3) canbegivenasthe compositereversiblederivation

MY —Ax-A
FH -4 TH -4
MLARY TLAE
MA+A R
M =(A+ A

which commmuteswvith substitutionin I' becauseachof its factorsdoes.
Asin Sect.4.7.3,we saythat JWA typesin thefollowing inductively definedclassarecalled
typecanonicalforms

A= YierAi
Explicitly, atype canonicaform canbewritten

YieI Y jedi T Y keKi; "D leLy (8.4)
Proposition 73 Every JWA typeis isomorphicto atype canonicaform. i

This is easilyproved, by inductionover types. We explain it asfollows. Every closedvalueV
is a tuple (more accurately a hereditarytuple) of tagsand continuations.All the tagscanbe
coalescedhto asingletag,andwe have just seenthatall the continuationsanbe coalesceanto
asinglecontinuation.Consequentlyl” correspondso a pair (z,yx.M).

8.8 Categorical Semantics

8.8.1 Non-Return Models
Therearetwo approacheto catgyoricalsemanticgor JWA:

1. axiomatizing— directly, following Thielecke [Thi97b, Thi974;

2. thetraditionalapproachusinganexponentiatingobject[Hof95, SR98].

IThis sectionrelieson Chap.10.
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Approach(1), which we prefer, is organizedasfollows.
Definition 47 A non-returnmodelfor JWA consistsof

e acountablydistributive category C (the“valuecategory”)

e afunctor G from ¢* to Set

e for eachA € ob C, arepresentatioffior the functor AF.G(I" x A) from C* to Set whose
vertex we call - A—explicitly, thisis anisomorphism

G(rxA)=C(r,-A) naturalin I (8.5)

O

g

We call anelementg of GI' a non-returningmorphismfrom I, andwe write I
Thefunctoriality of G givesuscompositiorfor non-returningnorphismsfor each(- morphlsm

rl

" anda non-returningmorphisml

fig

, we definethe compositenon-

returningmorphismr”’
tivity laws

to be (G f)g. This operationsatisfiesdentity andassocia-

idg = g
(Fifg = Fi(flrg)

whereg is a non-returningmorphism. Corversely this operationandtheseequationgyive usa
functor G from ™ to Set

It is easyto give semantic®f JWA in anon-returnrmodel: valuesareinterpretedn C, anda
non-returningcommand” " M denotesinon-returningnorphismfrom [[I']. Theisomorphism
(8.5) corrrespondso thereversiblederivationfor —. Indeedwe cansay

Proposition 74 Modelsof the JWA equationatheoryandnon-returnrmodelsareequialent. O

We canmale this preciseandprove it in the sameway thatwe make Prop.97 preciseandprove
it (in outline)in Sect.10.4.4.

8.8.2 Examplesof Non-Return Models

Therearetwo significantconstructionghat yield non-returnmodels:the Ans constructionand
thefamiliesconstruction.

The Ans Construction

We can constructa non-returnmodel from a CBPV modelwith a chosencomputationobject
Ans. To explain this, we will usethe value/producemodelsof Chap.13, but any of the other
catgyorical semanticgor CBPV would sene aswell. Supposeve have a CBPV value/producer
model(C, £,,...) with achosercomputatiorobjectAns. Thenwe constructnon-returrmodel
(C,G,...) by settingG to be £(—,Ans). We set—A tobeU (A — Ans), with theisomorphism

E(T x A,Ans) = C(T,U(A — Ans))

Thesemanticgor IWA+print in Sect.8.2is obtainedby applyingthis constructiorto the print-
ing modelfor CBPV.
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Pointer GameModel: The FamiliesConstruction

The pointer game model for JWA given in Sect.9.3 is a non-returnmodel obtainedusing a
constructiorcalledfamilies basedn [AM98a]. We startfrom thefollowing structure.

Definition 48 A pre-familiesnon-return modelconsistsof
° acartesiamategoryé
e afunctor G from C* to Set

« for eachcountablgamily of C-objects{ R; }:c arepresentatiofor thefunctor AI".[1;c; G (I %
R;), whosevertex we call —;c 1 R;—explicitly, thisis anisomorphism

[ G(T x R;) = C(T',—~erR;) naturalin I

el
Od

Definition 49 (families construction) Let (C, G, ...) be a pre-families non-returnmodel. We
obtainanon-returnrmodel(C, G, ...) asfollows.

A C-objectis acountablegamily of é‘—objects.

The C homsetfrom {R; }icr to {S;};e is the setﬂieIszJé‘(Ri,Sj) with the evident
identitiesandcomposition.

ThusC is countablydistributive, with

{Ri}ier x{Sj}jes givenby {Rix S} jerxs
Yier{ Rijtjes; givenby {Ri};ies. .J;

The G homsetfrom {R;}icr is [1;c1 G R: with theevidentcomposition.

This givesa non-returnmodel,with

—{R;}icr givenby thesingletonfamily {—;c;R;}
O

The pointer gamemodel of Sect.9.3 is obtainedby applying the families constructionto
the following pre-familiesnon-returnmodel. We describethe homsetshere;the operationson
stratgies(e.g.composition)aredescribedn Sect.B.5.4.

e An objectof C is anunlabelledarena.

e A 'C-morphismfrom R to S is anO-first stratgy from RP to S©.

R x R'isgivenasRW R'.

A G—morphismfrom R (i.e.anelemenif GA) is a P-first strateyy on RP.

—ierR; is givenaspt;cr R;.

Similar pre-familiesmodelsareobtainedby imposingconstraintsof visibility, innocenceetc.
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8.8.3 Exponentiating Object Models
Thetraditionalapproach(2) to cateyoricalsemanticgor JWA is formulatedasfollows.

Definition 50 1. An exponentiatingobjectin a cartesiarcatgyory C is anobject R together
with anexponentfrom X to R for every C-objectX.

2. An exponentiatingobjectmodelfor JWA is a countablydistributive category ¢ together
with anexponentiatingobject. For eachobjectX, we write - X for thevertex of thegiven
exponentfrom X to R.

O

It is easyto seethatexponentiatingobjectmodelsandnon-returnrmodelsareequivalent:

¢ if we have anexponentiatingobjectmodel,we obtaina non-returrmodelby settingGT™ to
beC(I', R);

o if we have anon-returnmodel,we obtainan exponentiatingobjectmodelby settingR to
be-1;

e theseconstructiongreinverseup to asuitablenotionof isomorphism.

Warning If we obtaina JWA modelfrom a CBPV modelwith computationobjectAns, the
exponentiatingobject R is the value objectU Ans, soit shouldnot be confusedwith Ans. In
the exampleof printing, R is the carrierof the 4-setAns, andsoit doesnot provide sufiicient
informationto interpretprint, which requiresthe structurex of Ans.

8.9 The OPSTransform Is An Equivalence

8.9.1 The Main Result

In Fig. 8.3 we presentedhe OPStransformfrom CBPV+controlto JWA. In this section,we
shaw thatit is an equivalence,so modelsof CBPV+controland modelsof JWA are essentially
the samething. However, JWA is muchsimplerandmoreelegant.

Thesensean which the OPStransformis anequivalenceis thefollowing—atypedvariantof
the“equationalcorrespondencedpproachof [SF93:

Proposition75 1. Every JWA type A is isomorphicto B for somevaluetype B.
2. Every JWA type A is isomorphicto B for somecomputatiortype B.

3. For every context I' and value type A in CBPV+control,the OPStransformdefinesa
bijectionfrom the provable-equalityclasse®f valuesl” ¥ V : A to the provable-equality
classesf valuesl -V W : A.

4. For every context I andcomputatiortype B in CBPV+controlthe OPStransformdefines
abijectionfrom the provable-equalityclasse®f computation$ +¢ M : B to theprovable-
equalityclasse®f non-returningcommands ,k : B+" N.

(3)—(4) canbe extendedto valuesandcomputationsvith holesi.e. contexts. |

For Prop.75to make sensewe will have to give anequationatheoryfor CBPV+control.We do
thisin Sect.8.9.2.We thenprove Prop.75in Sect.8.9.3.
UsingProp.72,we deduce

Corollary 76 The OPStransformis fully abstract. m|
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8.9.2 Equational Theory For CBPV + Control

We wantto contrive anequationatheoryfor CBPV+controlthatwill make Prop.75true. Before
we do this, we addsomeusefulsyntax:

FI—"V:os|'|i€I§i r,y:osﬁil—cMi:Q
MNpmVas{...,ily.M;,...}:C

NYV:es(A—B) IMNx:Ay:osBFM:C
MrNpmVasx:yM:C
Theseconstructcanbe desugredasfollows:

suaar unsugred
pmVas{...,i y.M;,...}

letcos z. changecos V; M{...,i. letcos y. changecos z; M;,...}
pnVasx:yM

letcos z. changecos V; Ax. letcos y. changecos z. M
We thenaddcomplex valuescorrespondingo theseconstructs:
MY Vios[|serB; - MNyiosB;FYW;:C ---
rpmVas{...,i:yW;...}:C

NEVies(A—B) IMNx:Ay:iosBHF'W:C
NpmVasxiyW:C
As usual, thesecan be eliminatedfrom any computationor closedvalues,and do not affect
obsenationalequivalencefor comple-value-fregerms.
The equationaltheory for CBPV+controlconsistsof the usual CBPV equationstogether
with thefollowing (usingthe corventionsof Sect.1.4.2).
pmi:i Kas{...,i:y.M;,...} = M[K/y]
pmVi:Kasx:yM = M[V/x,K/y]

M[V/z] = pmVas{...,ity.M[i:y/z],...}
M[V/z] = pmVasx:y.M[x:y/z]
letcos x. changecosx; M = M
changecos V; letcosx. M = changecosV; M[V/x]
changecos K; changecos L; M = changecos L; M
V= |[] tox. (changecos V;produce x) :: neverused
changecos K; M tox. N = changecos ([Jtox. N:1K); M
changecos K;coerce M = M
changecos neverused;M = M
K = neverused
print c; changecos K; M = changecos K; printc; M

Notice thattheseequationsare extremelyad hoc andinelegant, by contrastwith the simplicity
of the JWA equationatheory

Proposition 77 The OPStransformpreseresprovableequality O

Theequatiorfor print is of courseeffect-specificout we would have a similar equationfor
othereffects. For example for divergencewe would have the equation

diverge = changecos K, diverge
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8.9.3 Proving The Main Result
The aim of this sectionis to prove Prop.75. Our approach(thereare others)makesuseof the
following:

OPS
CBPV + control JWA

CBPV

CBPV+ Ans

[nrcomm/Ans]

We write —f for thecompositetransformfrom JWA to CBPV + controlindicatedin this diagram.
We will shav thatthis compositeransformis inverseto the OPStransformup to isomorphism.

The heartof the proof is theseisomorphismswhich, far from beingtrivial, arefull of control

effects. In outline,whengivenavaluel” ¥ W : 4, wefirstapply—f, giving atermr - W' : 4'

without control effects, and then apply the isomorphismgo obtaina valuel” Y W : A with
controleffectsthattransformsbackto W (up to provableequality).
We first constructheseisomorphisms.

1. For eachCBPV valuetype A, we definea function a4 from CBPV+controlvaluesl” ¥
V : A to CBPV+controlvaluesl -V V : Zf, andafunctiona;l1 in the oppositedirection.

2. ForeachCBPV computatiortype B, we defineafunctionag from CBPV+controlvalues

YV :os BtoCBPV+controlvalues YV : os §f, andafunctional}l in theopposite
direction. N

3. ForeachJWA type A, we defineafunction 34 from JWA values =¥ V' : A to JWA values
=Y v: Af, andafunctionﬁ;1 in theoppositedirection.

Thedefinitionsaregivenin Fig. 8.6. Noticethe usageof neverused; thisis indispensablelt is
straightforwardto checkthata 4 andoz;‘1 areinverseup to provableequalityandcommutewith
substitutionin I'; similarly for ag andfor 4.
We have thusprovedProp.75(1). It is thenstraightforvardto prove Prop.75(2) by induction
onA.
Lemma78 1. Forary CBPV+control4print valuel Y V : B, we canprove
V= aélvf [aAix,-/xi]
2. Forany CBPV+controliprint computationd” -¢ M : B, we canprove
M =1letcos k.coerce Mf[aAixi/xi,aBk/k]
3. Forany IWA+print valuel’ -V V : B, we canprove
TR
V = B5 Vi[Ba,xi/xi]
4. For ary IWA+print non-returningcommand " M, we canprove
_ ;
M = M*[Ba; /%3, ()/¥]

Theseresultscanbe extendedto computationandvalueswith holesi.e. contexts. m|
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A asV a;lW

YicrAi pmVas{...,(i,x).(¢,04,%),...} pmn W as {...,(i,x).(i,aZix),...}
Ax A pmV as (x,7).(aax,ayy) pn W as (x,y).(a;'x,a51y)

UB thunk Ak.(changecos aélk;force V) thunk (letcos k.coerce g((apk) force W))
os B agV aélW

B agV aEW

FA thunk \x.(changecos V;produce a;'x) [| to x. (aax'force W) :: neverused
MictB; pmVas{...,(i:x).(4,ap,%),...} pn W as {...,(i,x).(i::aézl,x),...}
A—B pmnVas (x:y).(asax,apy) pn W as (x,y).(az'x :: aély)
nrcomm () neverused

A BaV BLW

Sierdi pmVas{...,(:,x).(¢,04,%),...} pn W as {...,(z',x).(i,ﬂzflx),...}
Ax A pmV as (x,%r).(ﬁAx,,BA/y) pn W as (x,y).(ﬂzlx,ﬁz, y)

—A 1(x0).(847% V) 7x.((Bax,0) /W)

Figure8.6: Syntacticlsomorphismsx andg usedin proof of Prop.75

Theseareprovedby inductionoverterms.

Lemma79 1. Forary CBPVvaluetype A andvaluel Y V : A, we canprove
asV = ﬁgv

Similarly for computatiortypes.

Thisis provedby inductionover types.

To prove Prop.75(3),supposeve aregivena JWA valuel” F¥ W : A, wherel is the context
Ag,..., Am 1. Wesetl FY W : A to be a'W'[aa,x;/x;]. ThenZ is inverseto the OPS
transformup to provableequality andsothelatterdefinesa bijection.

To prove Prop.75(4), supposeve aregivena JWA non-returningcommand ,k : B +" N,
whererl™ isthecontext Ao, ... , A, 1. Wesetl ¢ N : Btobeletcos k.changecos apk; Nf[aa,x;/x;].
ThenZ is inverseto the OPStransformup to provableequality andsothe latter definesa bijec-
tion.

Theseagumentanbe adaptedo valuesandcomputationsvith holesi.e. contexts.

8.10 JWA And ClassicallLogic

We saidin Sect.8.2thatthetypeconstructor- in JWA is hotexactlythesameaslogical negation.
Thisis becauséfor example)theredoesnot exist avalue——-0F"Y V : 0, eventhough——0F Q'is
provablein bothintuitionistic andclassicalogic.

But althoughthe JWA value judgement-" is not relatedto logic, the JWA non-returning
commandudgement-" is relatedto logic.

¢ By intuitionistic propositionallogic we meanthetypetheory x 5 [1 —-calculusdefinedin
Fig. 4.3,omitting theterms.

e By classicalpropositionallogic we meanGentzens systemLK (seee.g.[GLT88]), where
wewrite Y for disjunctionand x for conjunction.
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Thus— is aprimitive of classicalogic but not of intuitionistic logic.
The key result,which lies at the heartof muchwork relating continuationdo logic [Fri78,
Gri90, HS97,LRS93,Mur9q], is thefollowing:

Proposition80 Letl" beacontet in Jump-Wth-Argument.Thenthefollowing areequivalent.
1. T Fis provablein classicapropositionalogic.
2. Thereexistsanon-returningcommand™ " M in effect-freeJWA.

3. I'[(— — Ans)/—| - Ans is provablein intuitionistic propositionallogic extendedwith a
propositionaldentifier Ans.

4. I'[(—— 0)/—] F 0is provablein intuitionistic propositionalogic.

Proof
(2)=(3) Thisis givenby thecompositeransform

trivialization

JWA —— CBPV + Ans x5 [1 —-calculus+ Ans

whichtakes— to — — Ans andtakesa non-returningcommando atermof type Ans.
(3)=(4) We substituted for Ans.
(4)=(1) Thisis because

e intuitionistic provability impliesclassicaprovability;
e —A andA — 0 areequialentin classicalogic.

(1)=(2) Thereare mary ways of proving this; hereis just one. We definea transformfrom
propositiongo JWA typesasfollows:

A A
YierAi  YierAi
Ax A AxA

MicrAi —YiermA;
A—B —(Ax-B)

WethenerN thatif Ao,.. .ﬁlm_l F By,...,B,_1isprovablethenthereisanon-returning
commandAy,...,An—1,7Bo,...,nB,_1F" M in effect-freeJWA. Therequiredresultis
animmediateconsequencdiecausehetransform— leavesJWA typesunchanged.

O
We emphasizdhat Prop. 80 is a resultaboutprovability ratherthan aboutproofs, for the
following reasons.

e LK is notequippedwith ary canonicahotion of equalitybetweerproofs.

e Intuitionistic logic is equippedwith a canonicalnotion of equality betweenproofs—the
equationatheorydefinedin Fig. 4.3—hut all proofsof I F 0 areequal.(Wewill prove this
later—Prop.106(3).)
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It is clearthatarny LK sequentcanbe corverted(althoughnotin ary canonicalway) into
an equialentsequenbof the form I - wherel™ usesonly 3 x —. Thus, not only canthe non-
returningcommandudgementbf effect-freeJWA be seenasclassicalin thelight of Prop.80),
but it is asexpressve asLK. ConsequentlyJWA canbe viewed asa type theoryfor classical
logic, providedwe regardvalues(which arenotlogically significant)asmerelyauxiliary.

The readermay wonderhow JWA comparego anotherproposedype theoryfor classical
logic: Parigot’s Au-calculus[Ong96, Par92]. The answeris that, whereasJWA is the target
languageof the OPStransform, Au-calculusresemblests the sourcelanguagen the sensehat,
unlike JWA, it is alanguagewith control operatordBie98]. As such,it needsto be arbitrarily
declaredCBV or CBN in orderto have a semantics.Surelyit would be more canonicalto use
CBPV+controlin placeof either CBV or CBN Au-calculus. But we have seenthat CBPV +
controlis equialentto JWA, andthatthelatteris muchsimpler
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Chapter 9

Pointer Games

9.1 Intr oduction

9.1.1 Pointer GamesAnd Their Problems

In this chapterwe look at the gamesemanticof Hyland and Ong [HO94], discoreredalso by
Nickau[Nic96]. It is basedon a certainkind of two-playergame,where(generallyspeakingla
playermovesby

1. pointingto a previousmove of the otherplayer;
2. passingatoken.

We call sucha gamea “pointer game”. This is to distinguishit from mary otherkinds of game,
suchasthe purely token-passinggamesof [AJM94], which are quite differentand which we
shall not be looking at. Pointergamesare extremely powerful: in a seriesof striking results,
they have provided universal modelsfor PCF+case [HO94], recursve types[McC97], control
effects[Lai97], groundstore[AM97], generaktore[AHM98], erraticchoice[HM99] andmore.
However, despiteits remarkablesuccesseghe accountof pointergamemodelsin the lit-
eraturesuffers from a numberof problems. The collective effect of theseproblemsis thatthe
reactionof mary readerss neggative. They perceve gamesemanticascomplicatedandtechnical
andthey do not seeits elegance. In this chapter we aim to rectify someof theseproblems but
notall. We needto describethe variousproblemswith somecare,in orderto saywhich arethe
oneswe areaimingto rectify.

1. lack of intuition Therulesandconstraintof play arenotclearlymotivatedby operational
intuitions.

2. difficulty of expressionEvenwhena strata@y is intuitively clear it is difficult to express
it in a clean,rigorousway, aswe lack a corvenientlanguagefor stratgies. Thisis even
morethe casefor operationon stratgies(e.g. composition):it is usuallyobvioushow to
applytheseoperationsn ary particularexample,but giving a precisedescriptioris messy

3. difficulty of reasoningPartly becaus®f 2, it is difficult to reasoraboutgamesemantics,
in particularto prove thatstratgjiesareequal.

Theseproblemsapplyto differentpartsof theaccount:

1A modelis universal [LP97] whenevery morphismfrom [[I'] to [A] is the denotatiorof someterml™ + M : A.
In thelogical setting,this propertyis calledfull completenesgibro2].
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e (1) is aproblemfor thesemanticof typesandjudgements
e (2)is aproblemfor the semanticof termconstructos.
e (3)is aproblemthroughout.

Why do we not considerthe semanticof term constructorgo be affectedby (1)? Thereason
is thatthe semanticof term constructordendsto be determinedoy the semanticof typesand
judgements—noin a precisetechnicalsensebut ratherin the sensethat, for ary giventerm,
thereis only one “reasonable”denotationof the form specifiedby the semanticof typesand
judgementsSoit is thesemantic®f typesandjudgementsvherethe needfor intuitive explana-
tion of definitionsis mostpressing.
In this chapterwe addressgroblem(1), so that the semanticsof typesand judgementss

clearerandmoreintuitive. Thereare3 waysin which we do this:

e by usingCBPV insteadof CBN, aswe explainin Sect.9.1.2

e by incorporatingstoreandcontrol effectsinto the languageaswe explain in Sect.9.1.4
(this, of coursejs notoriginal)

e in Sect.9.3-9.4 by reducingthe CBPV modelto a pointergamemodelfor JWA, in which
we seethatanarenafamily is arepresentationf a typecanonicalform.

We do notaddresgroblems(2)—(3)atall. Thus,in our presentationthe semanticof terms,
althougheasyto seein particularexamplesjs hardto expresscleanlyandhardto reasorabout,
justasin previouswork. Wethereforerelegateit to AppendixB. Improving thissituationremains
achallengdor gamesemantics.

9.1.2 CBPV MakesPointer GamesMor e Intuiti ve

In Sect9.2,we provide pointergamesemantic$or CBPV, andwewill seethatit is moreintuitive
thanCBN semanticslt is, in our view, unfortunatethat—despitehe CBV modelsof [AM98a,
HY97]—thebulk of thework onpointergamesgspeciallyoperationalnalysissuchas[DHR96],
hasfocussedon CBN. The reasonfor this focuswasdiscussednd criticized in Sect.2.8: the
widespreadbelief that CBN (or cartesianclosedcateyories)is the canonical,mathematically
well behaed choice.We hopethatSect.9.2 will persuadgamesemanticist®f the advantages
of CBPV.

To supportour claim, hereare 3 pointergamenotionswhich areclearerfrom a CBPV view-
pointthanfrom a CBN viewpoint.

question/answerdistinction Tokensare divided into two classeswhich have beengiven the
names‘questions”’and“answers”.Passinga question-toknis called“askinga question”;
passingan answettokenis called “answering”. Whatis the operationaintuition behind
this division? No clearexplanationis givenin the literature(beyond the vagueassertion
that“a questionis a demandfor data”). But from a CBPV perspectie, we canexplain
thesetermsexactly:

e “askingaquestion’"meandorcing athunk
e “answering”’meansroducing
We saw in Sect.1.5.3thatforcing athunkandproducingarepreciselythetwo instructions

that causeexecutionto move to anotherpartof the program.CBPV differsfrom CBN in
makingtheseexplicit.
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pointers Thesignificanceof the pointersbhetweermrmovesis sometimeslownplayedin the liter-
ature(they arefrequentlydescribedas“auxiliary”, while thetokensareconfusinglycalled
“moves”). However, their role is not merelytechnicalbut alsoconceptualithey indicate
whereexecutionmovesto. Answeringa questionmeansforcing a thunk, so the pointer
from a question-mwe indicatesthe thunk beingforced. Answeringmeansproducing,so
the pointerfrom ananswermove indicateshe consumebeingproducedo.

For example,suppos®neplayerpushesomevalues,ncludingathunkV andthenforces
athunkW—thisforcingis representedsquestion-maem. If latertheotherplayerforces
V, thentherelevantquestion-mwee will pointbackto m. If theexecutionof W endswith
aproduce instruction,then,asin the exampleprogramof Sect.1.5.2,control returnsto
just afterforce W (strictly speakingthis pointis the consumethatwason the stackat
thetime W wasforced)andsothis answermove pointsbackto m.

As anotherexample,supposeone playerproducessomedata,including a thunk V—this
producingis representes an answermove m. If the other player later forcesV, the
relevantquestion-mae will pointbackto m.

bracketing condition Pointergamemodelsusuallyimposeon Player(or on both Playerand
Opponent)the constraintthat the pointer from an answermove mustbe to the pending
guestion-mge. Thus,in the representatiomf play, the pointersfrom Players answer
moves(or the pointersfrom both Players andOpponent answermoves)canbe omitted
because¢hey canbeinferred. This correspondso the obsenationwe madein Sect.1.5.3
thata produce instructiondoesnot needto specifythe point (i.e. the consumer}hatexe-
cutionreturnsto, asit is simply thetop of the stack.

Using control effects, however, the programmercan chooseary available consumerand
installit asthecurrentoutsidebeforeproducing.Hence asLaird explained[Lai97], strate-
giesfor controleffectsdo not obey the bracketing condition.

We will not be looking further at the bracketing condition, but we will seeexamplesof the
question/answatistinctionandthe pointersbetweemmoves.

9.1.3 The LanguageThat We Model

It is a surprisingfeatureof pointergamesemanticghatthe universalmodelfor a languagewith
divergencegeneraktore(excludingequalitytestingon cells)andcontroleffectsis muchsimpler
thanthe universalmodelfor a languagewithout all thesefeatures(suchasPCF).By including
thesdeaturedrom theoutsetwe candispensavith themachineryof views, visibility, innocence
andbracleting,which obscurehemoreimportantaspect®f pointergames.And we cansimplify
thedefinitionof “arena”,becausé becomegpossiblefor ananswestokento succeednanswer
token (asaconsequencef the os type constructor).

A further advantageof this approachis that the pointergame modelwe obtainis not just
universalbut also fully abstractwith no needfor the further quotientingwhich is frequently
found in the literature. All the detailsof a term’s denotationcan be worked out by applying
contets involving storeandcontrol. This resultis folklore.

The languagethat the semanticsof Sect.9.2 modelsis infinitary CBPV with divergence,
generalstore(asin Chap.7, but excluding equality testingon cells) and control effects. The
main reasonwe useinfinitary CBPV is that we therebyobtain definability resultsfor typesas
well asfor terms. Furthermorewe therebyobviate the needfor a computabilityrestrictionon
stratgjies.

We maintainthe constraintof determinisron strateyies,because¢helanguagés determinis-
tic.
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9.1.4 Changesln Presentation

Readersaccustomedo otherpresentationsf gamesemanticshouldbe warnedof someways
thatour presentatiomiffers.

e Thetraditionalorganizationof semantic®f typesis thata CBN type (a computatiortype)
denotesan arenawhereasa CBV type (a value type) denotesa family of arenas.In our
exposition,a computatiortype andavaluetype will bothdenotea family of arenas.

e Like [HO94] but unlike [McC96], we requireanarenato be a forest,andwe do not label
tokensasP/O from theoutsetbut infer this laterfrom the depth,aswe explain below.

9.2 Pointer Game Model For CBPV

9.2.1 Arenas

Thetokensthatarepassediuring pointergamesarearrangedn structuresalledarenas which
aredefinedasfollows.

Definition 51 An arenaR is astructure(tok R,rt R,g, A\3*).
e tok R is acountablesetof tokens

e rt R is asubsebf tok R, whoseelementsarecalledrootsandtg is a binaryrelationon
tok R. Wereadt - u as“t is the predecessoof " or as“w is a successoof ¢t”. This
mustgive a “forest”, i.e.

unigue predecessoreachroot hasno predecessaindeachnon-roothasa uniqueprede-
cessor
well-foundednessthereis no infinite chainof predecessors - g t1 Fg to.

. ,\gA :tok R — {Q, A} is alabelling function which indicateswhethera move usinga
giventokenis aquestion(Q) or answer(A).

O

Arenasarebuilt up usingthe following constructions.

Definition 52 1. Let {R;};cs be a countablefamily of arenas.We definept?eIRi to bethe
arenawith I roots,all labelledQ, anda copy of R; graftedunderneatttheith root. More
formally, it hastokens

e root ¢ for eachi € I, labelledQ
e under(i,r) for eachi € I andr € tok R;, labelledthesameasr

where

e therootsarethetokensroot ¢
e root i - under(i,7), when&err is arootof R;
e under(i,7) - under(i,s) for r - sin R;
2. Let {R;};cr be a countablefamily of arenas.We defineptf‘dRi to be the arenawith I

roots,all labelledA, anda copy of R; graftedunderneathheith root. Thusit is thesame
aspty; R; exceptthatroot i is labelledA.

3. We definethe arenaR & R’ to be the disjoint union of the arenasRk and R’. Formally, it
hastokens
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e inl r for eachr € tok R, labelledthe sameasr
e inr r for eachr € tok R/, labelledthe sameasr

where

e therootsarethetokensinl r, wherer € rt R, andinr r, wherer € rt R’
e inl7Finl swhenrkgs

e inrrkinrswhenrtpg s

We canclassifythetokensin anarenaasevendepthor odddepth
e arootis evendepth;

e asuccessoof anevendepthtokenis odddepth;

e asuccessoof anodddepthtokenis evendepth.

It aidsreadability althoughit is not technicallynecessaryto addto an arenaanotherabelling
function APO : tok R — {P,0} designatingokensas P-tokensor O-tokens,asin [McC96].
Sometimesve wanteven depthtokensto be P-tokensandodddepthtokensto be O-tokens,and
sometimewice versa.

Definition 53 Let R beanarena.

e We write RP for R togethemwith alabellingfunction AP° designatingaven-depthtokens
(includingroots)asP andodd-depthokensasO.

e Wewrite R? for R togethemwith alabelling function AP© designatingeven-depthtokens
(includingroots)asO andodd-depthtokensasP.

Someusefulterminology:

Definition 54 1. Anisomorphisnfrom arenaR to arenaS is a bijectionfrom tok R to tok .S
preservingandreflectingt andQ/A labelling.

2. We saythatR is asub-aenaof S, written R C S, when

e tok R Ctok S
e Fpistg restrictedto tok R andlikewisefor Q/A labelling
e If r €tok R ands g r thens € tok R.

3. We write Qrt R for the setof rootsof R thatareQ-tokens,andwe write Art R for the set
of rootsof R thatareA-tokens.

4. Leta beatokenin anarenaR. Thenwewrite R |, for thearenaconsistingof thosetokens
of R hereditarilyprecededy a (excludinga itself), with the Q/A labellingandt relation
inheritedfrom R.

O
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9.2.2 Semanticsof Types

Eachtype, whethera value type or a computationtype, denotesa countablefamily of arenas.
This semantic®f typesis somavhatout-of-a-hatbecauseve have notyet seenthe semanticof
judgementsandsothe reademaywantto readthis sectionin conjunctionwith the next section
(Sect.9.2.3),which providesexamples.

In thefollowing clausesnoticethat Q-tokensareintroducedoy U, while A-tokensareintro-
ducedby F'. This accordswith whatwe saidin Sect.9.1.2: passinga Q-tokenmeangdorcing a
thunk,which hasU type,while passingan A-tokenmeangroducing,andaproducehasF type.

Thetype constructor®therthanref (whichwe dealwith belov) areinterpretedasfollows.

e If B denoteq R;}ic1, thenU B denoteghesingletonfamily {pt?eIRi}.

e If, for eachi € I, A; denotes(R;; }jcs;, theny crA; denotesa{Rij}(i’j)e Sicrdic

¢ 1 denoteghesingletonfamily containingthe emptyarena.

e If Adenotes R;}ic; andA’ denotesS;}jcs thenA x A’ denote R; W S;}(; jjerxs-

e If AdenotesR;}ics, thenF A denoteshesingletonfamily {pt2 ;R;}.

e If, for eachi € I, B, denote R;;}jcJ;, then[];c1B; denotes;{Rij}(i,j)e Sicrdic

e If Adenoteq R;}ic; andB denotes(S;}jcs thenA — B denoteq R; WS} (; j)erxJ-

e If B denoteq R;}icr thenos B alsodenote R; }icr.
Thereis aremarkablepatternhere.

e U andF areinterpretedhe sameway (exceptfor the Q/A labelling).

e 5 and[] areinterpretedhe sameway.

e X and— areinterpretedthe sameway.

For infinitely deeptypes,we saythat{R; }icr C {S;};es whenI C J andR; is asub-arena
of S; for each: € I. The classof arenafamilieshasall countabledirectedjoins, andso, using
the notationof Sect.5.4.2,we setthe denotatiorof atype A to beUpg., 4[B]. This canalsobe

usedto interpretrecursve types,asin [McC96].
We cannow give a definabilityresultfor types.

Proposition81 Thetypecanonicalformsfor infinitary CBPV + os aregivencoinductively by

A= S;,c;1(UB;xo0s FA;)
B:i= [icr(UB; = FA;)

1. Every countablefamily of arenasA is isomorphicto the denotationof somevaluetype
canonicafform 6, A.

2. Every countablegfamily of arenasB is isomorphicto the denotationof somecomputation
type canonicaform fcompB.
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Proof We definef, ) andf.omp by mutualguardednduction:

Oval{Ri}tict = Yicr(Ubcomp{Rilj}jcqr r; X 08 FOu{R; [;}jcar R;)
ecomp{Ri}ieI = ﬂieI(Uecomp{]?/i rj}jeQrt R; — Faval{]?/i rj}jEArt Ri)

By coinductve reasoningtheseequationshave a uniquesolution. We wantto construcisomor
phisms

{Ri}ier = [0va{Ri}ier] (9.1)
{Ri}ier = [0compiRi}icil (9.2)
Thisis complicatedsowe relegateit to Sect.B.6. m|

Thesetype canonicalforms are distinguishedby the fact that every type is isomorphicto
a type canonicalform, using an isomorphismthat doesnot involve letcos or changecos.
Prop.81 makesit clearthat we canview an arenafamily as being a representatiomf a type
canonicaform.

Thetwo typesof commandsntroducedn Sect.3.9.2areinterpretedasfollows:

e Thetype comm, becauset is isomorphicto F'1, denotesa singletonfamily containingan
arenawith asingle A-token. We call this tokendone.

e Thetypenrcomm, becauset is isomorphicto F'0, denotesa singletonfamily containing
theemptyarena.

It remaindointerpretref: thedenotatiorof ref A isthesameasthedenotatiorof U ((FA)n
(A — comm)). As explainedin [AM97], this is basedon Reynolds’ conceptionof a cell? asan
“objectwith two methods”:readingandassignmenfRey81]. Explicitly, we cancorvertavalue
V of typeref A intoavalueV of typeU((FA)n (A — comm)), definedby

~ 0. readV as x. produce x
V—thunk)\{ 1L x.Vi=x

Readingandassignmentanthenberecoveredfrom V asfollows:

readVasx. M = O‘forceV tox. M
V=W, M = W'l force f/; M

9.2.3 ClosedTerms—Rulesand Examples

We aregoingto look at the semanticof judgementsn stagesWe first look at closedtermsand
then,in Sect9.2.5,athon-closederms.In this sectionwe describeéhegamedor closedtermsin
awaywhichis informal, althoughcompletelypreciseaformal descriptioris givenin Sect.9.2.4.
We also provide examples,to illustrate the correspondencbetweenCBPV terminology and
pointergameterminologythatwe explainedin Sect.9.1.2.

SupposeS is anarena The O-firstgamein S© is thegamewhoserulesareasfollows:

e PlayalternatedbetweerPlayer(P) andOpponen{0). Opponenmovesfirst.
e In eachmove atokenof S is passed.

¢ In theinitial move, Opponenpassesrootof S.

2Recallfrom Sect.9.1.3thatwe excludedequalitytestingof cellsfrom thelanguageIf we hadnot doneso, this
conceptiorof cellswould not bevalid.
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e Playermovesby pointingto a previous O-move m andpassinga successoof the token
passedn move m.

e Opponentmoves (exceptin the initial move) by pointing to a previous P-maove m and
passinga successoof thetokenpassedn move m.

It is also permittedfor eitherplayerto diverge insteadof moving, exceptfor the initial move,
which Opponenimustplay. A consequencef theserulesis thatPlayercanpassonly a P-token
of SO andOpponentanpassonly anO-token. We write Ostrat S© for the setof strateiesfor
the O-first gamein S©. Thiswill bedefinedformally in Sect.9.2.4.

Supposes is anarena.The P-firstgamein S is the gamewhoserulesareasfollows:

PlayalternatedbetweerPlayerandOpponentPlayermovesfirst.

In eachmove atokenof S is passed.

Playermovesby either

— passingarootof S, or

— pointingto apreviousO-movem andpassingasuccessoof thetokenpassedn move
m.

Opponenmovesby pointingto aprevious P-mave m andpassinga successoof thetoken
passedn move m.

It is alsopermittedfor eitherplayerto divergeinsteadof moving. A consequencef theserules
is that Playercanpassonly a P-tokenof SP andOpponentanpassonly an O-token. We write
Pstrat SP for the setof stratgiesfor the P-first gamein SP. This will be definedformally in
Sect.9.2.4.

Notice that in thesegames(asin the more generalgamesbelov) thereis an asymmetry
betweerthe players:Playermaypassarootin ary move, whereasOpponenimay passarootin
theinitial move only. Noticealsothatthe Q/A labelling of tokensis ignoredby therulesof these
game.lt is only in the presencef the bracketingcondition,which we have notimposedthatthe
Q/A labellinghasary technical—a®pposedo conceptual—significance.

We usethesegamesin the semanticof judgementdor closedterms.

o If [A]] = {S;};cs thenaclosedvalue" V : A denotesanelemeniof y ;. ;Ostrat S]Q.

o If [B]] ={S;};es thenaclosedcomputatiort-< M : B denotesinelemenof ;¢ ;Pstrat S]'-’.
We give someexamples.Considerthetype
B = (Fbool)n F(U(U(UFbool — Fbool) — Fbool)+ U Fbool)
It denotesanarenafamily of size2, depictedthus:
( \

Arena0 Arenal

Q Q

| CANAY
7N
A
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Let M bethefollowing closedcomputatiorof type B.

0. produce false,
1. produce inl thunk Ax. ((thunk produce true) force x to

A { true. diverge, )

false. (thunk produce false) force x toy. produce true

[M]O0is astrateyy for the P-first gameon ArenaOP. It describeshe behaiour of M when0 is
onthestack:
P-move 0 CBPV terminology M popsthe0 andthenproducesalse.

gameterminology Playeranswerdalse.

[M])1is astratey for the P-first gameon ArenalP. It describeghe behaiour of M when

lis onthestack:
P-move 0 CBPV terminology M popsthel andproducesinl of athunk.

gameterminology SoPlayerpassesheansweitokencorrespondingo inl.
O-move 1 gameterminology Now supposethat Opponentpointsto move O and passeshe

guestion-tokn.

CBPV terminology This meanghatthe context pushesathunkV andforcesthethunkit
hasjustrecevedfrom M.

Wheneer PlayerforcesV in future, thiswill berepresentetdy a question-mue pointing
to move 1, becausét is in move 1 thatV is passedo M’s stack.
P-move2 CBPV terminology M now popsthethunkV pushedn move 1, pushesheoperand
thunk produce true andforcesV.
gameterminology SoPlayerpointsto move 1 andpassthe question-tokn.
O-move 3 gameterminology Now supposethat Opponentpointsto move 2 and passeghe
guestion-tokn.
CBPV terminology This meanghatthe contet popsthethunkpushedn moved?2 (actu-
ally thunk produce true) andforcesit.
P-move4 CBPV terminology ThenM producesrue, to the consumethatwason the stack
in move 3.
gameterminology SoPlayermointsto move 3 andpassesheansweftokencorresponding
to true.
O-move 5 gameterminology Suppose¢hatOpponenpointsto move 1 andpasseshequestion-
token.
CBPV terminology This meanghatthe context pushesathunk W andforcesthe thunk
it hasjustrecevedfrom M.
P-move6 CBPV terminology ThenM popsthethunkW pushedn move5, pushesheoperand
thunk produce true andforcesW.
gameterminology SoPlayerpointsto move 5 andpasseshequestion-tokn.
And soforth. Usingstore,we could modify M sothatin move 6 it forcesV insteadof forcing

W. In thatcasePlayerwill pointto move 1 insteadof pointingto move 5, eventhoughthetoken
passevill bethesame.
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This exampleillustrateshow “askinga question”in gameterminologycorresponds$o “forc-
ing athunk” in CBPV terminology andhow “answering”in gameterminologycorrespondso
“producing”in CBPV terminology Notice,however, thatthe pushingandpoppingthatfeatures
in the CBPV descriptionof eventsis not reflectedn the pointergamenarratve. This is because
they aredeterminedy thetypestructure.For example everycomputatiorof type A — B, when
n-expandedpeginswith poppinganoperandf type A. Sothereis no needfor the denotational
semanticgo give usthis information.

As anotherexample,the valuetype UB + U Fbool denotesan arenafamily of size2, de-
pictedthus

I\ N N\
CANA
N
\ /\ y,

Now inl thunk M is a closedvalue of this type. It denoteg0,0) whereo is a strategy for
the O-first gameon Arena0®. The 0 representshetaginl while o representshe behaiour of
thunk M:

O-move 0 gameterminology Supposépponenpassesheleft question-root.
CBPV terminology This meanghatthe contet pushe$ andforcesthunk M.

P-move 1 CBPV terminology Thentheforcedthunkproducestalse, to theconsumeon the
stackatthetime of move 0.

gameterminology SoPlayemointsto move 0 andpassesheansweftokencorresponding
to false.

0O-move 0 gameterminology Alternatively, supposépponenipassesheright question-root.
CBPV terminology This meanghatthecontext pushesl andforcesthunk M.

P-move 1 CBPV terminology Thentheforcedthunkproducesinl of athunk,totheconsumer
onthe stackatthetime of move 0.

gameterminology SoPlayemointsto move 0 andpassesheansweftokencorresponding
toinl.

etc.asabove

If, in an O-first game,we allowed Opponento passa root again, aftertheinitial move, then
we could form stratgies representinga thunk that behaes differently eachtime it is forced.
However, evenwith store,thereis no closedvalue of U type thatbehaesin this way. Thatis
why we allow Opponento passarootin theinitial move only.
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9.2.4 Formal Representationof Strategies
We now malke preciseour informal definition of the O-first andP-first games.

Definition 55 Let R beanarena.An O-firstfinite play a on RC consistof

e anonzermumberla| € N, calledthelengthof a—we call m € $|a| anO-movein a if even,
aP-movein q if odd,andtheinitial movein a if zero;

e for eachmove m in a, atokentoken,m in R called“the tokenpassedn move m"—we
saythatmove m is aroot moveif token,m is aroottoken.

e for eachnon-rootmove m in a, amove pointer,m in a called“the pointerfrom move m”
suchthat

e thetokenpassedn theinitial moveis aroottoken;

e if misaP-movethen

— move m is notaroot-move
— thepointerfrom move m isanO-moven <m
— thetokenpassedn move m is asuccessoof thetokenpassedn move n;

e if m isanon-initial O-move then

— move m is anon-rootmove
— thepointerfrom move m isaP-moven <m
— thetokenpassedn move m is asuccessoof thetokenpassedn moven.

We saythatafinite play a is
e awaiting-O if it its lengthis even(nonzero)
e awaiting-P if its lengthis odd.
O

It is alsopossibleto definean infinite play, which is eitheraninfinite sequencef movesor a
finite playfollowedby divergence However, becauseve areworkingin thedeterministicsetting,
we will notrequireinfinite plays.

Proposition 82 Let a bean O-first finite play on R®. For eachmove m in a
e if m isanO-move,thetokenpassedn m is an O-token
e if m isaP-move,thetokenpassedn m is aP-token.

O

Thereare variousequialentways of representinga stratgyy. Hereis one of them, taken
from [HO94].

Definition 56 An O-firststrategy for RO is aseto of O-first finite playson RC whichis
contingent-complete if a € o is awaiting-O andb is aone-mawe extensionof a thend € o

prefix-closed if a € o andb is anonemptyprefix of a thenbd € o
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deterministic if b,b’ € o arebothone-mae extensionf a whichis awaiting-P thenb = b'.

We frequentlydescribea stratey by giving only the playsthatareawaiting-O.
Thedefinition of P-first finite play andP-first strateyy is the sameasO-first , exceptthat

e aP-firstfinite play canbeempty
e amovein aP-firstfinite play is a P-move whenevenandan O-move whenodd
e aP-first finite play is awaiting-P whenits lengthis even, andawaiting-O whenits length

is odd.

9.2.5 Non-ClosedTerms—Rulesand Examples

Like avaluetype,acontet I' denotesa countablefamily of arenas.The emptycontet hasthe
samedenotatioras1, andcontet extensionis interpretedhe sameway as x.

Asin Sect.9.2.3,wewill definethegamesheforelooking atexamples.

SupposeR and S arearenas.The O-firstgamefrom RP to S© is the gamewhoserulesare
asfollows:

e PlayalternatebetweerPlayerandOpponentOpponenimovesfirst.
e In eachmove, eitheratokenof R (asouicetoken) or atokenof S (atargettoken) is passed.

e In theinitial move, Opponenpassesrootof S.

Playermovesby either

— passingarootof R, or

— pointingto apreviousO-movem andpassingasuccessoof thetokenpassedn move
m.

Opponentmaoves (exceptin the initial move) by pointing to a previous P-move m and
passinga successoof thetoken passedn move m.

It is also permittedfor eitherplayerto diverge insteadof moving, exceptfor the initial move,
which Opponentmustplay. A consequencef theserulesis thatPlayercanpassonly a P-token
of RP or S© andOpponentanpassonly an O-token. We write Ostrat (RP, S©) for the setof
stratgjiesfor the O-first gamefrom RP to S©. This canbedefinedformally asin Sect.9.2.4.

SupposeR andS arearenasTheP-firstgamefrom RP to SP is thegamewhoserulesareas
follows:

e PlayalternatedbetweerPlayerandOpponentPlayermovesfirst.
e In eachmove, eitheratokenof R (asouicetoken) or atokenof S (atargettoken) is passed.
e Playermoveshby either

— passingarootof R, or
— passingarootof S, or
— pointingto apreviousO-movem andpassingasuccessoof thetokenpassedn move

m.

e Opponentmoveshby pointingto a previous P-mave m andpassinga successoof thetoken
passedn move m.



9.2. Pointer GameModelFor CBPV 151

It is alsopermittedfor eitherplayerto diverge insteadof moving. A consequencef theserules
is that Playercanpassonly a P-token of R and SP and Opponentcanpassonly an O-token.
We write Pstrat (RP, SP) for the setof strateiesfor the P-first gamefrom RP to SP. This can
bedefinedformally asin Sect.9.2.4.

We usethesegamesin the semantic®f judgementgor generaterms.

o If [I] ={Ri}icr and [A] = {S;}jcs thenavaluel ' V : A denotesan elementof
Miery jesOstrat (RF,S9). Noticethattheseelementgorm acpo.

o If [I') = {R;}icr and[[B] = {S;};jes thenacomputatiol - M : B denotesanelement
of MiesMjesPstrat (RY,ST). Noticethattheseelementgorm a pointedcpo.

(Thecpo/cppostructureon the modelallows usto interpretrecursve andinfinitely deepterms.)
We give anexample.Let A bethetype U Fbool + U Fbool. This denotedhe arenafamily
of size2 depictedthus:

Arena0 Arenal

AN A

Let V bethecomple value

inly. inl thunk (forcey to z. produce true),

DA
inry. inl thunk produce false

x:AI—"pmxas{

If x is boundto in1 W, thenV is inl1 W' (whereW andW' arethunks).So[[V]0is (0,0)
whereo is thefollowing stratey for the O-first gamefrom Arena0P to Arena0®.
O-move 0 gameterminology SupposéOpponenpasseshetargetquestion-root.
CBPV terminology This meanghatthe context forcesthethunkW”’.

P-movel CBPV terminology ThenthetermforcesthethunkW.
gameterminology SoPlayerpasseshe sourcequestion-root.
O-move 2 gameterminology Now supposeéOpponenfpointsto move 1 andpassesnanswer
token.
CBPV terminology This meanghattheforcing of W in move 1 producesaboolearz.
P-move 3 CBPV terminology Thenthe term producestrue to the consumeton the stackin
move 0.
gameterminology SoPlayerpointsto move 0 andpasseshetargetanswettokencorre-
spondingto true.

If x is boundto inr W, thenV is inl W’ (whereW andW’ arethunks).So[[V]1is (0, 7)
wherer is thefollowing strateyy for the O-first gamefrom Arena1® to Arena0°.
O-move 0 gameterminology SupposéOpponenpasseshetargetquestionroot.
CBPV terminology This meanghatthe contet forcesthethunkW’.
P-move 1l CBPV terminology Thenthetermproducestalse to the consumempon the stackin
move 0.

gameterminology SoPlayerpointsto move 0 andpasseshetargetanswettokencorre-
spondingto false.
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9.2.6 Further Examples

CopycatStratagies
For every arenaR, thereis a canonicalO-first stratgy from R” to R, calledthe copycatstrat-
&gy. in which eachP-move mimicsthe precedingd-maove.

¢ If Opponentpointsto an earlierP-move (ashe alwaysmust,exceptin the initial move),
thenPlayermimicsthis by pointingto the corresponding-move:

0] P 0] P
e If Opponenpasses sourcetoken,thenPlayermimicsthis by passinghe corresponding
targettoken.

e If Opponentpasses tamgettoken, thenPlayermimics this by passingthe corresponding
sourcetoken.

e In particular in theinitial move Opponentpasses targetroot token, and Playermimics
this by passinghe correspondingourceroottoken.

Copycat stratgies are usedin the semanticof identifiers. If A denoteghe arenafamily
{R;}icr thentheidentifierx : AFY x: A ati denoteg togethemwith the copycat strateyy from
RP to R?. We canseewhy this shouldbe so by n-expanding. For example,supposeA is the
typeU (U Fbool — Fbool), which denoteghe singletonarenafamily

( )

Arena0

A
A

Theidentifierx : AFY x : A canben-expandedas

thunk Ay.

true. produce true .
false. produce false })
true. produce true
false. produce false }

thunk (force y to {

forcex to {

The copycatbehaiour is describedn this n-expansion Hereis a possibleplay:

O-move 0 gameterminology SupposéOpponenipasseshetargetQ-root.
CBPV terminology This meanghatthecontet pushesanoperandy andforcestheterm.

P-move 1l CBPV terminology Thenthetermpushesathunkandforcesx.
gameterminology SoPlayerpasseshesourceQ-root.
O-move 2 gameterminology Now supposéOpponenfpointsto move 1 andpasseshe source
Q-token.
CBPV terminology This meanghatthecontext forcesthethunkpushedn move 1.
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P-move 3 CBPV terminology Thenthetermforcesthethunky, which wasrecevedin move
0.

gameterminology SoPlayerpointsto move 0 andpasseshetargetQ-token.
O-move 4 gameterminology Now supposeéOpponentpointsto move 3 and passeshe target
A-tokenfor true.

CBPV terminology This meanghatthethunky forcedin move 3 producedrue.

P-move5 CBPV terminology Thenthethunkforcedin move 2 producegrue.
gameterminology SoPlayerpointsto move 2 andpasseshe sourceA-tokenfor true.
O-move 6 gameterminology Now supposéOpponenipointsto move 1 andpasseshe source
A-tokenfor true.
CBPV terminology This meanghatthethunkx forcedin move 1 producegrue.
P-move 7 CBPV terminology Thenthe whole term, forcedin move 0, producestrue to the
consumethatwason the stackin move 0.
gameterminology SoPlayerpointsto move 0 andpasseshe answestokentrue.

And soforth.

AnswerMove Pointing To AnswerMove

We give an exampleof a stratgy in which an A-move pointsto an A-move, becausehis pos-
sibility hasnot beentreatedpreviously in the gamesliterature. Let B be the computationtype
UFos Fbool — Fnat. Thisdenoteghesingletonarenafamily

( )

Arena0

[»}
>
>

A closedcomputatiorof this typeis
Ax.(force x to y. (changecos y; produce true))

This (at 0) denotesa P-first stratey for Arena0P, asfollows.

P-move 0 CBPV terminology Thecomputatiorpopsthethunkx andforcesit.
gameterminology SoPlayerplaystheroot Q-token.

O-move 1 gameterminology Now supposépponenpointsto move 0 andplaysthe A-token.
CBPV terminology This meanghatthethunkx, forcedin move O, producesaconsumer
y to theconsumethatwasthen(andin factstill is) onthestack.
P-move2 CBPV terminology Thenthe computationproducestrue to this consumery pro-
ducedin move 1.
gameterminology SoPlayerpointsto move 1 andpasseshe A-tokenfor true.
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9.2.7 Recovering CBN and CBV Models

Fromthe CBPV modelwe have presentedwe canrecover the standardCBN andCBYV models.
TheCBYV caseis trivial. The CBN caseis somavhatmorecomplicatedpecausein the Hyland-
Ong semanticsa CBN type denotesan arena(not a family of arenas)and a term denotesan
O-first strateyy. In ourterminology thisis the semantic®f thunks.

Proposition83 1. Let A be a CBN type, and A" its translationinto CBPV. Then (up to
isomorphism)we canrecover the Hyland-Ongsemanticdor A asthe singlearenain the
singletonfamily denotedby U (A").

2. Letl' - M : B beaCBN term. Then(upto isomorphism)we canrecoverthe Hyland-Ong
semanticgor M asthesinglestratajy in the singletonfamily denotedoy the closedvalue
thunk A% .M.

|

As anexample,noticethat,thetype B givenin Sect.9.2.3is (thetranslationof) the CBN type
booln (((bool — bool) — bool)+bool)
and M is (thetranslationof) the CBN term

0. false,

A 1. inl Ax. (if (true'x) {

then diverge,
else if false'x then true else true

)

However, becauséorcingandproducingarenotmadeexplicit in CBN, it is difficult to formulate
from the CBN viewpoint a narrative comparabldo thatin Sect.9.2.3,explaining in detail the
denotatiorof M. Thisillustrateswell the advantageof working with CBPV insteadof CBN.

As anotherexample,considerthe following statementyariantsof which arefoundthrough-
outthegamediterature:

In game semanticseachnumberis modelledas a simple interaction: the en-
vironmentstartsthe computationwith aninitial move ¢ (a question “What is the
number?”)andP mayrespondy playinga naturalnumber(ananswerto the ques-
tion). [AM98Db]

An example of this would be the denotationof the PCFterm 3. But using Prop. 83, we see
this stratgy asthe denotatiorof the CBPV term thunk produce 3 (moreaccuratelythe single
stratey in thatsingletonfamily). Theinitial O-move representshe context forcing the thunk,
andPlayersresponseepresentshe programproducing3.

A furtherexampleof thedifficultiesthathave beencausedy the biastowardsCBN is linear
headreduction a complicatedeductionstratayy reflectingtheinteractionpresenin CBN game
semantic§DHR96]. Ratherthansubstitutingfor every occurrenceof x simultaneouslylike -
reductioninearheadreductionsubstitutegor eachoccurrencef x asit is used.Now, we recall
thatx in CBN decomposefto force x in CBPV, so we expecta question-mae every time
x is usedin CBN. Linear headreductioncan be seenas an attemptto provide someexplicit
interactioncorrespondingo this move.

9.2.8 Properties

Theinterpretatiorof termconstructorsn detail,whichis longandtechnicaljs givenin SectB.5.1.
The propertieshelov seemclearin thelight of similar resultsfor CBN andCBY, but it remains
to checkall thedetails. Thereforewe have calledthem“claim” ratherthan“proposition”.
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Claim 84 (equational soundness)Thegamesemanticsve have describedralidatesall theequa-
tionsof CBPV, aswell asthe equationdor controlconstructgivenin Sect.8.9.2. m|

Becausave have in the languageboth control effectsandgeneralstore (excluding equality
testingon cells), the form of the operationakoundness/adequatheoremis someavhat compli-
cated.

Claim 85 For aconfigurationw, s, M, K, write [w, s, M, K]| for
[newy; =54)- (changecos K; M)[y.;/cell Aj]]
wheres 4; is the contentsof A-storingcell j in s. Thenwe have:
soundnesslf w,s, M, K ~ w',s', M', K' then[w,s, M, K] = [w',s',M', K]
adequacy If w, s, M, K divergesthen[w,s, M, K] = L.
O

We can adaptthis for the fragmentsof the languagethat exclude control effects and/or store.
Finally, theresultsthatmake the pointergamemodeldistinctive:

Claim 86 Letl" andA beref-free.Let” denotes(R;};cr andlet A denote{S;};cs. Then

universality every elementof ;7Y jcsOstrat (RP,S9) is the denotatiorof somevaluel -

1%y
VA
full abstraction two valuesl' H¥ V, V' : A have the samedenotatioriff they areobsenationally
equialent.
Similarly for computations. m|

9.3 Pointer Game Model For Jump-With-Ar gument

9.3.1 Two Interaction SemanticsFor CBPV

We have now seerntwo semanticgor CBPV basedn theinteractionbetweerdifferentpartsof a
program.

e In Sect.8.4.1we sav thatthe translationof CBPV into Jump-Wth-Argumentprovidesa
“jumping implementation’for CBPV. In particular bothforce instructionsandproduce
instructionsn CBPV areimplementedasjumpinstructionsn JWA.

e In Sect.9.2we gave a pointergamemodelfor CBPV, in which forcing is representedsa
Q-move andproducingis representedsan A-move.

Thereseemdo be arelationshipbetweenthesetwo models:ajumpin JWA is representedsa
move in the gamemodel. To elucidatethis relationship,we first give a pointergamemaodelfor
JWA—this is interestingin its own right. We thenseethat the pointergamemodelfor CBPV
(exceptfor the Q/A distinction)canberecoveredfrom it.

Thisresultis hardly surprising becauseve saw in Sect.8.9thatCBPV+controlis equivalent
to JWA, so ary modelfor CBPV+controlmustarisefrom a model of JWA. Furthermorethe
semanticof typesin the CBPV model exactly follows the form of a continuationmodel (U
and F' have the samedenotationandsoforth). But the modelfor JWA is moreintuitive thanthe
CBPVmodel,soourreductionof the CBPV modelto the JWA modelachievesthegoaldescribed
in Sect.9.1.1—ofproviding anintuitive explanationfor thesemantic®f typesandjudgementsn
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pointergames—taanevengreaterextentthanwe achievedit in Sect.9.2. In particular we seein
the proof of Prop.87 thatthe previously unmotivatednotionof arenafamily cannow understood
asarepresentatioof the JWA type canonicaform (8.4).

Thepointergamemodelfor JWA embodieghefollowing intuitions:

e amove representsjump

o if move m pointsto prior move n, thenmove m represents jump to a continuationre-
ceivedin moven.

Gamesemanticss especiallyappositefor WA, becausehe essentialntuitions of the language
areaboutjumping. Thefunctionalsemanticsve sav in Sect.8.2failsto capturehesentuitions.

9.3.2 Unlabelled Arenas

The basicdifferencebetweernthe modelfor CBPV andthe modelfor JWA is that, in the latter,
thereis no Q/A labelling of tokens.

Definition 57 An unlabelledarenaR is astructure(tok R,rt R,FRg).
e tok R is acountablesetof tokens

e rt R is asubsebf tok R, whoseelementsarecalledrootsandtg is a binaryrelationon
tok R, giving aforestasin Def. 51.

We write rt R for thesetof rootsof R. O

Thusanunlabelledarenais thatthe sameasanarenaput without the Q/A labellingontokens.
Unlabelledarenasarebuilt up usingthefollowing constructions.

Definition 58 (cf. Def. 52)

1. Let {R;}icr be a countablefamily of unlabelledarenas. We definept;.; R; to be the
unlabelledarenawith I rootsanda copy of R; graftedunderneattithe ith root. More
formally, it hastokens

e root i for eachi € 1
e under(z,r) for eachi € I andr € tok R;

where

o therootsarethetokensroot ¢
e root i - under(i,7), whene&err is arootof R;
e under(z,7) F under(i,s) forrF s in R;

2. We definethe unlabelledarenaR & R’ to be the disjoint union of the unlabelledarenasR
andR'. Formally, it hastokens

e inl r for eachr € tok R
e inr r for eachr € tok R’

where

e theroottokensareinl r, wherer € rt R, andinr r, wherer € rt R’
e inlr+inl swhenrkgs
e inrrkinrswhenrtp s
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9.3.3 Semanticsof Types

A JWA type denotesa countablefamily of unlabelledarenas.Thetype constructorotherthan
ref (whichwe dealwith belov) areinterpretedasfollows.

o If A denoteq R;}icr, then—A denoteshesingletonfamily {pt;c;R;}.

o If, for eachi € I, A; denotes{R;;}cs,, theny .1 A; denotesz{Rij}(i,j)e Sicrdic

¢ 1 denoteghesingletonfamily containingthe emptyarena.

o If AdenotegR;}icr andA’ denoteqS;};cs thenA x A’ denoteq R; & S;}(; jyerxJ-

For infinitely deeptypes,we saythat{R; }icr C {S;};es whenI C J andR; is asub-arena
of S; for each: € I. Theclassof arenafamilieshasall countabledirectedjoins, andsowe set
the denotatiorof atype A to be Up., [ B]. This canalsobe usedto interpretrecursve types,
asin [McC97].

We cannow give a definabilityresultfor types.

Proposition87 Thetypecanonicalformsfor infinitary JWA aregivencoinductively by
A= Sier4A;

Every countabldamily of arenasA is isomorphicto the denotatiorof sometype canonicaform
fA. O

Proof We definef by guardednduction:

O{Ritiecr = Yicr0{Rilj}jert R

By standaraoinductive reasoningthis equatiorhasa uniguesolution.We constructheisomor
phism

{Ritier = [0{Ri}ie1]

Thisis doneasin the proof of Prop.81, which we relegatedto Sect.B.6. m|
Thesignificanceof thisresultis thatwe canview anunlabelledarenaamily asbeingnothing
morethanarepresentationf atype canonicaform. Fromthis perspectie, theinterpretatiorof
Y, of x andof — areall clear
It remaingo interpretref: thedenotatiorof ref A is thesameasthe denotatiorof —(—A +
(A x —1)). Likein Sect.9.2.2,this is basedon Reynolds’ conceptionof a cell * asan“object
with two methods”™: readingandassignmenfRey81]. Explicitly, we cancorvert a valueV of
typeref A intoavalueV of type—((—A4) + (A x —1)), definedby
V= { inl k. read V as x. (x k)
=7 inr (x,k). Vi=x; () /'k)

Readingandassignmentanthenberecoveredfrom V asfollows:

readVasx. M = (inlyx.M) 1V
Vi=W;M = inr (V,y().M) 'V

SRecallfrom Sect.9.1.3thatwe excludedequalitytestingof cellsfrom thelanguageIf we hadnot doneso, this
conceptiorof cellswould not bevalid.
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9.3.4 Semanticsof Judgements

Like atype,acontet I' denotesa countablefamily of unlabelledarenasThe emptycontet has
thesamedenotatioras1, andcontect extensionis interpretedhe sameway as x. Thesemantics
of judgementss asfollows:

o If [I'] ={Ri}icr and[[A]] = {S;};es thenavaluel ¥ V : A denotesan elementof

Miery jesOstrat (RY, S]Q). Noticethattheseelementdorm acpo.

o If [I] = {R;}ic1 thenanon-returningommand " M denotesinelemenof [];c;Pstrat R
Noticethattheseelementdorm a pointedcpo.

(Thecpo/cppostructureon the modelallows usto interpretrecursve andinfinitely deepterms.)
We give anexample.Considerthetype

It denotesanarenafamily of size2, depictedthus

4 3\
Arena0 Arenal

< N\
I\,

\ 7

~

Now considerx : A" M, whereM is thefollowing non-returningcommand:

inly. yN false

pmx as { inrz. zN inl (yw.(w true),y().(z\ inr true))

[M])0is astratay for the P-first gameon ArenaOP. It describeshe behaiour of M when
x isboundto inl V:
P-move 0 JWA terminology M jumpsto V takingtheargumentfalse.
gameterminology SoPlayerpassesheroottokencorrespondingo false.
[M])1is astrateyy for the P-first gameon ArenalP. It describeshe behaiour of M when
x isboundto inr V:
P-move 0 JWA terminology M jumpsto V andproducesinl of apairof continuations.
gameterminology SoPlayerpassesheroot-tokencorrespondingo inl.
O-move 1 gameterminology Now supposéhatOpponenpointsto move 0 andpassesheleft
token.
JWA terminology This meansthatthe context jumpsto the first continuationthatit re-
ceivedin move 0, takinga continuationi¥’.
P-move 2 JWA terminology M jumpsto W—the continuationit recevedin move 1—taking
true asargument.
gameterminology SoPlayemointsto move 1 andpasseshetokencorrespondingo true.

O-move 3 gameterminology Now supposethat Opponentpointsto move 0 and passeghe
right token.
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JWA terminology This meansthat the context jumpsto the secondcontinuationthat it
recevedin move 1, taking () asargument.

P-move 4 JWA terminology M jumpsto V takinginr true asargument.
gameterminology SoPlayerpassesheroot-tokencorrespondingo inr true.

Thereis no pointer becausehe continuationbeingjumpedto, viz. V, wasreceved not
duringplay but beforeplay began.

And soforth.

9.3.5 Properties

Theinterpretatiorof termconstructorsn detail,whichis longandtechnicaljs givenin SectB.5.3.
The propertiesbelov seemclearin thelight of similar resultsfor CBN andCBYV, but it remains
to checkall thedetails. Thereforewe have calledthem*claim” ratherthan“proposition”.

Claim 88 (equational soundness)Thegamesemanticsve have describedralidatesall theequa-
tions of Jump-Wth-Argument. m|

Claim 89 For aconfigurationw, s, M, write [w, s, M| for
. —_—
[newya; =sa5. M[ya;/cell aj]]
wheres 4; is the contentsof A-storingcell j in s. Thenwe have:
soundnesslf w,s, M ~ w',s', M’ thenw, s, M]| = [w',s', M']
adequacy If w,s, M diverges,then[w,s, M| = L.
O

We canadaptthis for the fragmentsof the languagethat exclude store. Finally, the results
thatmake the pointergamemodeldistinctive:

Claim 90 Letl" andA beref-free.Let” denotes{R;};cr andlet A denote{S;};cs. Then

universality every elementof ;<73 jc sOstrat (Rf,S]Q) is the denotatiornof somevaluel” +Y

VA

full abstraction two valuesl’ H¥ V, V' : A have the samedenotationiff they areobsenationally
equvalent.

Similarly for non-returningcommands. m|

9.4 Obtaining The CBPV Model From The JWA Model, Which Is Simpler

Usingthe OPStransformwe canobtainthe CBPV model—eceptfor the Q/Adistinction—from
theJWA model. Theadvantageof thisis thatthetypecanonicaformsof JWA aresimplerandwe
canimmediatelyseethatunlabelledarenasarerepresentationsf them. Furthermorejn CBPV
the consumethatwe produceto is implicit (aswe explainedin Sect.1.5.3),whereasn JWA the
destinationof a jump is always explicit. Thesetwo factsmake the JWA modelmore intuitive
thanthe CBPV model. Therefore by reducingthe latter to the former, the intuitive motivation
for the definitionsis strengthened.

If R is anarenawrite forgetQA R for the unlabelledarenaobtainedby discardingthe la-
belling functionon R.
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Proposition91 Let A be a CBPV value type, denotingthe arenafamily {R;};c;. Thenits
OPStransformA denotegup to isomorphism)he unlabelledarenafamily {forgetQA R;}icr.
Similarly for computatiortypes. O

Claim 92 1. Supposd denoteshe arenafamily {R;};cr and A denoteshe arenafamily
{S;}jes. Wehave

Miery jesOstrat (Rf,SQ) = iery jesOstrat (forgetQA R;P,forgetQA Sjo)

Clearlyavaluel -V V : A denotesanelementof the LHS, while its OPStransformr™ -V
V : A denotesanelementof the RHS. Thesedenotationsirethe same.

2. Supposé denoteshearenafamily { R; };cr andB denoteshearenafamily {S;};cs. We
have

Mier[;jesPstrat (Rf,S’f) = M(i,j)erxsPstrat (forgetQA R; WforgetQA Sj)P

Clearlyacomputatiorm < M : B denotesanelemenbf theLHS, while its OPStransform
[,B " M denotesan elementof the RHS. Thesedenotationsare the samemodulothe

isomorphism.
O

It is alsopossibleto obtainthe JWA modelfrom the CBPV model,by embeddingl\WA in CBPV
+ Ans andthenreplacingAns with nrcomm. But becausehe CBPV modelis morecomplicated
thanthe JWA model,this directionis notvery interesting.
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Chapter 10
Background: Models Of Effect-FreeLanguages

10.1 The GoalsOf Categorical Semantics
We considerthe benefitsof catggoricalsemanticgor anequationatheoryto be asfollows.

1. It simplifiesandorganizesthe taskof constructinga concretedenotationamodelfor the
theory Althoughit is possibleto describea modeldirectly, thisis oftenmessy

2. If thetermmodelis aninstanceof thechosercatagoricalstructurethis cangive adifferent
perspeciie on the structureof the equationatheory

3. It placesmodelsof the theorywithin a wider mathematicatontext (e.g. the theory of
monads).

While not all catggorical accountsachieve all of thesegoals,and someachiese othervaluable
goalsthatwe have notlisted, thesewill provide usefulguidelines.

Whatour categyoricalaccountwill not provide is analternatve motivationfor CBPV. We do
not believe that CBPV canbe motivatedfrom a purely cateyorical perspectie—theoperational
perspectieis essential.

10.2 Overview Of Chapter

Beforewe canstudymodelsof CBPV, we needto studyan easiersubject:modelsof effect-free
languagesThis is the subjectof this chapter All the semanticsn this chapterarewell known,
but our organizationandemphasisresomeavhatnovel.

Ouir first taskis to establishthe basicprinciplesof cateyorical semantics.We do this by
looking, in somedetail, at the mostfamiliar instanceof it: the characterizatiorof modelsof
x -calculus(a languagewith finite products)ascartesiarcateories.

We thenturnto semantic®f othertypeconstructorscountablgroductsexponentsaandsum
types.All of thesecategyoricalsemanticarebasednthetheoryof representabl&unctors,which
wereview in Sect.10.3. However, thesemanticfor sumtypesis basednrepresentabl&inctors
in a locally indexed setting (this appearsn [Jac99), so after giving an ad hoc treatmentof
semantic®f sumtypesin Sect.10.5.3-10.5.4yelook atthetheoryof locally indexedcategories
in Sect.10.6.

10.3 RepresentableFunctors

We review the theoryof representabléunctors,which is essentiato cateyorical semanticsFor
thereaders corveniencewe presentachdefinitionandresultbothfor covariantandcontravari-
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antfunctors.All of this sectionis standardnaterial,e.g.[Mac71].
Thebasicnotionis the homsefunctor.

Definition 59 Let B bea category. We write Hom g—or just 3—for the functor

B” x B

Set
(X)) —— B(X,Y)
(f,h) = Ag.(figih)
We alsoneedelementategories

Definition 60 covariant Let F bea functorfrom B to Set We defineel ¥ (the “category of
covariantelementof #7) to bethe categoryin which

e anobjectis apair (X,z) whereX € ob B andz € ¥ X

e amorphismirom (X, z) to (Y, y) isaB-morphismX
Y.

Y suchthat(¥ f)z =

contravariant Let # beafunctorfrom B” to Set We defineel”  (the“category of contravari-
antelementof F”) to bethecategoryin which

e anobijectis apair (X,z) whereX € ob B andz € ¥ X

e amorphismirom (X, z) to (Y, y) isaB-morphismX
Z.

Y suchthat(¥ f)y =

O

Proposition 93 (Yonedalemma) Let B beacateory.

covariant Let ¥ be a functor from B to Set andlet V' be an objectof B. Thenwe have a
canonicabijection

v ————— AXAf(F fv

(@V)idy «—— 1 a

Rider Givenv € LHS, thecorresponding: € RHS is anisomorphisniff (V,v) isinitial in
el F.

contravariant Let # beafunctorfrom B% to Set andlet V beanobjectof B. Thenwe have a
canonicabijection

FV = [87,Sel(AX.B(X,V),F)
v ———— AXA(F f
(aV)idV — o

Rider Givenv € LHS, thecorresponding € RHS is anisomorphisniff (V,v) is terminal
inel” 7.
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O

Therideris not usuallyincludedin the YonedaLemma,but it is crucial: we will useit to prove
Prop.94.

Definition 61 Let ‘B beacatayory.
covariant Let ¥ : B — Setbeafunctor A representatiorfor F consistof

isomorphism style a ‘B-objectV (thevertex) togethemwith anisomorphism
B(V,X)= FX naturalin X.

elementstyle aninitial object(V,v) inel .
contravariant Let 7 : B® —s Setbeafunctor. A representatiorfor ¥ consistsof

isomorphism style a ‘B-objectV (thevertex) togethemwith anisomorphism
B(X, V)= FX naturalin X

elementstyle aterminalobject(V,v) inel * #.

O

Proposition94 covariant Def.61(covariant,isomorphisnstyle)andDef.61(covariant,element-
style)areequialent.

contravariant Def. 61(contraariant,isomorphismstyle) and Def. 61(contraariant, element-
style)areequialent.

O

Proof Immediatefrom theriderin Prop.93 m|

It commmonlyhappenghatwe have describeda constructionon objectsasthe vertex of a
functor'srepresentationWe thenwish to extendthe constructiorto morphismsgiving afunctor.
For example,given B-objectsA and B, the object A x B canbe describedasthe vertex of a
representationf the functor \X.(B(X, A) x B(X, B)) from B to Set If we know thatsuch
arepresentatiorxists for every A and B (asit mustin a cartesiarcateyory), thenwe wantto
extend x to afunctorfrom B x B to B.

Thegeneraresultthatenablesisto dothisis thefollowing.

Proposition 95 (Parametrized Representability) covariant Let ¥ : J x B — Setbeafunc-
tor. Supposehatfor eachl € J thereis arepresentation

B(V(I),X)= F(I,X) naturalin X. (10.1)
ThenV extendsuniquelyto afunctorfrom J to B” soasto make (10.1)naturalin 1.

contravariant Let 7 : J x B" — Setbe a functor Supposethat for eachI € J thereis a
representation

B(X, V(D))= F(I,X) naturalin X. (10.2)

ThenV extendsuniquelyto afunctorfrom J to B soasto make (10.2)naturalin I.
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Finally, we review the Yonedaembedding.

Definition 62 Let B beacatayory. We write B for the presheatategory [8”, Sei. The Yoneda
embeddings the functor

B 24 - B
B » AX.C(X,B)
B,C) . &
B(B,C) 2(B,C) [B",Sel(AX.B(X,B),A\X.B(X,C))
g1 — AX.Af.(f:9)
|
Proposition96 Thefunctor? is fully faithful. O

Proof Putting B for V and9°C for ¥ in Prop.93(contraariant),we learnthat ' (B,C) is a
bijection. O

10.4 Categorical SemanticsOf x-Calculus

10.4.1 The Theorem

Asin Chap.6, we will begin by statinga plausibleresult,andthenconsidemwhatdefinitionsare
requiredto malke it true. Hereis theresult:

Proposition97 Modelsof x-calculusandcartesiarcategoriesareequialent. O

By x-calculus,we meanthe equationatheorypresentedn Fig. 10.1. We have useda pattern-
matchsyntax,but a projectionsyntaxwould be equallyacceptable.

Types
A= 1| AxA
Terms

rN-M:A IMx:A+-N:B
Mx:ATlMNFx: A lletxbe M.N:B

FTrEM:A THM:A THFM:AxA T,x:Ay:A+FN:B
Fr=(M,M"): Ax A Fpm M as (x,y).N: B

Equations, using corventionsof Sect.1.4.2

(8) letxbe M. N = N[M/x]
(8) pm(M,M)as (x,y).N = N[M/x,M'[y]
(n) N[M/z] = pnM as (x,y).N[(x,y)/2]

Figure10.1: The x-Calculus

Prop.97 shouldperhap<e calledthe “Fundamentall heoremof Categorical Semantics”at
leastfor simply typedlanguages.The restof Sect.10.4 canbe omitted by the readerwho is
contentto understandProp.97 informally.

Ourfirst stepis to describethe semanticof types:
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Definition 63 A semanticof typesfor x-calculus, alsocalleda x objectstructure is a tuple
T = (Tob, 1, X ) consistingof

e aclassr,p, Wwhoseelementave call objects
e anobijectl;
e abinaryoperationx : Top X Tob — Tob
m|

We cannow replaceProp.97 by the following strongerstatementlike Prop.97 it is not precise
becausave have not yet defined“model of x-calculus”.

Proposition98 Let r bea x objectstructure.Then
e modelsof x-calculuswith semanticof typesgivenby r, and
e cartesiarcatgyorieswith objectstructurer.
areequwalent. m|

This statementvill be easierto make precisethanProp.97. We will form two cateyoriesand
they will beequivalent.

10.4.2 Cartesian Categories

Definition 64 1. A cartesiancategory is a categyory C with a distinguishederminal object
anddistinguishedinaryproducts.

2. Theobjectstructure of a cartesiarcataory C is the x objectstructure(ob C,1, x) where

¢ 1isthedistinguishederminalobjectof C;

e A x A'isthevertex of thedistinguishedroductof the C-objectsA and A'.

O
We cannow make preciseonehalf of Prop.98.
Definition 65 Let T bea x objectstructure.Thecategyory CartCat.. is definedasfollows:
e anobjectis a cartesiarcateyory with objectstructurer.
e amorphismis anidentity-on-objectgunctor preservingall structure.
a

Noticethatthefixing of 7 hasallowedusto sidestepghe questionof whethera generakartesian
functor shouldpresere structureon the noseor up to isomorphismbecausehe only cartesian
functorswe useareidentity-on-objects.



168 Chapterl0. Badkground: ModelsOf Effect-FeeLanguajes

10.4.3 Direct Models Of x-Calculus

Thereal problemin making Prop.98 preciseis to give, directfrom the equationatheory ana
priori notionof “modelfor x-calculus”. Theapproactihatwe usewasdevelopedindependently
in [Jef9g andin [Lev96].

Definition 66 Let T bea x objectstructure(asin Sect.10.4).

1. A 7-multigraph s consistsof a sets(Ay,...,A,—1;B) (Whoseelementsare callededges
from Ay,...,A,—1 to B) for eachfinite sequencef T-objectsAy, ..., A,—1 andeachr-
objectB.

2. We write MGraph_. for the catgyory of 7-multigraphsfor 7, with the obviousmorphisms.
a

It is clearthat, given semanticof typesr, a semanticof the - judgementfor x-calculusis
preciselya m-multigraphs. For s tells usthataterm Ag,...,A, 1+ M : B will denotean
edgefrom [[Ag], ..., [An-1] to [B]), but doesnot tell us which edge—thawill dependon the
particularterm M.

Theterm“multigraph” is usedbecausef the similarity with graphs.The only differenceis
thatin a graph,the sourceof anedgeis a singleobject,whereasn a multigraphit is a sequence
of objects.

We still needa way of characterizinga semanticsof termsfor the x-calculus. The key
factis that, for eachobjectstructurer, the termsand equationsof x-calculusdefinea monad
7T on MGraph,.. To seethis, supposehat s is a 7-multigraph;we will build from s another
T-multigraph7's asfollows. We think of s asa signatue—eachedgein s is regardedasa
“function-symbol”. We inductively definethe termsbuilt from the signatue s, usingthe rules
from Fig. 10.1,togethemwith therule

N=Mo:Bg -+ T+=My_1:B,_1
r}—f(Mo,...,Mn_l)ZC

for eachedgef from By,...,B,_1t0 C in s. We defineZ s to bethe r-multigraphin which an
edgefrom I' to B is anequvalenceclass(underprovableequality usingthe equationggivenin
Fig.10.1)of termsl” - M : B built from the signatures. This new multigraphcanbe thoughtof
asthe“free x-calculusmodelgeneratedby s”, keepingr fixedthroughout.

Therestof themonadstructureis givenasfollows:

e 17s takesanedgef in s totheterm f(xo, ... ,xp-1);

e us is the “flattening transform”: it takes¢(Mo, ..., M,_1), wheret is anedgein Ts, to
t[(us)M;/x;]. It preseresall otherterm constructorsfor example,it maps(M, M') to

((us)M, (us) M').

o If s s’ is a multigraphhomomorphismthen 7T« replaceseachoccurrence
of a function symbol f in aterm built from s by af. Thusit takes f(Mo,..., M,_1),
where f is an edgein s, to a(f)((7Ta)Moy,...,(Ta)M,-1), andit preseresall other
termconstructors.

We omit the proofthat 7' preseresidentity andcomposition, and . arenaturaland (7,7, u)
satisfiesall themonadlaws. Theseareall straightforvardinductions.
Now let usthink whatinformationa directmodelfor x-calculusshouldprovide.

semanticsof types It shouldprovide a x objectstructurer.



10.5. AddingTypeConstructos 169

semanticsof judgement It should provide a 7-multigraph s. Then we know that a term
Ao,...,An—1F M : Bisgoingto denoteanedgefrom [[Ao],. .., [An-1] to [B].

semanticsof terms Givenaterm Ao, ..., A, 1+ M : B generatedrom signatures, it should
specifythe edgefrom [[Aq], ..., [An_1] to [B] in s that M denotes.Furthermoreprov-
ably equattermsshoulddenotehesameedge.Thusthemodelshouldprovide amultigraph
homomorphisn# from 7's to s.

In fact, (s, ) shouldbeanalgebrafor the 7 monad.We summarize:
Definition 67 1. A directmodelfor x-calculus consistsof

e ax objectstructurer;
e analgebra(s, ) for the 7 monadon MGraph,.

2. We write Dir ect. for the catggory of directmodelsfor x-calculuswith objectstructurer.
Morphismsarealgebrahomomorphisms.
O

10.4.4 EquivalenceOf DirectModels And Cartesian Categories
We cannow formulateProp.98 precisely

Proposition99 Let 7 bea x objectstructure. Thenthe categyoriesDir ect. and CartCat ., are
equwvalent. m|

Proof(outline) We write Ag x - -- x A,,_1 for theobject(--- (1 x Ag)--+) X Ap_1.

e Let C beacartesiarcatgory basedon 7. Thenwe constructa 7-multigraphs by setting
s(Ao,...,An—1;B) to be C(Ag x --- x A,_1,B). We definea structuref on s in the
evidentway, by inductionover termsbuilt from the signatures, andverify all therequired
equations.

e Let (s,0) beadirectmodelbasedon . Thenwe constructa cartesiarcategyory ¢ based
onT by settingC(A, B) to bes(A; B). Thestructureis definedin the evidentway andall
requiredequationsrerified.

e Theseoperationsareinverseup to isomorphism.

O
Our fixing of objectstructurein Prop.99 sidestepsomesubtlecoherencassues.Obsere,
for example,thatif insteadof Def. 64 we haddefined‘cartesiancategyory” to be “category with
distinguishech-ary productsfor every n € N'—which is clearly anacceptablalefinition—then
our approachwould notwork. However, we will not considertheseissuedurther.

10.5 Adding Type Constructors

10.5.1 Countable Products

Supposene extend x-calculuswith countableproducts,as shavn in Fig. 10.2. We call this
extendedcalculusx []-calculus.Although we have alreadyincludedfinite products they areso
closelyintertwinedwith context formationin Prop.97 thatit is reasonabléo considercountable
productsseparately

To give a catggoricalsemanticsye recallthefollowing definition:

Definition 68 Let { A;};cr beafamily of objectsin B. Thena productfor {A;};cr is arepre-
sentatiorfor thefunctor \X.[1;c;B(X, 4;) from B” to Set a
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Types
A= 1 | Ax A | I_IiGIAi
Extra Terms

FEM... i M;,..} i [iexBi TH¥M:B;

Extra Equations, using corventionsof Sect.1.4.2
B) *M...,i.M;,...} = M;
(n) M = M...,ii'M,...}

Figure10.2: Extendingx-calculuswith countableproductsto give x[]-calculus
SinceDef. 61 providestwo equivalentdefinitionsof “representation”we canthink of a product
for { A; }ier in two ways:
isomorphism style asanisomorphism

B(X,V) = NierB(X,4;) naturalin X (10.3)

elementstyle asaterminalobjectin thefollowing cateyory:

e anobjectis aconei.e.afamily of morphismsX fi A; with thesamesource
X;
e amorphismfrom theconeX fi A; totheconeY gi A; isamor
phismX Y suchthat
X
K
h A; commutedor all 7 € I.
vy~ ¥

Of thesetwo descriptionsiit is the isomorphismstyle which is more valuableto us, because
(10.3)clearlydescribeshereversiblederivationfor []

-T+B; -
r|_|_|ieIBi

Furthermorethefactthat(10.3)is naturalin X correspondso thefactthatthereversiblederiva-
tion preseressubstitutionin I (in thesenseof Sect.4.5).
Thefollowing resultis thereforenot surprising.

Proposition 100 Modelsof x []-calculusandcateyorieswith countablgroductsareequialent.
|

We canmalke this preciseandproveit in the sameway thatwe madeProp.97 preciseandproved
it (in outline).
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Noticethatin a categyory with countableproductstheisomorphism
C(X,Mier4i) = Mier C(X, As)

canbe saidto be naturalin eachA; aswell asin X. This s just a consequencef Prop.95.
But it is only the naturalityin X thatneedsto be checled whenconstructinga model,andthat
actually sayssomethingaboutthe languageg(viz. thatthe reversiblederivation commuteswith
substitution).

10.5.2 Exponents

Supposene extend x-calculuswith exponents,asshavn in Fig. 10.3. We call this extended
calculusx —-calculus.

Types
A= 1| AxA| A—-A

Extra Terms
Nx:A+rM:B THFM:A TFN:A— B
rMN-XxM:A—- B rN-M'N:B

Extra Equations, using corventionsof Sect.1.4.2

(B) M'Xx.N N[M/x]
(n) M = Ax.(x*M)

Figure10.3: Extendingx -calculuswith exponentsto give x —-calculus

To give a catayoricalsemanticgor exponentswe make the following definition:

Definition 69 1. Let A and B beobjectsin a cartesiarcatggory C. An exponentfrom A to
B is arepresentatiofor thefunctor \X.C(X x A, B) from C* to Set

2. A cartesianclosedcategory is a cartesiarcategyory with a distinguishedexponentfrom A
to B for eachA, B € ob (.
O

SinceDef. 61 providestwo equivalentdefinitionsof “representation”we canthink of anexpo-
nentfrom A to B in two ways:

isomorphism style asanisomorphism

C(X,V)=2(C(XxA,B) naturalin X (10.4)

elementstyle asaterminalobjectin thefollowing category:

e anobjectis apair (X, f) whereX x A f

B;

e amorphismfrom (X, f) to (Y, g) isamorphismX Y suchthat
XxA
X‘

hx A B commutes.
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Of thesetwo descriptionsit is the isomorphismstyle which is more valuableto us, because
(10.4)clearlydescribeshereversiblederivationfor —

NA-B
rN-A— B

Furthermorethefactthat(10.4)is naturalin X correspondso thefactthatthereversiblederiva-
tion preseressubstitutionin I (in thesenseof Sect.4.5).
Thefollowing resultis thereforenot surprising.

Proposition 101 Modelsof x —-calculusandcartesiarclosedcateyoriesareequivalent. O

We canmalke this preciseandproveit in the sameway thatwe madeProp.97 preciseandproved
it (in outline).
Noticethatin a cartesiarclosedcateyory, theisomorphism

C(X,A— B)=(C(X xA,B)

canbe saidto be naturalin A and B aswell asin X. Thisis justa consequencef Prop.95.
But it is only the naturalityin X thatneedso be checledwhenconstructinga model,andthat
actually sayssomethingaboutthe languageg(viz. thatthe reversiblederivation commuteswith
substitution).

Whenwe addboth countableproductsandexponentsto x-calculus,we obtainthe x[] —
calculus.Its catggoricalsemanticss straightforvard:

Definition 70 A countablycartesianclosedcategory is a cartesiarclosedcategory with a dis-
tinguishedproductfor every countablefamily of objects. O

Proposition 102 Modelsof x [ —-calculusandcountablycartesiartlosedcateyoriesareequi-
alent. i

We canmake this preciseandprove it in the sameway thatwe madeProp.97 preciseandproved
it (in outline).

10.5.3 Element-Style Semanticsfor Sum Types

Supposave extend x -calculuswith countablesumtypes,asshowvn in Fig. 10.4. We call this
extendedcalculusx ¥ -calculus.

Types
A= 1 | Ax A | ZiGIAi
Extra Terms

M= M: A; FrEM:SiefAy - Txt AiFN;:B ---
ME@,M):SierA MlN-pmMas{...,(i,x).Nj,...} : B

Extra Equations, using corventionsof Sect.1.4.2

(B) pm(?,M)as{...,(5,%).N;,...} = N;[M /%]
(n) N[M/z] = pmMas{...,(i,x).N[(i,x)/z],...}

Figure10.4: Extendingx-calculuswith sumtypes,to give x Y -calculus

We cangive a simplecategyoricalsemanticgor x Y -calculususingthefollowing.
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Definition 71 1. Let C beacartesiarcategory. A distributivecoproduct for { A;};cr consists

1n;

V suchthat for ary family of

of an object V' togetherwith morphismsA;
' J X suchthat

7

morphisms™ x A;
for eachi € I thediagram

X thereis a uniqguemorphisml’ x V/

FrxVvV

I x A; g commutes.

i

X

Noticethatthis definitionis in elementstyleonly.

2. A distributivecategoryis acartesiarcategory C with adistinguishedlistributive coproduct
for every finite family of objects. (This is roughly the sameas, and equivalentto, the
definitionin [CLW93, Coc93.)

3. A countablydistributivecategoryis acartesiarcateyory ¢ with adistinguishedlistributive
coproductor every countablegfamily of objects.

O
We notetherelationshipbetweerdistributive coproductsaandordinarycoproducts.
Proposition103 Let C beacartesiarcatagory.
1. Everydistributive coproductn ( is acoproduct.
2. If Cis cartesiarclosed thenevery coproductin C is adistributive coproduct.
O

[CLW9I3] givesthe catayory of vectorspacesasan exampleof a cartesiarcateyory with finite
coproductsvhichis notdistributive.
We cannow formulatea categoricalsemanticgor x  -calculus.

Proposition 104 Modelsof x ¥ -calculusandcountablydistributive categoriesare equivalent.
O

We canmalke this preciseandproveit in the sameway thatwe madeProp.97 preciseandproved
it (in outline).

Whenwe add countableproducts,exponentsand sumtypesto x-calculus,we obtainthe
x Yy [1 —-calculus.

Definition 72 1. A bicartesianclosedcatayory is a cartesianclosedcateyory with distin-
guishedfinite coproducts.

2. A countablybicartesianclosedcategoryis a countablycartesiarclosedcategory with dis-
tinguishedcountablecoproducts.
O

Becausef Prop.103(2),we do not needto requiredistributive coproductsn Def. 72.

Proposition 105 Modelsof x ¥ [] —-calculusand countablybicartesianclosedcateoriesare
equwalent. m|



174 Chapterl0. Badkground: ModelsOf Effect-FeeLanguajes

We canmalke this preciseandproveit in the sameway thatwe madeProp.97 preciseandproved
it (in outline).

The cateyory of countablesetsandfunctionsprovidesanexampleof a countablydistributive
categyory thatis not cartesiarclosed.A moreimportantexamplefor our purposess the category
SEAM of SEAM predomaingandcontinuoudunctions,definedin Def. 23. Thisis the cateyory
in which valuesareinterpretedn the Scottmodel.

We seethatdistributive coproducthave moreimportanceor usthanthey would have if we
wereprimarily concernedvith effect-freelanguageswherethe presencef exponentanalesit
possibleto useordinarycoproductsnstead.

Herearesomeusefulresultsbasedn resultsin [Coc93.

Proposition106 1. Supposd is a distributive initial object(i.e. the vertex of a distributive
coproduciof theemptyfamily of objects)in acartesiarcategory. Thenall morphismgo O
areequal.

2. Suppos€V, {in;};cr) is adistributive coproductin a cartesiarcatgyory. Theneachin; is
monic.

3. In x¥-calculus,ary two termsl’ - M, N : 0 areprovably equal.

4. IfTF (23,M)=(3,N) : 3;c1A; is provablein x ¥ -calculusthenM = N is provable.

O
Proof We prove (3) by takinganidentifierz : O notin I'. Then
M=M[M/z]=pm M as {} = N[M/z] =N
is provable.(1) is provedsimilarly.
To prove (4), we noticethat
M = pm(:,M)as{...,(5,x).M,...,(7,x).x,...}
= pm(¢e,N)as{...,(3,x).M,...,(2,x).x,...}
N
(2) is provedsimilarly. O

10.5.4 Isomorphism-Style SemanticsFor Sum Types

Wesaw in Sect.10.3thatarepresentationf afunctorcanbedescribedn two ways:isomorphism
style and elementstyle. We thensaw in Sect.10.5.1-10.5.2hat, for categorical semanticsit
is the isomorphismstyle which is appropriate becauset matchesa reversiblederivation. By
contrasttheelementtyleappearsad hoc

Unfortunately in Def. 71, we defined"distributive coproduct’in elementstyle only. We
would lik e a definitionin isomorphisnstylethatmatcheghereversiblederivation

T, AFB -
r7ziEIAi|_B

A plausibleattemptat this is the following

Definition 73 Let C bea cartesiarcatgory. A pseudo-distrilative coproductfor { 4;};. ; con-
sistsof anobjectV togethemwith anisomorphism

C(TxV,X) 2 iesrC(T x 4;,X) naturalin € ¢ andX € C.
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While every distributive coproductgivesa pseudo-distribitive coproductthe corverseis prob-

ably false(we have not found a countergample,but expectthatoneexists). The problemwith

Def. 73 is that, while the conditionof naturalityin I" is correct(it just saysthatthe reversible

derivationcommuteswith substitutionin I'), the conditionof naturalityin X € C is too weak.
Hereis the correctisomorphism-stylelefinition:

Definition 74 Let C bea cartesiarcatgory. A distributive coproductfor { 4;};. 1 consistof an
objectV togethemwith anisomorphism

C(M xV,X) 2 iesC(T x A;, X) naturalin T € ¢*, andnaturalin X in thefollowing strongsense:

f

for every C-morphisml x X

Y, thediagram
C(IxV,X)2MierC(T x A;, X)

C(FrxV,f) MicrC(T x A;, f) commutes (10.5)

C(MrxV,Y)=MierC(T x A;,Y)

wherewe write C(I" x A, f)—abusingnotation—forthe functionthattakesl™ x A X
to
MrxA M MxX 4>f Y
O
Proposition 107 Def. 71andDef. 74 areequialent. m|

Prop.107is aconsequencef Prop.113(1)aswe explainin Sect.10.6.6.
Notice that the only differencebetweenDef. 73 and Def. 74 is that Def. 73 requiresthe

f Y, whereadef. 74 requires(10.5)

for all morphismsl™ x X Y —a strongercondition. This strongnaturality condition
canbeseenin syntacticform asthe“commutingcorversion”equation

commutatvity of (10.5)only for morphismsX

Nlpmxas{...,(3,y).M;,...}/z| =pmxas {...,(i,y).N[M;/z],...} (10.6)

foraryterml,z: BN : C.

We have now achiered an isomorphism-stylecharacterizatiorof “distributive coproduct”.
But alargepartof the pictureis missing,becausdef. 74 is notjust theisolateddefinitionthatit
appeardo be. By studyingindexed categories,we will seethatDef. 74 is actuallyaninstanceof
thenotionof “indexed coproduct”. This achievesgoal 3 of Sect.10.1.

10.6 Locally Indexed Categories

10.6.1 Intr oduction

It is well-known thatindexed categoriesareimportantfor studyingdependentlyypedlanguages.
But they are alsoimportantfor studying featuresof simply typed languagesgspeciallysum
typesand computationaleffects. Although it is possibleto study both thesefeatureswithout
usingindexed categories(aswe did for sumtypesin Sect.10.5.3-10.5.4)the treatmentusing
indexed catayoriesis simpler—andsimplicity is a primary goal of cateyoricalsemantics.
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Fortunatelythe indexed categyoriesusedfor simply typed languagesare of a specialkind,
wherethe morphismsareindexed but the objectsarenot. For this reasonwe call themlocally
indexedcateggories They areeasierto work with thangeneralindexed cateyories:in particular
thereareno coherencessues.

Ouraimsin this sectionare

e to makethereademscomfortablewith locally indexedcateyoriesaswith ordinarycategories—
in particular looking atanalogue®f definitions resultsandidiomsfrom ordinarycateyory
theory;

e to shov how locally indexed category theorysimplifiesDef. 74 (following [Jac99).
10.6.2 Basics
Let C beacateyory.
Definition 75 A locally C-indexedcategory D consistof

e aclassof objectsob D—we will underlinetheseobjects,exceptwherethey arethe same
astheobjectsof ¢;

for eachobjectl” € ob ¢ andeachpairof objectsX,Y € ob D, aset(*homset”) Dr (X,Y)

of morphismdrom X toY overl—if f is suchamorphismwe write X Y
id
e for eachobjectl” € ob C andeachobjectX € ob D, anidentitymorphismX I—?» X
e for eachmorphismX I]_f Y andeachmorphismY z, a composite
morphismX % Z
. _ , k _
e for each®-morphismX Y andeachC-morphismlm —— I, arein-
. k*f
dexed D-morphismX ; Y
suchthat
id;f = f
fiid = f
(fig)ih = fi(g:h)
k*id = id
k(fi9) = (K f): (k)
id*f = f

GRS = (k)

Definition 76 Let D bealocally C-indexed cateagory.

1. For eachC-morphisml’, we write Dr (the“fibre over ") for the cateyory whoseobjects
areD-objectsandwhosemorphismsare D-morphismsover .
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2. For eachC-morphismr’ I, we write Dy (the“reindexing functorover f”) or
f* for theidentity-on-objectgunctorfrom Dr to Dy givenon morphismsoy k*.

D thusgivesriseto afunctorfrom C* to Set m]

A functorfrom C™ to Setis oftencalleda strict C-indexedcategory [Cro94. Theword “strict”
distinguishest from a generalC-indexed category, which is a pseudofunctofrom C* to Set,
meaningthatit canpresere compositionup to isomorphismyratherthanon the nose.

Here are someinterestingcharacterizationsf locally indexed cateyories, not usedin the
sequel.

Proposition108 1. A locally C-indexed category with classof objects4 is preciselyastrict
C-indexedcategory whereall fibreshave classof objects4 andall reindexing functorsare
identity-on-objects.

2. A locally c-indexedcategory is preciselya [, Sef-enrichedcateyory.
O

The mostimportantexamplesof locally indexed categoriesaregiven by the following con-
struction(sometimegalledthe simplefibration):

Definition 77 Let C be a cartesiancategory. We form a locally C-indexed category self C as
follows:

e theobjectsareob (;

e amorphismX Y isa C-morphismll x X Y;
,n_l
e theidentityon X overl isgivenby I x X X;
e thecompositeof
x_ .y 9 .4
r r
is givenby

rex S ryy 9 L4

¢ thereinding of X Y alongl”’ I is givenby
kx X
rux 2> Xrox 1 Ly
It is easyto verify theidentity, associatiity andreindeing laws. O

As with ordinarycategories,we canform productsandoppositesof locally C-indexed cate-
gories:

Definition 78 1. Giventwo locally C-indexed categyories? and 2, we definethe locally
C-indexedcategory D x D' by

ob (Dx D) = obDxob?D
(DX Q)I)r((A,AI),(B,B/)) = @r(A,B) X DIF(AlvBI)

with the evidentidentities,compositionandreindexing.
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2. Givenalocally C-indexedcateyory D, definethelocally C-indexed cateyory D™ by
obD* = obD
Q)FP(AvB) = DF(B’A)

with the evidentidentities,compositionandreindeing.
O

Definition 79 Let D and D' belocally C-indexed categories. A (locally C-indexed)functor F
from D to 2 associates

e to eachobjectX € ob D anobjectF'X € ob 7;

F
e to eachmorphismX ]rf I'f FY inD'

Y in D amorphismF X

suchthat
Fid = id
F(fi9) = (Ff);(Fg)
F(E*f) = Ek(Ff)

O
Definition 80 A functor?D 7 is fully faithful functoriff for every F X IJ_C FY
thereis auniqueX Y suchthatFg = f. |

Definition 81 Let D and?’ belocally C-indexed categoriesandlet F andG be functorsfrom
Dto D'. A (locally C-indexed) natural transformationx from F' to G provides,for eachobject

X
" € ob C andeachobjectX € ob D amorphismFX ar< GX suchthat

e for eachr’ in C andeachX € D wehavek*ar X = apX;
e for eachl’ € ob C andeachX Y thediagram
X
Fx =, gx
Ff Gf commutes.
FY GY
Loy Y

O

Notice that, if C hasa terminal object1, then ar X needbe specifiedonly for I = 1—this
determinegherestof a.

By analogywith the 2-catejory Cat of ordinarycategories,functorsandnaturaltransforma-
tionswe canform a 2-cateyory of locally C-indexed cateyories,functorsandnaturaltransforma-
tions.
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10.6.3 HomsetFunctors And The OpGrothendieck Construction

Homsetfunctorsareof centralimportancen thetheoryof representabléunctors(aswe saw in
Sect.10.3)andalsoin thetheoryof adjunctions Sowe certainlyneedto adapthemto thelocally
indexed setting. But thereis a problem: for a locally indexed category D, it is meaninglesso
look for afunctorfrom D™ x D to Set becauseD™ x D is alocally indexed cateyory whereas
Setis anordinarycateyory.

To surmountthis problem,we needa way to obtainan ordinarycategory from alocally in-
dexedcatagyory D. We usetheopGiothendiek construction (TheopGrothendieckonstruction
is dualto thewell-known Grothendieclconstructionwhich we shallnot useatall.)

Definition 82 Let D bealocally C-indexedcategyory. ThenopGroth 9D is the ordinarycategory
definedasfollows:

e anobjectof opGroth D is apairr X wherel € ob ¢ andX € ob D;

e amorphismfrom r X to Y in opGroth D consistf apair f wherel’ ——— TMin
C andX Y in D;

-

e theidentityon X is givenby q4id;
o thecompositeof

kf 19

rmZ
is givenby (1" f); 9)-
It is easyto verify theidentity andassociatrity laws. m|
We cannow definethe homsefunctor, by analogywith Def. 59.

Definition 83 Let D be a locally C-indexed categgory. We write Homp—or just D—for the
functor

Set

opGroth(D” x D)
r(XY) ——— Dr(X,Y)

k(f,h) ——— Xg.(f:(k"g); )

Thefollowing will beusedonly in Sect.14.6.4.

. . k
Lemma 109 Let D bealocally C-indexed category. TheneachC-morphismlH’ ——— T
inducesamorphismin opGroth D

Y . .
ry rk*Y naturalinY € Dr
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10.6.4 Naturality In Several Identifiers

Onefrequentlyusegheidiom “a(X,Y) is naturalin X andY™, withoutspecifyingjointly natu-
ral or sepaatelynatural. Asiswell-known, thisusagés justifiedbecausefor productcategories,
joint naturalityandseparataaturalityareequivalent:

Proposition 110 Let B and B’ be catgyories,andlet # and G befunctorsfrom B x B’ to Set
(Any category canbeusedin placeof Set, but only the caseof Setis relevantto us.) Supposeve

XY
aregivenafunction 7 (X,Y’) (1(4’)» G(X,Y) for eachX € ob BandY € ob B'. Thena is

anaturaltransformatiorfrom ¥ to G iff
e o(X,Y)isnaturalin X € B for eachY € ob B’;
e o(X,Y)isnaturalin Y € B for eachX € ob B.

O

In a similar way, we wantto useanidiom “ar X is naturalin I and X”. Sowe adaptProp.110
from productcateyoriesto ord catejories.

Proposition 111 Let D be a locally C-indexed category, andlet F and G be functorsfrom

X
opGroth D to Set Supposave aregivenafunction Fr X _are, GrX, for eachl" € ob C and
X €ob D. Thena is anaturaltransformatiorfrom ¥ to G iff

e or X isnaturalin I € C* for eachX € ob D;
e arX isnaturalin X € Dr for eachl” € ob C.

O

Finally, we canadaptProp.110andProp.111to allow usto usetheidiom “ar (X,Y) is natural
inl, X andY™.

Proposition 112 Let 0 and 2’ belocally C-indexed categories,andlet ¥ and G be functors

XY
fromopGroth(D x D') to Set Supposevearegivenafunction 7 (X,Y) ar(;l Gr(X,Y),
foreachl” € ob C, X € ob D andY € ob 2'. Thena is anaturaltransformatiorfrom ¥ to G iff

e or(X,Y)isnaturalin I € C” for eachX € ob D andY € ob 77;
e ar(X,Y)isnaturalin X € Dr for eachl € ob C andY € ob 7;

e or(X,Y)isnaturalin Y € Oy for eachl” € ob C andX € ob D.

10.6.5 Representableand A-RepresentableFunctors

Note We henceforthassumehattheindexing cateory C is cartesian.

Werecallfrom Sect.10.3thattherearetwo definitionsof representabl&inctor:isomorphism
style andelementstyle, andthatthe formeris moreimportantfor categorical semantics.Soin
this section,we define“representabléunctor” in the settingof locally indexed categyories,using
isomorphisnstyleonly. Theelementtyledefinition,whichis lessimportant,is givenin thenext
section.

Theanalogueof Def. 61 (isomorphisnstyle) for locally indexed catayoriesis asfollows.

Definition 84 Let D bealocally C-indexed category.
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covariant Let # be a functor from opGroth D to Set A representatiorfor # consistsof a
D-objectV (thevertex) togethemwith anisomorphism

Dr(V,X)2 %X naturalinl andX.

contravariant Let  beafunctorfrom opGroth(D™) to Set A representatiorfor ¥ consists
of D-objectV (thevertex) togethemwith anisomorphism

Dr(X, V)= FX naturalinl andX.

O

Isomorphismstyle definitionsin the literature usually replacenaturality in ' with the Bed-
Chevalley condition to which it is equivalent. However, we considematuralityin I to be more
intuitive.

We will alsoneedthenotionof A-representabldunctor, whereA is anobjectof C. As with
representabl&unctors,we provide only anisomorphism-styl@lefinitionin this section.
Definition 85 Let D bealocally C-indexed categgory andlet A beanobjectof C.

covariant Let ¥ beafunctorfrom opGroth D to Set An A-representatiorfor F consistsof a
D-objectV (thevertex) togethemwith anisomorphism

Dr(V,X) = Froant 24X naturalin T andX.

contravariant Let ¥ beafunctorfrom opGroth(D™) to Set An A-representatiorfor # con-
sistsof D-objectV (thevertex) togethemwith anisomorphism

Dr(X,V) = Fruant 24X naturalin T andX.

Def. 84 andDef. 85 areobtainabldrom eachother:
e arepresentatiofor ¥ isal-representatiofor 7;

e anA-representatiofor ¥ is arepresentatiofor thefunctor

FA= A X Fruarf 4 X

Herearesomeexamplesof representationand A-representations.
Definition 86 Let 9 bealocally C-indexedcategory.

1. A coproduct for a family of D-objects {4,;}icr is a representatiorfor the functor
Ar X . [TicrDr (4;, X) from opGroth D to Set Explicitly, it is anisomorphism

MNierPr(4;,Y) = Dr(V,Y) naturalin ' andY’

2. A product for a family of D-objects {4,;}icr is a representationfor the functor
Ar X [TicrDr (X, A;) from opGroth(D™) to Set Explicitly, it is anisomorphism

MicrPr(X,A;) 2 Dr(X,V) naturalin T and X



182 Chapterl0. Badkground: ModelsOf Effect-FeeLanguajes

3. Let A bea C-object. An A-coproductfor a D object B is an A-representatiotor the
functor \r X.Dr (B, X)) from opGroth D to Set Explicitly, it is anisomorphism

Drxa(B,7r 4Y) = Dr(V,Y) naturalin ' andY’

4. Let A bea C-object.An A-productfor a D-objectB is an A-representatiofor thefunctor
ArX.Dr (X, B) from opGroth(D™) to Set Explicitly, it is anisomorphism

Drxa(nr 4X,B) = Dr(X,V) naturalin I and X

O

We examinewhat thesestructuresmeanin the specialcaseof self C, the locally indexed
category definedin Def. 77.

Proposition113 1. A coproducfor {4;};cr in self C is adistributive coproductfor {A;};cr
in C.
2. A productfor {4;}icr in self Cisaproductfor {A4;}icr in C.
3. self C has,for every A and B, an A-coproducibf B with vertex A x B.

4. An A-productof B in self C is anexponentfrom A to B in C.
|

Prop.113is easyto prove usingthe elementstyle definitionsin the next section. For (1), the
isomorphism-styl@efinitionof coproducin self C is exactlytheisomorphism-styl@efinitionof
distributive coproductDef. 74). We have thusachieved whatwasour maingoal while studying
locally indexed catayories:to give a simplecatayorical semanticgor sumtypes. Thefollowing
will beusefulin Chap.14.

Definition 87 A locally C-indexed cateyory is closedif it hasA-productsfor eachA € ob C. It
is countablyclosedif it is closedandhasall countableproducts. O

10.6.6 YonedalLemma

We give two formsof the YonedaLemma,onefor representationandonefor A-representations.
Both aresimilar to the YonedaLemmafor ordinarycategories(Prop.93).

Proposition 114 (cf. Prop.93) Let D bealocally C-indexedcatagory.

covariant Let F be afunctorfrom opGroth D to Set, andlet V' be anobjectof D. Thenwe
have acanonicabijection

AV = [opGroth D, Sel(ArX.Dr(V, X), F)
U — )\rx./\f.(ﬂ:()f)v
(a1V)idy e

Rider Givenv € LHS, the correspondingr € RHS is anisomorphismiff (V,v) satisfies
thefollowing “initiality” property:forarny ' € ob C andX € ob D andary x € Fr X there

X suchthat (¥ f)v ==z.

is auniqueV
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contravariant Let 7 beafunctorfrom opGroth(D*) to Set andlet V beanobjectof D. Then
we have a canonicabijection

AV = [opGroth(D™),Sel(A\rX.Dr (X,V), F)

VI — )\ri.)\f.(f()f)v

(alz)idz < | ¢
Rider Givenv € LHS, the correspondingr € RHS is anisomorphismiff (V,v) satisfies
thefollowing “terminality” property:for ary I' € ob ¢ and X € ob D andary z € Fr X

thereis auniqueX V suchthat (% f)v = =.

O

Asin Sect.10.3,we candefinearepresentatioof ¥ in element-styleéo beapair (V, v) satisfying
the “initiality” property(or “terminality” property in the contravariantcase)statedin therider,
andthe equivalenceof the isomorphism-styleand element-styladefinitionsis immediatefrom
therider.

Prop. 107 is a corollary of this equivalence. Proof We setD to be self ¢ andwe set
to be Ar X[;er(self C)r(4;,X). A distributive coproductin the senseof Def. 71(1) is an
element-stylerepresentatiorior #, while a distributive coproductin the senseof Def. 74 is
anisomorphism-styleepresentatiofor . Hencethe two definitionsof distributive coproduct
areequialent,asclaimed. m|

The YonedaLemmafor A-representations givenasfollows. We recallfrom (10.6.5)that
we write ¥4 is anabbreviation for ArX.mf 4 X.

Proposition 115 (cf. Prop.93) Let D bealocally C-indexed category, andlet A beanobjectof
C. We write ¢ for theisomorphismA M 1x A.

covariant Let F beafunctorfrom opGroth D to Set andlet V beanobjectof D. Thenwe
have a canonicabijection

FuV =~ [opGroth D, Sef (Arl-@r(K7K)77A)

v — AFX-Af-(.{};rI'_’AWF,Af)v

i*((alz)idz) — e’
Rider Givenv € LHS, the correspondingr € RHS is anisomorphismiff (V,v) satisfies
the following “initiality” property:forarny I' € ob C andX € ob D andary z € FrxaX

thereis auniqueV’ X suchthat(¥,. 7t 4f)v==z.

contravariant Let 7 beafunctorfrom opGroth(D™) to Set andlet V beanobjectof D. Then
we have a canonicabijection

FaV. = [opGroth(D™),Sel(ArX.Dr (X, V), F4)

v — AFX-Af-(.{};rI'_’AWF,Af)v

i*((alz)idz) — e’
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Rider Givenwv € LHS, the correspondingx € RHS is anisomorphismiff (V,v) satisfies
thefollowing “terminality” property:for any I' € ob C andX € ob D andary x € FrxaX

thereis auniqueX

V suchthat(¥,.  wf 4 f)v==.
a

Onceagain,we candefinean A-representationf # in element-styléo beapair (V,v) satisfying
the “initiality” property(or “terminality” property in the contravariantcase)statedin therider,
andthe equivalenceof the isomorphism-styleand element-styladefinitionsis immediatefrom
therider.

We adaptthe ParametrizedRepresentabilityrheoremfrom ordinaryto locally indexed cate-
gories.

Proposition 116 (Parametrized Representability) (cf. Prop.95) Let 3 and D be locally C-
indexed catagories.

covariant Let ¥ : opGroth(J x D) — Setbeafunctor Supposehatfor eachl € J thereis a
representation

Dr(V(I),X)= Fr(I,X) naturalinl andX. (10.7)
ThenV extendsuniquelyto afunctorfrom J to D soasto make (10.7)naturalin I.

contravariant Let 7 : opGroth(J x D) — Setbeafunctor. Supposehatfor eachl € J there
is arepresentation

Dr(X,V(I))= F(I,X) naturalinl andX. (10.8)
ThenV extendsuniquelyto afunctorfrom J to D™ soasto make (10.8)naturalin 1.
|

Finally, we adaptthe Yonedaembeddingrom ordinaryto locally indexed cateyories. This
will beusefulin Sect.15.6.

Definition 88 Let C be a cartesiancategory, andlet 2 be a locally C-indexed category. We
defineD to bethelocally C-indexed cateyory where

e anobjectis afunctorfrom opGroth(D™) to Set
e amorphismfrom F to G over C is anaturaltransformatiorfrom F to G¢

with theevidentidentities,compositionandreindeing. The Yonedaembeddings the functor

D 24 - D
B » A\rX.Dr (X, B)
B.,C 0
D(8,0) 2 L) fopGroth(D7), Sel (A X. Dr (X, B), Ar X. Drca (i 4X, C))
g > /\FX-)\f-(WF,Afiﬂlr*,Ag)
Thisis easilychecledto beafunctor. O
Proposition 117 9 is fully faithful. i

Proof Putting B for V and9'C for ¥ in Prop.115(contraariant),we learnthat94(B,C) is a
bijection. O
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Chapter 11
Models Of CBPV: Overview

11.1 The Big Picture

Justaswe definedobjectstructurefor x -calculus(Def. 63), sowe candefineit for CBPV.

Definition 89 A semanticof typesfor CBPV, alsocalleda CBPVobjectstructulg, is atuple

T = (Tvalobs Tcompob, Us 3, 1, X, F, [,—)  consistingof
aclassmnaion, Whoseelementswve call valueobjects
aclassrcompob, Whoseelementsve call computatiorobjects
afunctionU : Tcompob — Tvalob
afunctiony;c; : 71, — Tvalob fOr every countableset]
avalueobjectl
abinaryoperationx : Tyaiob X Tvalob — Tvalob
afunction F : 7yaiob — Tcompob
afunction[J;cr : chompob — Teompob fOI every countableset]
abinaryoperation—: Tyaiob X Tcompob — Tcompob-

O

For the remainderof Part Ill, we aregoingto constructand explain the diagramshawvn in

Fig.11.1,for arny CBPV objectstructurer.

Looking atthis diagram,we see4 equialentcateyories:

e Direct. is the categgory of direct modelsfor CBPV basedon . We definethesemodels

from the CBPV equationaltheory just aswe defineddirect modelsfor x calculus—an
outlineis givenin Sect.11.2

e RestrAlg., is thecategyory of restrictedalgebra modelshasedn 7. Theseareexplainedin

Chap.12.

e ValProd; is the cateyory of value/poducermodelsbasedon 7. Theseare explainedin

Chap.13.
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Adj,

_|
full
reflection

StaggAdj, —— ValProd, — RestrAlg..

12

Dir ect,

Recall[Mac7]] thatafull reflectionis anadjunctionin which the counitis anisomorphismgor,
equvalently, theright adjointis fully faithful.

Figurell.1: Modelsfor CBPV

e StaggAdj. isthecateyory of staggeredadjunctionmodelsbasedn 7. Theseareexplained
in Sect.14.8.

We alsohave Adj ., the catgyory of adjunctionmodelsbasedon 7. Thesemodels which are
explainedin Chap.14, arethe mostelegant. UnfortunatelyAdj . is not equialentto the other
catgories;it is relatedto themby afull reflection.

The variouskinds of modelsare similar to, andinfluencedby, the variousmodelsof CBV
thatarelistedandshovn equialentin [PT99,PT97].

All ourtreatmenbf catgyoricalsemanticsvorkswith infinitely wide CBPV. Thereademwho
prefersto work with finitely wide CBPV shouldsubstitute‘finite” for “countable”throughout.

11.2 Direct Models For CBPV

Let 7 bea CBPV objectstructure.We proceedasin Sect.10.4.3. By analogywith Def. 66 we
have

Definition 90 1. A 7-multigraphs consistsof

e asetsy, (Ao, ... ,A,—1,B) (Whoseelementarecalledvalueedgesfrom Ay, ..., A,—1
to B) for eachfinite sequencef value objectsAy, ..., A, 1 andeachvalue object
B;

e asetscomp(Ao,...,An—1,B) (Whoseelementsare called computationedges from
Ay,...,A,_1 to B) for eachfinite sequencef valueobjectsAo, ... ,A,_1 andeach
computatiorobjectB;

2. We write MGraph.. for the categyory of 7-multigraphsfor 7, with the obviousmorphisms.
O

Asin Sect.10.4.3 thetermsandequationf CBPV defineamonadon MGraph,.. We define
inductively the “terms built from the signatures”, usingthe term constructorof CBP\twith-
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comple-values with theadditionalrules
MrYMo:Bo --- TH My_1: B,
reY f(Mo, ce ,Mnfl) C

for eachvalueedgef from By,...,B,-1to Cin s, and
reY My:Bg --- reY Mn_]_IBn_]_
e f(Mo,. .. ,Mn—l) ZQ

for eachcomputatioredgef from By,...,B,_1to C in s. We defineZ s to bether-multigraph
in which a valueedgefrom I' to A is an equialenceclass(underprovable equality) of values
I =Y V : B huilt from the signatures, anda computationedgefrom I' to B is an equivalence
class(underprovable equality) of computationd” F¢ M : B built from the signatures. This
new multigraphcanbe thoughtof asthe “free CBPV modelgeneratedy s”, keepingr fixed
throughout.

The restof the monadstructureis definedin the sameway asin Sect.10.4.3. By analogy
with Def. 67 we have

Definition 91 1. A directmodelfor CBPV consistof

e aCBPV objectstructurer;
e analgebra(s, ) for the 7 monadon MGraph,.

2. We write Dir ect, for the category of directmodelsfor CBPV basedon . Morphismsare
algebrahomomorphisms.
|

Like the CBPV term modeldiscussedn Chap.4, direct modelshave the reversiblederiva-
tionslistedin Prop.23.

11.3 The Value Category

Thereis onepartof the catggoricalsemanticgor CBPV thatis alreadyapparenfrom theresults
in Chap.10. Since,aswe explainedin Sect.4.8, x ¥ -calculusis afragmentof CBPV (replacing
F by <), aCBPV modelmustincludea countablydistributive category. This cateoryis called
the value category of the model. For example,in eachof the CBPV modelsof Chap.6, the
valuecatgyory is eitherSetor Cpo. We usethetermsvalueobjectsandvaluemorphismdor the
objectsandmorphismsof thevaluecategory.

Thefactthatthe valuecateyory hascountabledistributive coproductss all thatwe will need
to sayaboutthesemantic®f 3 in CBPV. Thismayseensurprisingbecausg hasanelimination
rule whichis notincludedin the x  -calculusfragmentviz.

I'I—"V:z,-eIAi r,XZA“—CMi

(11.1)
MpmVas{..,(i,x).M,...}

B

But we do not needto regard this as a primitive rule. Instead,we can regard the following
provableequation

pmVas{...,(i,x).M;,...} =forcepmV as {...,(i,x).thunk M;,...} (11.2)

asproviding adefinitionfor the LHS. For thisto bevalid, we mustbe surethatthe 8- andn-laws
for (11.1)

pm (3,V)as{...,(¢,x).M;,...} = M;[V/x]
MI[V/z] pmVas{...,(i,x).M[(i,x)/2],...}
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areconsequencead (11.2)—assumingll the otherlaws of Fig. 4.1—andthisis easilyverified.
This desu@ringis unsuitabldfor operationakemanticsbecausdt usescomples values.But
for ourcategoricalpurposesit is acceptablelt canbeseerasdecomposinghereversiblederiva-
tion
- T,A;FB -
M Yierdi-“ B

into the compositereversiblederivation
- T,AFB -
- A, F'UB ---
M,Y:crAiFYUB
M Yierdit- B

11.4 Trivial CBPV Models

We explainedin Sect.4.8 that effect-freeCBPV collapsednto x [ —-calculus,via the trivi-
alizationtransform Consequentlyevery countablybicartesiarclosedcatagory C givesamodel
for CBPV. The detailsareasfollows.

e Thevaluecataoryis C.
e A computatiortype(like avaluetype)denotesanobjectof C.
e A computation” < M : B denotesa C-morphismfrom [[I'] to [B].

Thesemantic®of typesis givenby

[UB] = [B]

[FA] = [A]
[Mier Bl MierB;]l
[A—B] = [A]—[B]

Suchmodelsof CBPV arecalledtrivial models
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Chapter 12
Models In The Style Of Moggi

12.1 Intr oduction

Moggi [Mog91] explainedhow a strongmonadcanbeusedto give a semanticgor CBV. In this
chapterwe extendhis work by shaving how a strongmonadcanbe usedto constructanalgebra
modelfor CBPV. Thereademayhave noticeda striking similarity betweerthefollowing CBPV
models:

e printing

e divergence(the Scottmodel)
e errors

e printing + divergence

All theseareexamplesof algebramodels.

Moggi wentfurtherthantheseexamplesby suggestinghat monadsbe usedto modelother
effects suchas global store. We explain and criticize this view (in the contet of CBPV) in
Sect.12.6.

12.2 Strong Monads

Definition 92 Let ‘B beacataory or alocally indexed category. A monadon ‘B consistof
e anendofunctofl’ on B;
e anaturaltransformatiom fromidg to T
e anaturaltransformatioru from 72 to T

suchthatthefollowing diagramscommute:

TA TA
TA " T24 T34 M2, 124
TnA ?%;) uA TuA LA
7
T?A TA T3 A TA
7 pA
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Definition 93 Let (7,7n,1) be a monadon a cartesiancatggory C. A strengthfor this monad
consistof a naturaltransformatiort(A4, B) from A x T'B to T'(A x B) suchthatthe following
diagramsommute:

1xTA 222 L p1x4) (4x B)xTc XX BC) riax By s o)
Ta(A,B,C)
oL\P”
BxTC) A><TB><C t(A,BxC) T(Ax (BxC))
AxB axtep — HATB) T(A x TB) T4, 5) T?(Ax B)
AxnB & \ u(Ax B)
A><TB T(Ax B) AxTB (A B) » T(Ax B)

A monadtogetherwith a strengthis calleda strong monad We oftenreferto a strongmonad
(T,n,p,t) justasT. O

Justas,in Prop.113(1),we replaced‘distributive coproductin C” by “coproductin self C”,
sonow we canreplace'strongmonadin C” by “monadin self . Thisresultwasremarledby
Plotkin andstatedn [Mog91]:

Proposition118 Let C beacartesiarcatagory. Thenastrongmonadon ( is preciselyamonad
onself C. O

We malke no further useof locally indexed cateyoriesin this chapteralthoughwe mentionthem
in Def. 95(3).
Thereare4 strongmonadswve will be especiallyconcernedvith:

printing the4* x — strongmonadon Set
divergence thelifting strongmonadon Cpo;
errors the — + E strongmonadon Set

printing + divergencetheuX.(—+ 4 x X), strongmonadon Cpo.

12.3 Monad Models for CBV

It is helpful to look at Moggi’'s monadmodelsfor CBV beforewe look at monadmodelsfor
CBPV.

Definition 94 A CBVmonadmodelconsistof
1. acountablydistributive cateyory C;
2. astrongmonad(T,n, u,t) on C;

3. Kleisli exponents.e. for eachpair of objectsA and B anexponentfrom A to T'B;
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4. countableproductsof Kleisli exponents.
O

We now describehesemanticef CBV in suchamodel.Noticethatthe CBV printing semantics
andCBV Scottsemanticglescribedn Chap.2 areinstance®f this.

¢ A typedenotesanobjectof C.
¢ In particularA — B denoteqA]| — [T'B].

e Acontext Ag, ..., A,_1 denoteg[Ag]] x -+ x [An_1].

val
e Avaluel -V : A denotesamorphism[[I']] ﬂ» [A].

) [[M]]prod
e A producerl - M : A denotesamorphism([[]|

[A].

Although the countableproductsof Kleisli exponentsrequiredby Def. 94 are not neededfor
the small CBV calculusof Chap.2, andwere not requiredby Moggi, they are neededor the
infinitely wide CBV languageof AppendixA.

12.4 Algebras

Ourmonadmodelsfor CBPV arebasednthe principlethatcomputatiortypesdenotealgebras.
Definition 95 [Mac7]]

1. Let(T,n,u) beamonadon acateyory C. A T-algebra consistof a pair (X,0), whereX
is anobjectof C, # is amorphismfrom T'X to X, and

nX uX

X TX T2X
2 9 To (12.1)
X TX
6

commutes X is calledthecarrier andf the structure mapof thealgebra.

2. Let (X,60) and(Y, ¢) be T-algebras.A T-algebra homomorphismfrom (X, 6) to (Y,¢)

is a C-morphismX Y suchthat
T
TX ! TY
0 ¢ commutes.
X Y
f

We write CT for the Eilenbeg-Moore cateyory of T-algebrasand T-algebrahomomot
phisms.
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3. Given a strengtht for the monad(T',n, ), we can adapt(2) to the locally C-indexed
setting,asfollows. Let (X,6) and(Y,¢) be T-algebrasandl" a C-object. A T-algebra

homomorphisnfrom (X, 6) to (Y, ¢) overl isa C-morphism x X ! Y suchthat
FxTX MT(rxX) 7 1y
Mxo ¢ commutes.
NxX Y

f

We write ¢7' for the Eilenbeg-Moore locally C-indexed category of T-algebrasand ho-
momorphisms.

|

In this chapteywe will make no useof Def. 95(3),andthe only usewe will make of Def. 95 (2)
is the notionof algebraisomorphisnthatit givesus.

We obsenre that,in the CBPV modelslistedin Sect.12.1,computatiorntypesindeeddenote
algebras.

Proposition119 1. An algebréfor the 2* x — monadon Setis preciselyan 4-set.A homo-
Y suchthat

morphismfrom (X, ) to (Y, x) overthesetrl is afunctionl” x X
f(p,c*xxz) =cx f(p,x), asin Def. 10.

2. An algebrafor thelifting monadon Cpo is preciselya cppo. A homomorphisnirom the

f

cppoX tothecppoY overthecporl is acontinuousunctionl x UX —— UY such
that f(p, L) = L, asin Def. 12.

3. An algebrafor the — + E monadon Setis preciselyan E-set. A homomorphisnfrom
Y suchthat f(p,errore) =

(X, error) to (Y, error) overthesetl isafunctionl” x X
€rror e.
4. An algebrafor the uX.(— 4+ 4 x X), on Cpo is preciselyan 4-cppo. A homomorphism

from (X, *) to (Y,*) overthecpoT is a continuousfunctionl” x UX —— UY such

thatf(p, L) = L andf(p,cxx)=cx* f(p,x).
O

We thusrequirewaysof constructingalgebrasanalogoudo thewaysof constructing4-sets
etc.

Definition 96 Let (T',n, u,t) beastrongmonadon a cartesiarcategory C.
1. Let A beanobjectof C. ThefreeT-algebra on A hascarrierT' A andstructureuA.

2. Let {(A4;,0;)}icr be a family of T-algebrasand supposetheir carriers{A;};cr have a
productp = (V,{m; }icr). Thenwe write [;c;(Ai,6;)@p for the T-algebrawhosecarrier

V suchthatfor each

is V andwhosestructureis the unique C-morphismT'V
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i € I thefollowing commutes:

TV ¢ %
T; ™
TA; A;
0;

3. Let A be an objectof C, let (B,60) be a T-algebra,and supposethereis an exponent
e = (V,ev) from A to B. Thenwe write A — (B, 0)g. for the T-algebrawhosecarrieris

V andwhosestructurds theuniqueC-morphismI’V V suchthatthefollowing

commutes:
AxXTV M)»T(AXV) ﬂ»TB
Ax¢ 0
AxV - - B

wherewe write év for the composite

ev
B

AxV—:>V><A

Lemma 120 Def. 96(2)—(3)is givenup to T-algebraisomorphismin thefollowing sense.

(2) Let{(A;,6;)}ics beafamily of T-algebrasandsupposeheircarriers{ 4; };c; haveaproduct
p in C. Thenfor ary T-algebra(W, ¢) thefollowing correspond:

e aT-algebrasomorphismW, ) = ;cr(Ai,6:) @p

e aproductp’ for thecarriers{ 4;};c; suchthat
(W,8) = Nicr(4i, 0:) @p

(3) Let A beanobjectof C, let (B, ) beaT-algebraandsupposehereis anexponente from
A to B. Thenfor ary T-algebra(W, ¢) thefollowing correspond:

e aT-algebrasomorphismW,¢) = A — (B,0)@ge

e anexponente’ from A to B suchthat

(W,¢)=A— (B,0)ge
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12.5 Algebra Models

12.5.1 Unrestricted Algebra Models

Def. 96 suggestshat, provided we have enoughproductsandexponentsn ¢, we caninterpret
CBPV.

Definition 97 An unrestrictedalgebra modelconsistof
e acountablydistributive cateyory C;

e astrongmonad(T,n, u,t) on C;
e for eachcountablefamily {(A;, ;) }icr of T-algebrasaproductfor {A; }icr;
e for each(C-objectA andT-algebra( B, ), anexponentfrom A to B.

Fromanunrestrictechlgebramodelwe obtaina semanticgor CBPV asfollows:
e avaluetype (andhencea contect) denotesanobjectof C;

e acomputatiortypedenotesaT-algebra,;

e avaluel YV : A denotesa C-morphismfrom [[I']] to [A]};

e if B denoteghealgebraY, ¢) thenacomputatiorl < M : B denotesa C-morphismfrom
[FtoY.

Themostimportantclausesn the semanticof termsareasfollows:

o If THYV : Athenproduce V denoteghecomposite

i~ g AL 7y

e IfTFC M :FAandlx: AFS N : B andB denoteghealgebra(Y,¢) thenM to x. N

denoteghecomposite
L8 1) g L ) A O ) P S

e For the A — B constructssupposed denoteshe object X and B denoteshe algebra
(Y, ), andthegivenexponentfrom X to Y is

C(rxX,Y)=C(l,V) naturalin I (12.2)

— IfM,x: AFC M : Bthenx.M denoteshemorphism[[I']]
ing to [M]] along(12.2).
—fr=vyw:Aandlr =< M . A — B, thenW' M denoteghecomposite

g D gryex L

wheref correspondso [M] along(12.2).

V correspond-

Y

e thunk M denoteg[M].

e force V denoteq[V].
Noticethatanalgebramodeldoesnot distinguishbetweera computatiorandits thunk.

Proposition121 An unrestrictecilgebramodelfor CBPV satisfiesall theequation®f theCBPV
equationatheory O

Thisis straightforvardto check,usinga substitutionemma.
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12.5.2 Examplesof Unrestricted Algebra Models

Firstly, a trivial CBPV model, in the senseof Sect.11.4,is olbviously an unrestrictedalgebra
model,usingtheidentity strongmonadon C.
It is apparenthatour runningexamplesof strongmonads,

e the4* x — monadon Set

¢ thelifting monadon Cpo,

e the—+ E monadon Set,

e theuX.(—+ 4 x X), monadonCpo

provide unrestrictechlgebramodels becausé&etand Cpo have all productsandexponentsand
(usingProp.119)thatthesealgebramodelsgive, respectiely, our semanticgor

e printing,

e divergence(the Scottmodel),
e errors,

e printing + divergence.

SinceSetandCpo have all productsandexponentsnotjustthoserequiredby Def. 97, these
examplesdo notillustrate Def. 97 very well. Betterexamplesareprovided by

o thelifting monadon SEAM,
o thepX.(—+ 4 x X) . monadon SEAM.

The readerwill recall from Sect.5.2 that, unlike Cpo, the category SEAM doesnot have all
countableproductsor all exponents.But it doeshave countableproductsof, andexponentgo,
SE domainsandthis is preciselywhatwe requirefor thelifting monadto give anunrestricted
algebramodel. TheuX.(— + 4 x X) | monadon SEAM alsogivesanunrestrictedalgebramodel,
becauseroughly speakingit is “bigger than” the lifting monad,andso an algebrafor it (a SE
A-domain)is alsoan algebrafor thelifting monad(a SE domain). This illustratesthe general
fact thatwe canalways“grow” thestrongmonadwithout having to checkagain for therequired
productsandexponentsn thevaluecateyory C.

12.5.3 Restricted Algebra Models

Givenastrongmonad(T, n, i, t) onacountablydistributive cateory C, we wantto constructan
algebramodelfor CBPV. We know that we needcertainproductsandexponentsin C, but just
how mary dowe need?

e Asin Def. 94, it is necessaryor C to haveall Kleisli exponentsandall countableproducts
of Kleisli exponents. We needthis muchto interpretCBYV, so we certainly needit to
interpretCBPV.

1The preciseamgumentis this. Supposewe are given ary strong monad morphismfrom a strong monad
on (T,mn,p,t) to a strongmonad(T”,n',1/,#') on the samecartesiancategory C—i.e. a naturaltransformation

T > T' satisfyingthe evident diagrams. Then every T'-algebra(X, 6) givesa T-algebrawith the same
carrierX andstructuremapaX ;6. Hence givenanunrestrictedalgebramodelbasedn T we obtainanunrestricted
algebramodelbasedon T". In the caseabove, thereis a strongmonadmorphismfrom the lifting monadto the
pX.(—+ A4 xX), monadon SEAM.
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e Asin Def. 97,it is suficientfor C to have all countableproductsof, andall exponentgo,
carriersof T-algebras.

Sometimes’ hasthe propertythatall idempotentssplit, andthenthesetwo conditionsare
equvalent,becausevery algebrais a retractof a free algebra.But in generalC doesnot have
this property andwe seekananswetthatlies betweerthesetwo extremes.

unrestricted CcBvV
algebra cC ? C monad
models models

To seethedesiredstructure supposeve have a family of algebras{j B} gy which contains
all free algebrasandis closedundercountableproductand A — — (for eachA). Thenwe can
interpretevery computationtype by analgebraj B (moreprecisely by theindex B). Sowe do
not needthe ability to form productsof, or exponentgo, algebrasoutsidethis family.

We malke this preciseasfollows.

Definition 98 A restrictedalgebra modelconsistsof
e acountablydistributive cateyory C;
e astrongmonad(T,n, u,t) on C;

e afamily {jB} ey of T-algebrasindexed by someclassJ—we write U B for the carrier
andg B for thestructureof thealgebray B;

e for eachC-objectA, analgebraindex F'A € J suchthat

thefreeT-algebraon A = jF A (12.3)

¢ for eachcountablefamily of J-objects{ B, }icr, a productp for {U B, };cr andanalgebra
index [;c7B; suchthat

MNic1iB;i @p = ilic1B; (12.4)

e for each(C-object A andJ-object B, an exponente from A to U B andan algebraindex
A — B suchthat

A— jBge=3j(A— B) (12.5)

O
Notethat, by equatingcarriersof algebras,
e (12.3)impliesTA=UFA4;
e (12.4)impliesthevertex of p is U[;c1B;;
e (12.5)impliesthevertex of eisU (A — B).

Thereademayask:whatif (12.3)—(12.5arealgebrasomorphismsatherthanequations?

25g/eral peoplehave pointedout that we can useKaroubi completionto fully faithfully embeda CBV monad
modelinto anotheiin which all idempotentslo split in the valuecategory.
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¢ If (12.3)isanalgebrasomorphismthenwe canconstrucenew strongmonad(7”,n’, i, ')
on C isomorphicto (T',n, u,t), suchthat,w.r.t. thisnew monad,(12.3)is anequation.

e If (12.4)—(12.5)arealgebraisomorphismsthenLemmal20 tells us that we canchoose
suitableproductsandexponentsn ¢ suchthat,w.r.t. theseproductsandexponents(12.4)—
(12.5)areequations.

In summaryit doesnot matterif (12.3)—(12.5)yareonly algebraisomorphismsbecauseve can
turntheminto equations.
Fromarestrictedalgebramodel,we obtaina semanticfor CBPV asfollows:

e avaluetype (andhencea context) denotesanobjectof C;
e acomputatiortype B denotesanalgebraindex [B] € J;
e avaluel ¥V : A denotesa C-morphismfrom [[I']] to [A]};

o if j[[B] is thealgebra(Y, ¢) thenacomputation” ¢ M : B denotesa C-morphismfrom
[FtoY.
In particular [UB] is the carrierof j[[B]]. We omit the semanticof terms,but notethatonce
again
[thunk M] = [M]
[force V] = [V]

Proposition122 A restrictedalgebramodelfor CBPV satisfiesall the equationsof the CBPV
equationatheory m|

12.6 The Algebra Viewpoint

12.6.1 Explaining the Algebra Viewpoint
Usingstrongmonadswe have seerthatseveral of our CBPV modelsyiz.

e printing

e divergence(the Scottmodel)
e errors

e printing + divergence

areinstance®f agenerakonstructionthey arealgebramodels.

Moggi [Mog91] adwcateda muchwider useof strongmonadsthantheseexamples. This
stancecanbe justified by the factthatevery modelof the CBPV equationatheoryis equialent
to analgebramodel. Thisis depictedn Fig. 11.1andwe proveit in Chap.15. To grasptheidea,
we just look at global store. The global storemodel of Chap.6 is equivalentto the following
restrictedalgebramodel.

Take the S — (S x —) strongmonadon Set For eachsetX let X betheevidentalgebra
with carrier S — X. Thenthe family of suchalgebrascontainsall free algebrasandis closed
undercountableproductand A — — (for eachsetA), becausave have

thefreealgebraon A J(Sx A) (12.6)

MNicrdBi = JMicrBi (12.7)
A—jB = j(A— B) (12.8)
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This givesusarestrictedalgebramodel. As explainedin Sect.12.5.3 thefactthat(12.7)—(12.8)
arealgebraisomorphismsatherthanequationsloesnot matter

It is easyto seethat this restrictedalgebramodel and the global storemodelin Chap.6
provide exactly thesamesemantic®f types. The semantic®f termsis alsothe same gxceptthat
acomputatior ¢ M : B denotes

e afunctionfrom S x [[']] to [B]] in themodelof Chap.6;
e afunctionfrom [I'] to S — [B] in therestrictedalgebramodel.

It is becausef this differencethatthunk andforce areinvisiblein thealgebramodelbut not
in themodelof Chap.6.

12.6.2 Criticizing the Algebra Viewpoint

While it is possibleto view every model of the CBPV equationaltheory as a restrictedalge-
bramodel(aswe illustratedfor the global storemodelin Sect.12.6.1),this viewpoint hastwo
consequences:

1. thereis no differencebetweera computatiorandits thunk;

2. for acomputatiortype B, its denotatiorn] B] is justanindex, andnotin itself important—
whatmattersis thealgebraj [ B]] that[[B] identifies.

(1) is problematicbecausepperationallyand conceptuallythereis a differencebetweena
computationandits thunk: computationsare what operationalsemanticds definedon. If we
want to describea semanticgsuchas the global store semanticsthat makes this difference
apparentthen“restrictedalgebramodel”is notanappropriatavay to organizethe description.

(2)isreasonabld we aremodellingthepureCBPV equationatheory Butin specificmodels
of CBPV with effects,[[B]] canbeimportant.

e [B] is usedin soundness/adequastatementssuchasProp.36 whereboth sidesof the
equation[MT]s = [T7] s’ areelementf [B].

¢ In modelsof control,[[B] is usedin theclause]os B] = [B].

For thesereasonswe will nottake “restrictedalgebramodel” asthelastword on categorical
semanticgor CBPV, but seekmoreappropriatestructures.
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Chapter 13
Models In The Style Of Power-Robinson

13.1 Intr oduction

In Chap.12andChap.14,we pursuewell-knowvn mathematicahotionsof monadandadjunction
to obtaincategoricalmodelsfor CBPV. In this chaptemwe usea differentmethodologybasedn
thework of Paver andRobinson[PR97]. We take the termmodelof CBPV andask: whatsort
of cateyoricalstructureis it?

Becaus€BPVis abig languagewe proceedncrementallyfirstlooking atthetermmodelof
thevalue/poducerfragment shovn in Fig. 13.1,wheretheonly computationsareproducersand
theonly typeconstructorarel, x. (In fact,thisfragmentiesinsidethefine-gmin CBVlanguage
describedn Sect.A.3.2.) Whatcateyoriesarepresenin thetermmodelof this fragment?

Firstly, aswe have seenthereis thevaluecategory C, a cartesiarcategyoryin which

e anobjectis avaluetype;

e a morphismfrom A to B is an equialenceclass(modulo provable equality) of values
x.AFVV :B;

e compoaositionis givenby substitution.
Secondlythereis the producercategory X, a cateyory in which
e anobijectis avaluetype;

e amorphismfrom A to B is anequivalenceclass(moduloprovableequality)of producers
x:AFP M : B;

e compositionis givenby sequencing.

Theseawo catgyoriestogetheiform avalue/poducerstructuie, whichwe definein Sect.13.2.2.
Thisis essentiallythe structuredescribedy Paver andRobinson(it is calleda“Freyd cateyory”
in [PT99]). This structureformsa precisecatgyoricalsemanticgor thevalue/producefragment.

We will thenmove from the value/producefragmentto the whole of CBPV. Becausehe
collection of all computationsunlike the collection of producers,doesnot form a cateyory,
we needto introducethe more generalnotion of staggered category. Using this togetherwith
value/producestructureswe will provide a categoricalsemantic§or CBPV whichis very close
to the syntax.
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Types
A= 1| AxA

Judgements

r’Yv:A

FrNPM:A (think of thisasl' ¢ M : F'A)
Terms

rNYv:A rmx:ARYwW:B
Mx:AlMN-Yx: A NN-VvietxbeV.W:B

rNYv:A rx:ArPM:B
NP letxbeV.M:B

T V:A THV A THV:AxA T,x: Ay AHW:B
T (V, V) Ax A Nr'pmV as (x,y).W:B

r’Yv:AxA Tx:Ay: A+ M:B
M-PpmVas (x,y).M:B

rE'v:A r’PM:A Ix:AFPN:B
P produce V: A MrNPMtox.N:B

Equations, using corventionsof Sect.1.4.2

(B) letxbe V. W = WI[V/x]

B) letxbe V. M = M[V/x]

(8) pn(V.V')as (xy) W = WIV/x,V'/y]

(6) pn(V.V)as(ey)M =  MV/xV'/y]

(B) produceVtox. M = MV /x]

() WV/2) — pnV as (x,y) Wl(x,y)/2

) M[V/2) — puVas (xy) M(xy)/2]

(m) M = M to x. produce x
(Mtox.N)toy. P = M tox. (N toy. P)

Figure13.1: TheValue/ProduceFragmenOf CBPV
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13.2 Value/Producer Structures

13.2.1 Preliminaries
In this sectionwe review somewell-known material.

Definition 99 1. A monoidalcategory consistsof

acateory C;

anobjectl;

afunctor® : Cx C — C;
naturalisomorphisms

|4

AR(BRC) = (A®B)®C
A~ 194

suchthatthetwo structuralisomorphismgrom 1® 1 to 1 areequalandthe diagrams

~

A®(B®(C®D)) — (A®B)®(C® D) (A®B)®C)®D A®B
A®((B®C)®D) — (A®(B®C)) (A®1)®B — A® (18 B)
commute.

2. Let((C,1,®) beamonoidalcateyory and D acateyory. A left C-actionon D consistof a
functor@ from C x D to D, togethemwith naturalisomorphisms

Ao(BoZ) = (A®B)oZ

Z =2 107
suchthatthediagrams
A0(Bo(C0Z)) — (ARB)0(C0Z) — (A®B)®C)0Z A0Z
Ao((B®C)0Z) — (A®(B®C)) (A81)0Z — A0 (107Z)

commute A right C-actionon D is deflnedS|m|IarIy.

It is clearthat
e every cartesiarcategory is monoidal;
e every monoidalcateyory hasa canonicaleft actionandright actiononitself.

Proposition123(coherence) 1. Given a monoidal category C, every diagrambuilt from
structuralisomorphismgommutes.

2. Given a monoidalcateggory C anda left C-actionon a category D, every diagrambuilt
from structuralisomorphism£ommutes.
O

A precisestatemenanda proof of Prop.123(1)canbefoundin [Mac71]. Prop.123(2)is stated
andprovedsimilarly.
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13.2.2 Value/Producer Structur es

Thestructurerelatingthevaluecatayory C andtheproducercatagory X wasdescribedy Pover
andRobinsonPR97]. For corveniencewe reformulateit asfollows.

Definition 100 Let C be a cartesiancategory and X a catejory suchthatob X = ob C—we

write amorphismin K as A B. A value/poducerstructure! from C to X consists

of
e anidentity-on-objectgunctor. from C to K
e aleft C-actionon X, extending(along.) the canonicaleft C-actionon C.
We call theleft action x, becausét is givenon objectsby x. O

Supposewe are given a value/producestructurefrom ¢ to . We canobtainaright C-
actionon X, extending(along:) the canonicalright C-actionon C. This actiontoowe call x,
becausdt is givenon objectsby x. In summarywe write f x g in 3 situations:

e if f andg areboth C-morphismsthenf x g is a C-morphism;
e if fisa(C-morphismandg is a K-morphismthenf x g is a K-morphism;
e if fisa K-morphismandg is a C-morphismthenf x g is a K-morphism.

By contrastjf f andg areboth K-morphismsthen f x g is notdefined.Soit is notthe case(in
generalthat X formsamonoidalcategory underx. In thesensef PoverandRobinsofPR97],
X is asymmetrigoremonoidalkategory and. is a strict symmetrigoremonoidafunctor.

We interpretthe value/producefragmentin a value/producestructure(C, X, ¢,...) asfol-
lows:

e atype(andhenceacontet) denotesanobject;
e avaluel V'V : A denotesa C-morphismfrom [[I']] to [A]};
e aproducerl PV : A denotesa K-morphismfrom [[I']) to [A]].

Sometermconstructors:
[Vl

o If TFYV : Athenproduce V denoted[l]] [A].

e IfTFPM:AandlN,x: AFP N : BthenM to x. N denotes

1) ) g g XML gy g IVD

o fTHFYV:Aandlx: AFP M : Bthenlet x be V. M denotes

(id, IV)

Qe IEIN

[ x A] [B]

We mentionthatthe motivationfor Def. 100is thefollowing:

Proposition 124 Modelsof thevalue/producefragmentof CBPV andvalue/producestructures
areequalent. O

IThisis calleda“Freyd categgory” in [PT99.
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We canmalke this preciseandproveit in the sameway thatwe madeProp.97 preciseandproved
it (in outline).

Def. 100containssomeredundanciedpr thesale of elegance.We now give abare-essentials
characterizationwhich reduceghe workloadwhenconstructinga value/producestructure.

Proposition 125 Let C be a cartesiancategory and X a category suchthatob K =ob C. A
value/producestructurefrom C to X is givenby thefollowing data:

e anidentity-on-objectgunctor. from C to K

e foreachX € ob C andX-morphismA J B, aX-morphismX x A M XxB
suchthat
e theequations
Xxid = id

Xx(fig) = (Xxf)i(Xxg)
Xx(f) = uXxf)

aresatisfied,
o for every C-morphismX ! Y and KX-morphismA J B, thediagram
X
xx4-229. x«B
(f xA) t(f x B) commutes;
YxA Y xB
Y xg
e theisomorphisms
Ax(BxZ) = (AxB)xZ
7Z = 1xZ

in K, obtainedoy applying. to the structuralisomorphismsn C, arenaturalin Z € K.

O

Note thatit is not necessaryo verify the coherencadiagramsin X, astheseare obtainedby
applying. to the coherenceliagramsn C.

13.3 Staggeed Categories

We now wishto give acateyoricalsemantic$or thewholeof CBPVin thespirit of value/producer
structuresBut the problemis thatwe cannotform a cateyory of computationgswe did for pro-
ducers. Writing ‘E(A, B) for the setof equivalenceclasseof computationsd ¢ M : B, it is
clearthat £ is notacategory. Ratherit is a staggered category:.

Definition 101 A staggered category ‘£ consistof

e aclassof souiceobjectssourceob Z;
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e aclassof target objectstargetob E, whoseelementsve underline;
e asource-to-tagetfunctionF' : sourceob E — targetob E;

e for eachA € sourceob £ andB € targetob £ asetE(A, B) of morphismsrom A to B;

e for eachA € sourceob £, anidentity morphismA ida FA;
f g , , fi9
e foreachAd FBandB C, acompositenorphismdA ———— C,
which we sometimeswvrite as
At g 9 _q
satisfyingidentity andassociatiity laws
id;f = f
fiid = f

(f;9);h = fi(g:h)

Definition 102 Let E bea staggereaatayory. We write £ for the ordinarycategory givenby

ob Er = sourceob E
Er(A,B) = E(A,FB)

with the evidentcomposition. O

With thisconstructionEg in mind, we oftenwrite A f Btosaythat f isaZ£-morphism
from A to FB. This agreeswith the notationfor compositionin Def. 101.

If £ is the staggerectategory of computationbtainedfrom the term modelasdescribed
above,thenEy is the producercatagory X describedn Sect.13.1.

Givena E-morphismA f F A", wewrite E(f, B) for themorphismfrom E(A’, B)
to £(A, B) thattakesg to f;g. Thusevery targetobjectB in a staggerectatgyory £ induces
afunctor \X.E(X, B) from £ to Set This enablesus to adaptthe notion of “representable
functor” to staggeredateyories,asfollows.

Definition 103 (cf. Def. 61(contraariant,isomorphisnstyle)) Let E be a staggeredatagory,
andlet ¥ beafunctorfrom E}f’ to Set A representatiorfor F in ‘£ consistsof a targetobject
V (thevert) togethemwith anisomorphism

FX =2 EX,V) naturalin X € £,

Unlike for ordinarycategyories,thereis no correspondinglement-stylalefinition.
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13.4 Models For The Whole Of CBPV

Definition 104 A CBPVvalue/ppducermodelconsistsof
e acountablydistributive cateyory C;
e astaggereatateyory £ suchthatsourceob £ = ob (;
e avalue/producestructure(s, x) from C to Ep.

o for eachcomputatiorobjectB, arepresentationf thefunctor Al'.E(.I", B), whosevertex
we call U B—explicitly, thisis anisomorphism

E(,B)= C(T,UB) naturalin € ¢ (13.1)

o for eachcountablefamily of computationobjects{B;}icr, a representatiomn £ of the
functor A\I'.[0;crE(l", B;), whosevertex we call [1;c;B;—explicitly, this is an isomor
phism

MicrE(T,B;) = E(T, ierB;) naturalin T € £, (13.2)

e for eachvalueobject A andcomputationobject B, a representatiomn ‘£ of the functor
AME(I x A, B), whosevertex we call A — B—explicitly, thisis anisomorphism

E(T' x A,B) = E(I',A— B) naturalin T € £, (13.3)

O

Givena CBPV value/producemodel (C,E,¢,...), we caninterpretCBPV. In particular a
computation” ¢ M : B denotesamorphismfrom [[I']] to [[B] in E. Thebasicconstructgthose
with analogueén thevalue/producefragment)areinterpretedasfollows.

V
e Givenl -V V : A, thecomputatiorproduce V denoteg[]] ﬂ» F[A].

e GivenT M :FAandl,x: A+ N : B, thecomputationM to x. N denoteshecomposite
17 U gy gy ML gy g IV gy

usingthefactthat[[N] is a £r-morphismfrom [[I'] to [A].

e GivenTHFV : AandlNx: AFS M : B, the computationlet x be V. M denotesthe
composite

(idr, [VT) [M]]

[rl [T > [A] =—— [B]
To interpretthe constructdor U, we recallfrom Def. 104 thatU B is the vertex of arepre-

sentatiorfor Al.E(.I", B). As we saw in Sect.10.3,this representatiosanbe expressedn two
ways:

isomorphism style asanisomorphism(13.1),whichwe write as

thunk r.B

E(.M,B) C(r,UB) naturalin T naturalin I

~
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cep

. . for ]
elementstyle asaterminalobjectUB B in the categyory where

e anobjectis apair (X, f) whereX Bin E;

e amorphismfrom (X, f) to (Y, g) is a C-morphismX Y suchthat

We seefrom Prop.93(contraariant)that the two forms of the representatiomarerelatedasfol-
lows:

e force g is obtainedby applyingthunk glﬂ,ﬁ totheidentityonUB in C.

f

e thunk [ takesl UB to (uf);force p.
We interpretthe constructdor U B asfollows:

thunk M
e If [ F¢ M : B thenthunk M denoteqd[l']| =

UlB].
o If THYV :UBthenforce V denoteghecomposite

L force
i~V o gy e g

It may seemmore straightforvard to ignorethe element-styledescriptionof the representation

andsimply saythatforce V denoteshunkfl[[V]]. Thisis perfectlyvalid, but theadwvantage®f
usingforce p becomeevidentin Sect.15.4.2.

To interpretthe constructdor A — B we usetheisomorphism(13.3).

e If M,x: AF® M : B thenAx.M denoteshemorphism[l'] —— [A]] — [B] correspond-
ing to [M]] along(13.3).

o fTFV:Aandl ¢ M : A — BthenV*' M denotegshecomposite

u(id, [V]) f

[r] [F] > [A] — [B]

wheref correspondso [[M] along(13.3).

Theisomorphismsn Def. 104for U, —, [ correspondo thereversiblederivationsfor these
typeconstructorsThenaturalityof (13.1)in I corresponds$o thefactthatthereversiblederiva-
tionfor U preseressubstitutionin I'. Thenaturalityof (13.2)and(13.3)inT € fE}P corresponds
to thefactthatthe reversiblederiationsfor [] and— presere with sequencingn I" aswell as
substitution

Proposition126 All the CBPV equationsarevalidatedin avalue/producemodel. O

Theproofis straightforvard,usinga substitutionemma.
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13.5 Examplesof Value/Producer Models

It is easyto seethateachof themodelssummarizedn Fig. 6.3 arevalue/producemodels.
In the setmodels,a sourceobjectof ‘£ is aset. Therestof E is givenasfollows:

effect ataigetobjectis | amorphismfrom A to B is FA

printing an 4-set afunctionfrom A to B free 4-seton A

globalstore aset afunctionfrom S x Ato B Sx A

globalstore+ printing | an 4-set afunctionfromS x Ato B F(SxA)

control aset afunctionfrom A x BtoAns | A — Ans

control+ printing aset afunctionfrom A x B to Ans | U(A — Ans)

erraticchoice aset arelationfrom Ato B A

errors an E-set afunctionfrom Ato B free E-seton A
In the cpo models, a sourceobject of ‘£ is a cpo. The restof ‘£ is given as follows:

effect targ. obj. | amorphismfrom A to B is FA

divergence acppo acontinuougunctionfrom A to B lift of A

divergencet printing | an4-cpo | acontinuousunctionfrom [[[']] to [B]] | free 4-seton A

13.6 Soundnessw.r.t. Big-Step Semantics

It is acuriousfactthateachof our theoremsstatingthe soundnesandadequayg of denotational
semanticsv.r.t. big-stepsemanticss aninstanceof the following assertionthe diagramin ‘£

Cp 4 T
< o commutedor every computatiortype B.
& N
14
[B]

This may seemsurreal,but if we look at examples,it becomeslear (Notethatwe cannot
usecontrolasanexample,becausehereis no big-stepsemanticgor it.)
For afirst example,considedivergence.

o | isafunctionfrom Cp to thelift of Tg, soit is an‘’E-morphismfrom Cp to FTg.

e [—] is afunction,andhencean E-morphism,from E-morphismfrom Cg to [B]. Simi-
larly from Tp.

e Thediagramsaysthatfor ary M € Cp,

— if M divemgesthen[M] = 1;
—if M| T,then[M] =[T].

Thisis preciselyProp.29.
For anotherexample,considerglobalstore.
¢ | isafunctionfrom S x Cg to S x Tp, soit is an’E-morphismfrom Cg to FTp.

e [—] isafunctionfrom S x Cp to [[B]], soit is an’E-morphismfrom Cp to [[B]]. Similarly
from Tp.

e Thediagramsaysthatfor ary (s, M) € S x Cg, if s, M |} ', T, then[M]s = [T]s". This
is preciselyProp.36.
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13.7 Technical Material

Thetechnicakesultsn thissectionwill beneededor Chap.15. Supposeve haveavalue/producer
model(C, E,...).

Lemmal27 1. Let B andC becomputatiorobjects.Supposeve have amorphism

£(T,B) L+ £(T',C) naturalin T € £

Thenthediagram

force
UFUB roB UB
tthunk (force pyp;force p) aypforce g commutes.
UB c
augforce B

2. Let B andC be computationobjects,andlet A be a value object. Supposewne have a
morphism
E(,B) 2% £(I x A,C) naturalin T € Ep
Thenthediagram

force FUB X A

UFUBx A UBxA
tthunk (force pyp;force p) x A aypforce g commutes.
UBx A - C

aypforce p
a

Proof To prove (2), we shav thatbothcompositesireequalto oy piyg(force pup; force ). For
thetop-then-righttompositewe applythe commutatve diagram

ayB

£(UB, B) E(UB x A,C)
E(force ruyp,B) E(force pyp x A,C)
E(UFUB,B) —Y*YE | x(UFUB x A,C)

to force g in thetop left corner For theleft-then-bottomcomposite we apply the commutatve
diagram

E£(UB,B) — Y5, £(UBx A,C)

E(cthunk (force pyp;force g),B) E(cthunk (force pyp;force g) x A,C)

£(UFUB,B) P E(UFUB x A,C)

to force g in thetopleft cornerandusethefactthat(c thunk f); force y = f forary X
Theproofof (1) is similar. O

<



209

Chapter 14
Adjunction Models For CBPV

14.1 Intr oduction

We have seenthatMoggi’s type constructorl’ decomposemto U F' in CBPV. This promptsthe
question:surelyit is thedecompositiorof amonadinto anadjunction?n this chaptemwe answer
this by describinga categorical structurecalled CBPVadjunctionmodel It is the mostelegant,
and aiguably the mostimportant, of the variouscateyorical structuresin Fig. 11.1, and every
concreteCBPV modelwe have studiedis aninstanceof it.

We first discussinformally the key ideaof oblique morphismin an adjunction. This dis-
cussionforeshadws mary of the formal definitionslaterin the chapter We thendefinestrong
adjunctionfrom a cartesiarcategory C to alocally C-indexed category D, andusethis to define
CBPV adjunctionmodel.We seehow to interpretCBPV in suchamodelandhow all themodels
we have lookedat areinstance®f this notion.

In Sect.14.6,we sunwey the variousdefinitionsof adjunction,with the aim of proving, in
Sect.14.6.4 thatstrongadjunctiondrom C to © areequialentto adjunctiondrom self C to D.

We look at CBV andCBN in Sect.14.7,andconcludewith atreatmenbf staggeredadjunc-
tion models—arelatedbut muchlesselegantstructure—andometechnicalmaterial.

14.2 Obliqgue Mor phisms

Thekey ideaonwhich adjunctionmodelsarebaseds obliguemorphisnin anadjunction.In this
sectionwe will explainobliguemorphismsn aninformalway only. Theformalaccountwill be
givenin Sect.14.3.1andSect.14.6.

14.2.1 Ordinary Categories

Beforeconsiderindocally indexed categories,we will startby explainingobliquemorphismsn
the settingof ordinarycategories.

Supposewve have an adjunctionbetweencategories 8 and D (we underlinethe objectsof
D). Adjunction canbe definedin mary ways—wewill give a list of equivalentdefinitionsin
Sect.14.6.2—lut for the sale of familiarity we will saythatwe have functorsU : D — B and
F: B — D andanisomorphism

B(X,UY)= D(FX,Y) naturalin X andY.

For X € ob B andY € ob D, we saythatanobliquemorphismfrom X to Y is a B-morphism
from X to UY, or, equivalently, a D-morphismfrom F X to Y. Althoughanobliquemorphism
canbe thoughtof asa B-morphismor asa D-morphism,we tendto think of it asneitherof
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these,but ratheras a morphismthat goesacrossfrom an objectin B to an objectin D. For
if g is anobliqgue morphismfrom X to Y, thenwe canpre-composeg with any B-morphism

X' X andwe canpost-composg with ary D-morphismY Y'. Conse-
quently if wewrite O(X,Y) for the setof obliqguemorphismdrom X to Y —we call this setan
“oblique homset’—ther0O is afunctorfrom B” x D to Set

This structure very roughly speakingthe preciseaccounts givenin Sect.14.3.2),givesus
amodelfor CBPV

e avaluel YV : A denotesa B-morphismfrom [['] to [A]
e acomputation” ¢ M : B denotesanobliquemorphismfrom [[I']] to [B].

So importantare theseobliqgue morphismsto our useof adjunctionsthat we are going to
usea definition of adjunctionthatemphasizeshem. To seewhy this is valuable,considerthe
continuatiormodelusingsets(Sect.6.4.4). Wefirst fix asetAns and,for any setX, wewrite =X
for X — Ans. Thecontinuatiormodelis basecntheadjunctionwhere® = Setand? = Sef":

Se(X,-Y) = Se(Y, ~X) (14.1)

Now anobliqguemorphismfrom X to Y canbedescribedisa B-morphismafunctionfrom X to
=Y. Orit canbedescribedasa D-morphismafunctionfromY to —X. Butit is surelysimplest
to describdt asafunctionfrom X x Y to Ans. Moreover, this agreeswith our semanticof F¢
in Sect.6.4.4: a computation” ¢ M : B denotesa functionfrom '] x [B] to Ans. We want
to have thefreedom whenwe constructhe above adjunction to describehe obliguehomsetsn
this way.

We will thusrequirean adjunctionto provide not oneisomorphismasabove, but two iso-
morphisms:

B(X,UY)
O(X,Y)

O(X,Y) naturalin X
D(FX,Y) naturalinY

11

HereU and F' arespecifiedon objectsonly. By parametrizedepresentabilityProp.95), there
is a uniqgueway of extendingU and F' to functorssoasto make theseisomorphismsaturalin
both X andY, but we will have no needto do this.

In the caseof the continuationrmodel,thesetwo isomorphismsre

Se(X,-Y) = Sef(X xY,Ans)
Se(X xY,Ans) = SefY,-X)

Thisis anaturalway to decompos¢14.1).

14.2.2 Locally Indexed Categories

Moving to the locally C-indexed setting, supposeB and D are locally C-indexed cateyories
andwe aredescribingan adjunctionbetweenthem. We cannow speakof oblique morphisms
from X €ob BtoY €ob D overl' € ob C. Thesecanbe pre-composedpost-composednd
reindexed, so, if we write Or (X,Y) for the setof obliquemorphismsrom X to Y overT, then
O is afunctorfrom opGroth(B” x D) to Set Thetwo isomorphismsook lik e this:

Br(X,UY)
Or(X,Y)

Or(X,Y) naturalinl andX
Dr(FX,Y) naturalin andY

(PP

For the purposesof CBPV, we shall be concernedwith an extremely specialcaseof this
situation: C is cartesiarand B is self C, so C and‘B have the sameobjects.We canexploit this
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to simplify ourterminology Insteadof sayingthatg is anobliqguemorphismfrom X to Y over
I", we cansay by combiningl” and X, thatg is an oblique morphismoverl' x X toY. Thus,
obliguemorphismado notrequirea sourceobject—wecanreferto obliguemorphismsverT to
Y.

r

If gisanobliguemorphismoverl” toY', wecanreinde g by ary C-morphism™’

andpost-composeg with arny D-morphismy” Y'. Consequentlyif wewrite OrY for

the setof obliqguemorphismsoverI” to Y—andwe again call this an“oblique homset”—thenO
is afunctorfrom opGroth D to Set

14.3 Defining The Structure

14.3.1 Strong Adjunctions

Ournotionof adjunctionmodelis basednthefollowing definition. As we explainedin Sect.14.2,
it looksquitedifferentfrom the usualdefinitionsof adjunctionbecauséoth U (theright adjoint)
andF (theleft adjoint)aregivenon objectsonly.

Definition 105 Let C beacartesiarcatagoryandlet D bealocally C-indexedcategyory. A strong
adjunctionfrom C to D consistof

e afunctor O from opGroth D to Set—we call anelementg € OrY anobliguemorphism
g
Y

overl toY andwe write

e for eachB € ob D, arepresentatiofor thefunctor Al'. Or B, whosevertex we call U B—
explicitly, thisis anisomorphism

C(r,UB)= OrB naturalinT (14.2)

e for eachA € ob C, an A-representatioffor the functor O, whosevertex we call FA—
explicitly, thisis anisomorphism

OrwaF,AX = Dr(FAY) naturalin andY (14.3)

O

Thefunctoriality of O givesusreindeing andcompositionfor obliquemorphisms.

e For eachobliquemorphism Y and C-morphismA I, we define
thereindexedobliquemorphism g Y tobe(OrY)g.
e Foreachobliqguemorphism Y andD-morphismy Y’ wedefine

g:h

the compositeobliguemorphism Y’ tobe(Orh)g.

Theseoperationssatisfyidentity, associatiity andreindeing laws:

giid = g
gi(K) = (g:h):H
idg = ¢

(K k)g = K (k*g)
k*(g;h) = (kg);(k"h)
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whereg is anobliquemorphism.Corversely theseoperationsaandequationgive usafunctor O
from opGroth D to Set

We will shav (Prop.133) thata strongadjunctionfrom C to 9D is preciselyan adjunction
fromself C to D. This canbeaddedo our list of similar results:

e adistributive coproducin C is preciselya coproducin self ¢ (Prop.113(1));
e astrongmonadon C is preciselyamonadonself C (Prop.118)

for a cartesiancateggory C. A consequencef theseresultsis that a strongadjunctionfrom C
givesriseto a strongmonadon C.

14.3.2 Adjunction Models and CBPV
Def. 105allows usto make the key definitionof the chapter
Definition 106 A CBPVadjunctionmodelconsistsof

e acountablydistributive cateyory C;

e acountablyclosedocally C-indexedcateyory D;

e astrongadjunction(O,U, F,...) from C to D.

We will seeexamplesof this structurein Sect.14.4.
Givenanadjunctionmodel(C, D, O, ... ), wecaninterpretCBPV. Thesemanticés organized
asfollows:

e avaluel YV : A denotesa C-morphismfrom [[I']] to [A]};
e acomputationd” +¢ M : B denotesanobliguemorphismover [[I']] to [[B].

(We will explain this in detail in Sect.14.5.) Notice that no term of CBPV denotesa D-
morphism—whereathereare 3 kinds of morphismin an adjunctionmodel, thereare only 2
judgementsn CBPV. To seehow we canthink of the D-morphismsrom a CBPV perspectie,
defineahomomorphicontet from A to B overI to beacontet of theform

CI = T.((V']) tox. M)

whereA is thetypeof thehole, B is thetype of thewhole expressiorandall the freeidentifiers
appeain I'. (Theoperandsx’ and V' canincludebothvaluesandtags.)lt is easyto seethatthe
operationM — C[M] preseresall effectsandsequencingFor example theequations

Clprint ¢; N| = printc; C[N]
Cldiverge] = diverge
C[M tox. N] = M tox. C[N]

areprovable.
Given an adjunctionmodel, a homomorphiccontet C[] will denotea D-morphismfrom
[A] to [[B]] over [[I']. In the Scottmodel,for example, C[] will denotea continuousfunction

F] = [A] f—» [B] whichis strict in thesensehat f(p, L) = L for all p € [[[']]. Thissuggests
thatwe addto CBPV ajudgement

rAF"H:B



14.4. Examplef AdjunctionModels 213

meaningthat H is a homomorphiacontet from A to B overI'. Theattractionof addingsucha
judgemenis thatwe would at lastobtainareversiblederivationfor F"

A B
FFAF'B

We canthenseethattheisomorphism(14.3)correspondso this reversiblederivation,just asthe
isomorphism(14.2)correspondso thereversiblederivationfor U

r-<B
r-"uB

However, we cannotseethatthesehomomorphiccontexts have ary specialoperationakig-
nificance,andso we cannotjustify addingthis judgemento CBPV, eventhoughthe modelsof
theaugmentedheoryareindeedequivalentto adjunctionmodels.

Sincewe will not augmenthe CBPV theory if we wantan equivalencetheoremwe have
no choicebut to remove someof the structureof adjunctionmodels. The resultingmutilated
structureis staggeredadjunctionmode] discussedh Sect.14.8.

14.4 Examplesof Adjunction Models

14.4.1 Trivial Models

It is clearthata countablybicartesiarclosedcatayory C givesa CBPV adjunctionmodel; we set
D to beself ¢ andwe setOr B to be C(I', B). U and F' arebothidentity (on objects).

It is worth comparingadjunctionmodelsto countablybicartesiarclosedcategories. In the
former, the requiremenof finite productsand countabledistributive coproductss imposedon
C, while therequiremenbf countableproductsandexponentds imposedon D. In thelatter, all
theserequirementareimposedon the samecateyory. Thusthe consequencef addingcompu-
tationaleffectsis to separat@ut theserequirementinto two cateyoriesrelatedby anadjunction.

14.4.2 Eilenberg-Moore Models

If (C,T,...) isanunrestrictecalgebramodelthenwe obtainanadjunctionmodel(C, D, O,...)
by settingD to be the Eilenbeg-Moore categgory. anobjectis a T-algebraanda D-morphism
from A to B over[ is aT-algebrahomomorphisnin thesensef Def. 95. An obliquemorphism
fromTI to (Y, ¢) is a C-morphismfrom I to Y. It is easyto checkall the requiredstructurefor
anadjunctionmodel.

As we saw in Chap.12, the modelsfor printing, divergence errorsandprinting+divergence
areall instance®f this. For example,in the Scottmodel,a D-morphismfrom A to B overT is
astrict continuoudunction,asdefinedin Def. 12.

More generally given a restrictedalgebramodel (C,T,{jB} e3,- - - ), We let an objectof
D beanalgebraindex (i.e. elementof J) anda morphismfrom A to B over " bea T-algebra
homomorphisnfrom jA to B over'. An oblique morphismfrom I to B is definedto be a
C-morphismfrom I' to thecarrierof j B. We describehe constructionin detailin Sect.15.5.1.

14.4.3 Global Store

Supposewe have a CBPV adjunctionmodel (C,D, O, ...) anda valueobjectS € ob C. We
constructa nev CBPV adjunctionmodel (C, D, 0, ...) wherewe setO{Y to be OsxrY. The
new right adjointis U’ = U(S — —), with theisomorphism

OsxrB= C(I',U(S— B)) naturalinl"
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Thenew left adjointis F' = F(S x —), with theisomorphism
Osx(rxA)Tarxam Y = Dr(F(Sx A),Y) naturalin I andy’

The global storemodelof Sect.6.3.2is obtainedby applyingthis constructionto the trivial
adjunctionmodelgiven by Set The global store+ printing modelof Sect.6.3.3is obtainedby
applyingthis constructiorto the printing adjunctionmodeldescribedn Sect.14.4.2.

14.4.4 Cell Generation

For ary countableposet?’ we candefinea constructioron adjunctionmodels generalizinghe
global storeconstructionin Sect.14.4.3(for the global storeconstruction, 7 is the singleton
poset).

Supposeve have a CBPV adjunctionmodel(C, D, O, ...), andavalueobjectSw € ob ( for
eachw € ob W. We constructanev CBPV adjunctionmodel(C’, 2/, 0/, . ..):

e Thevaluecategory ' is [W, C]. Clearly C’ is countablydistributive, by setting
(AxAYw = Awx Aw
Qierdi)w = YierAiw

e A 7D’-objectis acontravariantfunctorfrom % to D;.

e A D'-morphismf from A to B over " provides,for eachw, a D-morphismfw from Aw
to Bw overl” w, in suchaway thatif w < x then

fw

Aw Bw
(OrAy ()*BY commutes.
Az Bx

e Clearly 7 is countablyclosed by setting

(MiezBi)w = [lierBiw
(A= Bw = [Aw— [B]w

e An O’-obliguemorphismover " to B provides,for eachw, an O-obliguemorphismover
Sw x w to Bw.

e Rightandleft adjointsaregivenby

(UB)w = UMwsw(Sw' — Buw')
(FA)’U) sz,>w(5w' X A’LUI)

Theremainingdetailsarestraightforward.

The modelfor cell generationin Chap.7 is obtainedby applyingthis constructionto the
trivial adjunctionmodelgiven by Set The cell generation+ printing model of Sect.7.8.2is
obtainedby applyingthis constructiorto the printing adjunctionmodeldescribedn Sect.14.4.2.
Similarly, thecell generationt divergenceof Sect.7.8.3is obtainecby applyingthis construction
to the Scottadjunctionmodeldescribedn Sect.14.4.2.
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14.4.5 Control

In Sect.8.8 we explainedhow to obtaina non-returnmodelfrom ary kind of CBPV model(e.qg.
avalue/producemodel)with a chosercomputatiorobjectAns.

Now supposewe have a non-returnmodel (C, G,...). We constructfrom this an adjunc-
tion model (C,D, 0,...), asfollows. Recallingthe oppositeof a locally C-indexed cateyory
(Def. 78), we setD to be (self C)”. BecauseC is countablydistributive, 2 mustbe countably
closed,usingProp.113. We set Or B to be G(I' x B). Thentheright adjointU is —, with the
isomorphism

OrB =~ C(I,-B) naturalin € %
andtheleft adjoint F' is — too, with theisomorphism
Orxami oY = (self C)f (=A,Y) naturalinT € ¢ andY € (self C);

Puttingtheseconstructionsogetherwe canobtainanadjunctionmodelfrom a CBPV model
with a chosencomputationobject Ans. The model for control in Sect.6.4.4is obtainedby
applying this compositeconstructionto the trivial CBPV model built from Set with chosen
setAns. Similarly, the modelfor control+printingin Sect.6.4.5is obtainedby applying this
compositeconstructiorto the CBPV printing modelwith chosen4-setAns.

14.4.6 Erratic Choice

TheCBPV erraticchoicemodelin Sect.6.5.2is anadjunctionmodelfrom Setto Rel, whereRel
is thelocally Setindexed category in which anobjectis a setanda morphismfrom A to B over
I is arelationfrom I x A to B, with the evidentidentities,compositionandreindeing. Rel is
countablyclosedbecaus®f theisomorphisms

MicrRelr (X, B;)
Relrxa(mt 4 X, B)

Relr(X,Y;erBi) naturalin " andX
Relr(X,Ax B) naturalin " andX

An obliquemorphismfrom I' to Y is arelationfrom I to Y, with the evidentcompositionand
reindexing operationsTheright adjoint(U) is 2, with isomorphism
Or B = Sef(I', PB) naturalin I’
Theleft adjoint(F') on objectsis identity, with isomorphism
OrwaF,AY =~ Relr(4,Y) naturalin " andY

We commentthat this adjunctionis actuallythe Kleisli adjunctionfor the strongmonad? on
Set

14.4.7 Pointer Game Model: The Families Construction

The pointergamemodelfor CBPV givenin Sect.9.2 is an adjunctionmodelobtainedusinga
constructiorcalledfamilies basedon [AM98a]. We startfrom thefollowing structure.

Definition 107 A pre-familiesadjunctionmodelconsistsof
e acartesiarcategory C
e aclosed|ocally C-indexedcateyory D

e afunctor O from opGroth D to Set
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¢ for eachcountabldamily of Q,)'ObjeCtS{Ei}igj, arepresentatiofor thefunctor Al .[7;¢; OrR;,
whosevertex we call U;c; R;—explicitly, this is anisomorphism

|_l OrR; = C(T,UicsR;) naturalin I
1€

e for each countable family of 'C-objects {R;}ic1, a representationfor the functor
ArY ierOrxr, 7t gY, whosevertex we call F;c; R;—explicitly, thisis anisomorphism

”Oer,-WF,RX% Dr(FierR;,Y)  naturalin I andY
1€

|

Definition 108 (families construction) Let (é, i), O,...) be a pre-families adjunctionmodel.
We obtainanadjunctionmodel(C, D, O, ... ) asfollows.

e A (C-objectis acountableamily of C-objects.

e The C homsetfrom {R;}ics 10 {S;}jes is the set[N;cs ¥ jesC(Ri,S;) with the evident
identitiesandcomposition.

e Thus( is acountablydistributive category, with
{Ri}icr x{Sj}jes givenby {R;x Sj}ijjerxs
Yier{ Rijtjes; givenby {Ri}; ies. . J;

e A D-objectis a countableamily of D-objects.

e TheD homsebver{l;}ic; from{R;};c; t0{S) rck istheset;cr[Mkex Y jes Q)r (R;,Sk)
with the evidentidentities,compositionandreindeing.

e Thus? is acountablyclosedcatayory, with

{Ri}icr = {S;}jes givenby {Ri— S;}jjerxs
Nier{Bi;}jes givenby {Ri;}; e Yierdi

The O homsetover {I"; }icr t0 {R,; }jcs isthe setﬂiefnjgjbriﬂj with the evidentreindeing
andcomposition.

This givesanadjunctionmodel,with

U{R;}icr givenby thesingletonfamily {U;crR;}
F{R;};,cr givenbythesingletonfamily {Fic/R;}

O

To give agameexampleof this, we will needyetanotherkind of pointergame.Supposehat
I, R andS arearenasThe O-firstgameover P from RO to SP is the gamewhoserulesareas
follows:

e PlayalternatebetweerPlayerandOpponentOpponenimovesfirst.

e In eachmove, eitheratokenof I' (acontettoken), atokenof R (asouicetoken) or atoken
of S (atargettoken) is passed.
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¢ In theinitial move, Opponenpassesrootof R.
e Playermovesby either

— passingarootof I or S, or

— pointingto apreviousO-movem andpassingasuccessoof thetokenpassedn move
m.

e Opponentmoves (exceptin the initial move) by pointing to a previous P-move m and
passinga successoof thetokenpassedn move m.

It is alsopermittedfor eitherplayerto diverge insteadof moving, exceptfor the initial move,
which Opponenmustplay. A consequencef theserulesis that Playercanpassonly a P-token
of '?, RO andSP, andOpponentanpassonly anO-token. We write Ostrat r» (R, SP) for the
setof stratgyiesfor the O-first gameover ' from R© to SP. This canbedefinedformally asin
Sect.9.2.4.

Thesestratgiesgive usthefollowing pre-familiesadjunctionmodel,from which we obtain,
by the families construction,the pointer game model for CBPV describedin Sect.9.2. We
describehe homsetdhere:the operationon stratgiessuchascomposition reindeing etc.are
describedn Sect.B.5.2.

e An objectof Cisanarena.

o A é‘—morphismfrom R to S is anO-first stratey from R” to S© .

e Rx R'isgivenasRWR'.

e An objectof D is anarena.

o A i)—morphismfrom Rto S overTl is anO-first strateyy over P from RO to SP.

e R— SisgivenasRWS.

e An O-morphismoverT to R (i.e. anelemenif Or R) is a P-first stratgy from P to RP.
o UicrR; is givenaspty R;.

o FicrR;isgivenasptiy R;.

Similar pre-familiesmodelsare obtainedby imposingconstraintsof braclketing, visibility, inno-
cenceetc.

14.5 |Interpreting CBPV In An Adjunction Model

Supposave aregivena CBPV adjunctionmodel(C, D, O,...). As we saidin Sect.14.3.2this
givesusa semanticgor CBPV, organizedasfollows:

e avaluel H¥ V : A denotesa C-morphismfrom [[I'] to [[A]];
e acomputation” < M : B denotesanobliquemorphismover [I']] to [B]).

To interpretthe constructsfor F', we recall from Def. 106 that F'A is the vertex of an A-
representatioffor O. As we saw in Sect.10.6.5,this A-representatiocanbe expressedn two
ways:

isomorphism style asanisomorphism(14.3),which we write as

str
Orx ATt AY —LAX> Dr(FA,Y) naturalin ' andY’
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prod

elementstyle asanobliquemorphism »—AA» F A with thefollowing “initiality” property:

9

for ary X suchthatthediagram

X thereisauniqueF A

oo FA

« @
i 4h overl" x A commutes.
X&

X

We seefrom Prop.115(cwvariant)thatthe two forms of the A-representatiomarerelatedasfol-
lows:

e prod 4 is obtainedby applyingstr—! to the D-morphism F A : FA, giving an
obliguemorphismoverlx A to F' A, andthenreindeing alongtheisomorphismA 1x A.
e for a D-morphismF' A B wehave
strrigh = (nf’ 4prod,y); (af 4h) (14.4)

We usestr andprod to describehe semanticof F'A constructs:

V]|*prod
o IfTHYV: A, thenproduce V denotes»ﬂ]]ﬂpTw» F[A].

o IfTFM:FAandlx: A N : B,thenM to x. N denoteghecomposite

M) str[N]
A

To interpretthe constructsfor U, we recall from Def. 106 that U B is the vertex of a rep-
resentatiorfor AI'.Or B. As we sav in Sect.10.3, this representatioranbe expressedn two
ways:

isomorphism style asanisomorphism(13.1),which we write as

thunk
url, o2 C(r,UB) naturalin I

. . ceé B
elementstyle asaterminalobject =

B in thecatggory where

f
X

e anobijectis apair (X, f) where

B

e amorphismfrom (X, f) to (Y,g) is a C-morphismX
h*g.

Y suchthat f =

We seefrom Prop.93(contraariant)thatthe two forms of the representatiomrerelatedasfol-
lows:
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o force g is obtainedby applyingthunk Elﬁ,ﬁ totheidentityonUB in C.
f

o thunk [ ; takesl™

UB to f*force g.

We interpretthe constructdor U B asfollows:

o If [ ¢ M : B thenthunk M denoteghunk [M].

o If YV :UBthenforce V denoteqV]*force [p]

It may seemmore straightforvard to ignorethe element-styledescriptionof the representation
andsimply saythatforce V denoteshunk 1[V], but the advantagef usingforce 5 become
evidentin Sect.15.5.2.

To give thesemanticof A — B, we will constructanisomorphism

OrxuaB=20OrA— B naturalin I (14.5)
correspondingo thereversiblederivation
NA-B
rN“A—B

Using(14.5),we interpretthe — constructsasfollows:

o IfIM,x: A M : B then\x.M denotegheobliquemorphism Tﬁ [A]l — [B] cor
respondingo [M]] along(14.5).
o fTFV:Aandlht+¢ M : A— BthenV'M denotes

sponddo [[M] along(14.5)

i .
w [B] whereg corre-

To construci(14.5),we defineadivisionof I' (anobjectin a cartesiarcategory)to beatriple
(X,Y,7), whereX andY arevalueobjectsands is anisomorphismi” = X x Y. We choosea
divisionof I' andconstruct(14.5)asthe composite

~ ~

OFXAE — O(XXA)XYE S Q)XXA(FY7§)
~ (14.6)

OrA—)B o OXXyA—>B o @X(FY,A—)B)

This constructiorappears$o dependon the choiceof division of I', but thisis notthe case:

Proposition128 1. For ary I', the compositeésomorphism(14.6)is independentf the par
ticulardivision 2 X x Y used.

2. Theisomorphism(14.5)is naturalin I' € C*.

Proof
(1) wedeferto Sect.14.9.3.

(2) follows from (1). As we arefreeto chooseary division of I', we choosethe division ' =
[ x 1, andthen(14.6)is acompositeof isomorphism®achof whichis naturalin I € ™.
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To interpretthe constructdor [1;c;B; we provide, for eachvalueobjectl’, an isomorphisi
Mic1OrB; = Or[ic1B; naturalin I (24.7)
correspondingo thereversiblederivation
. [ EC Bz -
M+ MNierB;

(14.7)is constructedandits naturalityin I € C™ proved,in asimilarwayto (14.5),althoughthe
proofsareeasier

Proposition 129 Theinterpretatiorof CBPVin a CBPV adjunctionmodelsatisfiesall theequa-
tionsof the CBPV equationatheory O

We deferthe proof of thisto Sect.14.9.3.

14.6 Adjunctions

14.6.1 Basic Definition

Theaim of this sectionis to explain andprove thefollowing claim thatwe madein Sect.14.3.2,
that a strongadjunctionfrom (C to D is the sameas an adjunctionfrom self C to D. In the
courseof doing this we will examinenumerougdefinitionsof adjunction,andmake precisethe
discussionn Sect.14.2.

We take asour basicdefinitionof “adjunction” thefollowing. It is widely acceptedecause,
like Def. 92, it makessensen ary 2-cateory.

Definition 109 Let B andD beeither

e bothcateyories,or

e bothlocally C-indexedcategories,for the samecateyory C.
Thenanadjunctionfrom B to D consistof

e two functors
F

B D

U
(U is calledtheright adjoint, F' is calledtheleft adjoint);

€

¢ naturaltransformationd UF (theunit) andFU 1 (the counii)
satisfyingthetriangle laws
F
U F FUF
P
’I’}U ¢ ,('y eF
UFU U F

Ue
O
Proposition 130 An adjunctionfrom B givesriseto amonadon B. i

Proof WesetT = UF andu = UeF'. Therequireddiagramsareeasilyverified. ad



14.6. Adjunctions 221

14.6.2 Adjunction BetweenOrdinary Categories
As we saidin Sect.14.3.1,thereare mary equialentdefinitionsof adjunction. In the setting
of ordinarycategories,we make a list in which we collect somefamiliar definitions(1)—(3) and

somenew definitions(4)—(5).
Definition 110 Let B andD be categories.We underlineobjectsof D.
1. An adjunctionfrom B to D consistf

e two functors
F

U

e anisomorphism
B(X,UY)=D(FX,Y) naturalin X andY'.

2. An adjunctionfrom B to D consistsof

e afunctorD B
e for eachX € ob B, arepresentatiofor \Y.B(X,Y), whosevertex we call FX.

3. An adjunctionfrom B to D consistof

o afunctorB D
o for eachY € ob D arepresentatiofor AX.D(FX,Y), whosevertex wecall UY'.

4. An adjunctionfrom B to D consistf

e two functions
F

ob B ob D

U
e for eachX € ob B andY € ob D abijection
B(X,UY) = D(FX,Y)

f X andeachC-morphismy”

suchthat,for eachB-morphismx’
thefollowing commutes:

B(X,UY) = D(FX,Y)
o ‘o)

B (X', UY) D(FX,Y')

~
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5. An adjunctionfrom 3B to D consistsof

e afunctor O from B” x D to Set—we call anelementy € O(X,Y) anobliquemor

phismfrom X to Y andwrite X g Y
¢ for eachobjectY € D, arepresentatiofor AX.0(X,Y ), whosevertex we call UY
e for eachobjectX € B, arepresentatiofor A\Y.O(X,Y’), whosevertex we call F'X.

O
We comparehesedefinitionsasfollows.

e In Def.110(1)—likein Def. 109—bothF andU aregivenon bothobjectsandmorphisms.
Accordingly, theisomorphism

B(X,UY)=D(FX,Y) (14.8)
is requiredto benaturalin both X andY'.

e In Def. 110(2),U is givenon bothobjectsandmorphismsbut F is givenonly on objects.
Accordingly, theisomorphism(14.8)is requiredto be naturalin Y but notin X.

e In Def. 110(3),F is givenon both objectsandmorphismsbut U is givenonly on objects.
Accordingly, theisomorphisn(14.8)is requiredto benaturalin X butnotin Y.

e in Def. 110(4)—(5),bothU and F' aregivenonly on objects.Accordingly, in Def. 110(4)
theisomorphism(14.8)is notrequiredto benaturalin eitherX orY, while in Def. 110(5),
it is dividedinto two isomorphisms:

B(X,UY)
O(X,Y)

O(X,Y) naturalin X
D(FX,Y) naturalinY

1 1R

It is clearthat Def. 110(5)is mostsimilar to our notion of strongadjunction. An obliquemor
phismcanbepre-composedith a C-morphismor post-composedith a D-morphismandthese
operationssatisfyidentity andassociatiity laws.

Proposition131 Def. 110(1)—(5)andDef. 109areall equvalent. i

Proof The equivalenceof Def.109)andDef. 110(1)is standard.The equvalenceof (1)—(3)and
(5) is a consequencef parametrizedepresentabilitfProp.95). In maoving from (1) to (5) we
caneithersetO(X,Y) tobeB(X,UY) or we cansetit to be D(FX,Y’). Theequivalenceof (4)
and(5) is straightforvard. O

14.6.3 Adjunction BetweenLocally Indexed Categories

In Def. 110we gave mary definitionsfor “adjunction” in the settingof ordinarycatayories.lt is
easyto adaptthesedefinitionsto the settingof locally C-indexed cateyories:

Definition 111 (cf.110)Let B andD belocally C-indexed cateyories. We underlineobjectsof
D.

1. An adjunctionfrom B to D consistof

e two functors




14.6. Adjunctions 223

e abijection
Br(X,UY)=Dr(FX,Y) naturalinl, X andY.

Note In theliterature the conditionof naturalityin I" is usuallyreplacedy the Bek-
Chevalley condition The two conditionsare equvalent (assumingnaturalityin X
andY), but we usethe formerbecauseave considelit to be moreintuitive.

2. An adjunctionfrom ‘B to D consistof

e afunctorD B
o for eachX € ob B, arepresentatiofor \rY . Br(X,Y), whosevertex we call F X .

3. An adjunctionfrom ‘B to D consistof

e afunctorB D
o for eachY € ob D arepresentatiofor \r X.Dr (FX,Y ), whosevertexwecallUY .

4. An adjunctionfrom ‘B to D consistof

e two functions
F

ob B ob D

U
e for eachX € ob B andY € ob D abijection

Br(X,UY) = Dr(FX,Y) naturalin I

suchthat,for eachB-morphismX’ ]rc X andeachC-morphismY” Y/,
thefollowing commutes:
Br(X,UY) = D (FX,Y
A
q,«
(X', UY) Dr(FX,Y")

1%
1%

Dr (FX',Y') 2B (X',UY)

5. An adjunctionfrom B to D consistof

e afunctor O from opGroth(8” x D) to Set—we call an elementg € Or(X,Y) an
Y

obliguemorphismfrom X to Y overl” andwrite X
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e for eachobjectY € D, arepresentatiofior Ar X.Or (X,Y’), whosevertex we call
Uy

e for eachobject X € B, arepresentatiofior A\rY.Or(X,Y), whosevertex we call
FX.
O

It is Def. 111(5)whichis closesto our notionof strongadjunction.An obliquemorphismcanbe
pre-composedvith a morphismin B, post-composedith a morphismin D or reindexedalong
amorphismin C. Theseoperationssatisfyidentity, associatiity andreindeing laws.

Proposition132 Def. 109andDef. 111(1)—(5)areequialent. O

Thisis provedthe sameway asProp.131.

14.6.4 Proof of EquivalenceTheorem

Let C beacartesiarcatagory andlet D bealocally C-indexed catayory. Our aimis to prove the
following:

Proposition 133 strongadjunctionsrom ( to ©© andadjunctiondrom self C to D areequva-
lent. O

We will useDef. 111(5)to characterizeadjunctiondrom self C to D.
Our proofwill make useof variousfunctorsinvolving self . We introducea usefulnotation:

Definition 112 e Given C-objectsl’ and X, wewrite " - X for ' x X;

f

e Given C-morphismsl’ MandlM x X

(k) f)

Y we write k - f for the C-

morphisml’ x X rxY.

O
This notationgivesus
e thefunctor
opGroth self C —— ¢~

X —— r-X
e thefunctor
opGroth((self C)” x D) — opGroth D

r(X,Y) ——— rx7r x¥

It is easilyverifiedthatthesepresere identitiesandcomposition.
We give a homsetfunctorfor C, which is moregeneralithanthe basiconefrom ¢” x ( to
Set

Definition 113 We write Hom or just C for thefunctor

opGroth self C Set

Y — C(T,Y)

kf

(ry rZ) = Ag.((id,k); (I x g); f)
It is easilyverifiedthatthis preseresidentitiesandcomposition. O
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Theadwantageof this moregenerahomsefunctorfor C is thatthehomseffunctorfor self ¢ can
berecoveredfromiit:

(self O)r(X,Y) = Gr-xnr xY naturalin ', X andY

Lemma 134 Supposewe have an adjunction(O,...) from self C to ©. Thenwe obtainan
isomorphism

Or(X,Y) = Or.x(L,7nr xY) naturalin I, X, Y’ (14.9)
O

Proof Using parametrizedepresentabilitf{Prop.116(contraariant)),we extendU to afunctor
from D to self C in theuniqueway thatmakestheisomorphism

Or(X,Y) = (self O)r(X,UY)

—which is requiredto be naturalin ' and X—naturalalsoin Y. Then(14.9)is givenasthe
composite

(a3 (a3

Or(X,Y) ——— (self O)r(X,UY) ———— Gr.x7f xUY.

CF.X UT('F’XX

2 (by Lemmal09)

OI'~X(1,7TF,XX) ~ (self O)r.x(1, UWF,XX) - C(I'-X)-17TF-X,1U7TF,XX

Proof of Prop.133.

e Supposewne have a strongadjunction(O,...) from C to . We constructan adjunction
(O,...) from self C to D by settingOr(X,Y) to be Or.xmf xY. The isomorphismfor
UB is givenby

Or(X,B) = Or.xB = (r.xUB = (self C)r(X,UB)
naturalin I andX. Theisomorphisnfor F'A is givenby
Or(A,Y)=Or.ant ,Y = Dr(FAY)
naturalin I andY’.

e Supposeve haveanadjunction(O,...) fromself C to D. We construcstrongadjunction
(O,...) by settingOrY tobe Or(1,Y). Theisomorphisnfor U B is givenby

OrB=0r(1,B) = (self O)r(1,B) =2 G1B=GUB
naturalin I'. Theisomorphismfor F'A is givenby
Or.amt oY = Or.a(1,7f 4Y) 2 Or(A,Y) 2 D (FA,Y)

naturalin ' andY.
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e Supposeve have a strongadjunction(O,...). We obtainanadjunction(O,...) andthen
anotherstrongadjunction((’,...). We have

OrY =0r(L,Y) = Oranf ;Y 2 OrY.

naturalin ' andY . (Theisomorphisnmontheright is obtainedoy Lemmal09.) It is easily
verifiedthatthisisomorphisnpreserestheisomorphismgor U and F'.

e Supposeve have anadjunction(0,...). We obtaina strongadjunction(O,...) andthen
anotheradjunction(0/,...). We have

OL(X,Y) = Or.xni xY = Or.x(L i xY) 2 Or(X,Y)
naturalin I', X andY. It is easilyverified that this isomorphismpreseresthe isomor

phismsfor U and F'.
O

14.7 CBV isKleisli, CBN is co-Kleisli

Werecallfrom Sect.3.7 that

e aCBV producerdy,...,A, 1+ M : BtranslatesntotheCBPVcomputatiordo, ... , A, 1F€
M. FB

e aCBNtermAy,...,A,_1F M : BtranslatesntotheCBPVcomputatiorU A, ... ,UA,,_1 F€
M. B
Asweshallseebelav, thismeanghatCBYV isinterpretedn theKleisli part of aCBPV adjunction
model,while CBN is interpretedn theco-Kleisli part.

The readeris probablyusedto thinking of a Kleisli adjunctionasgeneratedrom a monad,
anda co-Kleisli adjunctionas generatedrom a comonad. We usea different, but equivalent,

formulation.

Definition 114 1. An adjunctionbetweernordinarycategories(or anadjunctionbetweerio-
cally C-indexed categoriesor a strongadjunction)is Kleisli whenits left adjointon objects
is identity. We customarilywrite theright adjoint(on objects)of a Kleisli adjunctionasT
ratherthanU.

2. An adjunctionbetweenordinary catgyories(or an adjunctionbetweenlocally C-indexed
cateyories)is co-Kleisliwhenits right adjoint(on objects)is identity. We customarilywrite

theleft adjointon objectsof a co-Kleisli adjunctionas L ratherthan F'.
O

An exampleof aKleisli adjunctionis theadjunctionmodelfor erraticchoicegivenin Sect.14.4.6.

Definition 115 1. Given an adjunction(‘B,D, O, ...) betweenordinary cateories—inthe
senseof Def. 110(5)—itsKleisli part is the Kleisli adjunction(C, DK, 0X!) obtainedby
restrictingthe objectsof D to thefamily { FA} scop 5. EXplicitly,

ob DK = obC
DX(X,Y) = D(FX,FY)
o(Xx,Y) = O(X,FY)
Its right adjointis given (on objects)by T' = U F' with the evidentisomorphismdor left
andright adjoints.Thisis clearlya sub-adjunctiorof theadjunction(8, D, O,...).

We similarly definetheKleisli partof anadjunctionbetweerlocally C-indexedcategories,
andtheKileisli partof a strongadjunction.
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2. Givenanadjunction(8, D, O, ...) betweerordinarycatgyories—inthesensef Def. 110(5)—

its co-Kleisli part is the co-Kleisli adjunction(B<°K!, D, 0°°K! obtainedby restrictingthe
‘B-objectsto thefamily {U B} gcob »- Explicitly,

ob BKl — obD
BK(X,Y) = BUX,UY)
o°f(X,Y) = OUX,Y)

Its left adjointis given(on objects)by L = FU with theevidentisomorphismdor left and
right adjoints.Thisis clearlya sub-adjunctiorof theadjunction(‘B, D, O, ...).

We similarly definethe co-Kleisli part of an adjunctionbetweerlocally C-indexed cate-

gories,but not of a strongadjunction.
O

If we take a CBPV adjunctionmodel,we have the following diagramof locally C-indexed
adjunctionsandembeddings:

F
self g 1 D
Kleisli F o<l - co-Kleisli
K< - s -
D N

It is worth consideringhesevariouscateyoriesandadjunctionsn the settingof, say the Scott
model:

C is the catggory of cposandcontinuoudunctions;

D is the Cpo-indexed category of cpposandstrict continuougunctions;

DXl is anindexed form of the catagory of cposand partial continuousfunctions,usedto
interpretCBV,

A is the Cpo-indexed category of cpposandcontinuousfunctions,whosefibre over 1 is
usedto interpretCBN.

In this example, the CBPV adjunctionmodel along the top is Eilenbeg-Moore, but this, of
coursewill notbethecasen general.
With this examplein mind, our mainresultis unsurprising:

Proposition135 Let (C, D, O,...) beanadjunctionmodel.
1. Thedenotatiorof a CBV producetis anobliquemorphismin theKleisli part.

2. Thedenotatiorof aCBN termis (moreaccuratelyit correspond$o) anobliquemorphism
over 1in theco-Kleisli part.

Proof

[p1]jProc

1. A CBV producerl + M : B denotes i

over [[I']] to [B]] in theKleisli part.

F[B]], which is an oblique morphism
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M
2. ACBNtermA,,...,A, 1+ M : B denotes~ [M] » [[B]. We have
UTAo] x -+~ x U4yl

Uldo] x--- x U[Ap_a] = 1x U([Aolln--- 1 [4,-4]))

so [M]) correspondso an obligue morphismfrom [Ag] n---n [A,,_4] to [B] over1in
the co-Kleisli part.

14.8 Staggeed Adjunction Models

14.8.1 Adjunction Models Contain SuperfluousData

In Sect.14.3.2,we consideredhe semantic®f CBPVin anadjunctionmodel(C, D, O, ...). We
saidthatatermof CBPV denote=ithera C-morphism(if it is a value)or anobliquemorphism
(if it is a computation):therefore no term denotesa D-morphism.But D is useful,becauset
helpsusto organizethemodel.

We ask the question: which morphismsof D are genuinelyinvolved in the semanticsof
CBPV?Inspectionof the semanticequations revealsthe answer:only thosewhosesourceis of
theform F'A. Fromthe viewpoint of CBPV, all the otherhomsetsof D are superfluous.This
suggestshatperhaps

1. somemodelof CBPV doesnotarisefrom ary CBPV adjunctionmodel;
2. somemodelof CBPV arisesfrom 2 non-equvalentCBPV adjunctionmodels.

While (1) is actuallyfalse(asis evidentfrom Fig. 11.1),(2) is true.

To remedythis situation,we will modify Def. 106 sothatonly the appropriatehomsetsare
included.Unfortunatelytheresultingstructure staggeredadjunctionmode] is notat all elegant.
It is notclearat presentiow significantit is.

14.8.2 Removing The SuperfluousData GivesStaggeed Adjunction Models

Our problemis thatremoving the superfluouscromsetsfrom 2 in Def. 106 takesus outsidethe
realm of category theory becausefor eachrl, if Dr is to be a categyory thenit mustspecify
a homsetDr (A, B) for all objectsA and B. We thusrequirea generalizatiorof “category”

wherethehomsetB(A, B) is requiredonly for A in acertainfamily { F A} 45 of objects.In the
following definition,we usethenotation” A to mean‘technicallytheindex A, but intuitively the
objectF A”. Theintuition is notquiteaccurateoecausé FA = F A’ but A # A’ thenD(¥ A, B)

andD(¥ A’, B) canbedifferent;but in practiceF is usuallyinjective.

Definition 116 A staggeredcategory D consistof
e aclasstargetob D of target objects(whoseobjectswe underline)

e afamily {FA} e In targetob D, indexed by someclassJ—this is called the source
family

e for eachA € J andeachB ¢ targetob D, asetwritten D(F A, B)—its elementsarecalled
morphismgrom# A to B

id
e for eachA e J anidentity morphism’ A 1ra FA

Landof the proofof Prop.129
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e foreach” A f FBand"B C acompositanorphism’” A _Jie | C
alsowrittenas
FA f _ FB g _ Q
satisfyingidentity andassociatiity laws:
id;f = f
fid = f
(fighih = fi(g:h)

O

Technically Def. 116 andDef. 101 areequivalent,but the notationandterminologyis different
becausé¢he purposeis different.
Therequireddefinition,which involvesterminologywe have not yetdefined,s asfollows:

Definition 117 A CBPVstaggeredadjunctionmodelconsistof
e acountablydistributive cateyory C;

e acountablyclosed,locally C-indexed staggereccategory D, whosesourcefamily is in-
dexedby ob C;

e astaggeredtrongadjunctionfrom C to D.
O

Theonly differencebetweerDef. 106 andDef. 117is thatin thelatter D is staggeredWe must
now define,stepby step,theterminologyusedin Def. 117.

Definition 118 (cf. Def. 75) Let C be a category. A locally C-indexed staggered category D
consistof

e aclasstargetob D of target objects(whoseobjectswe underline)

o afamily {F A} ac5 in targetob D, indexed by someclassJ—this is called the source
family

e for eachl’ € ob C, eachA € J andeachB € targetob D, a setwritten I)r(FA,ﬁ)—its
elementsarecalledmorphismdrom® A to B overl"

id
e for eachA € J, anidentity morphismf” A 17ra FA
e foreach” A th FBand*B — C, acompositemorphism® A f4rg> C
e foreach” 4 B andeachC-morphismr™’ 416» I", areindexedmorphism
L

#'E
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suchthat
id,f = f
fiid = f
(fi9);h = fi(g:h)
k*id = id

k(fi9) = (K1) (K'g)
O

We first have to defineproductsandexponentsn alocally C-indexed staggereaatayory D.
This canonly bedonein isomorphisnstyle—therds no elementstyle definition.

Definition 119 Let D bealocally C-indexed staggeredateayory.

1. (cf. Def.86(2))A productfor afamily of targetobjects{ B, };c; consistof atargetobject
V (theverte) togethemwith anisomorphism

HieI@r(FX’Bi) = Q—(Fsz) (1410)

naturalin I and? X, in the sensehatthe diagram

MierPr ("X, B;) = Dr ("X, V) r FX
MierDe(f, B;) De(f,V) commutedor each  k flr
MierDr (" X', B)=Dr ("X, V) rFx

2. (cf. Def.86(4))Suppose’ is cartesiarand A is a C-object. Thenan A-productfor atarget
objectB consistf atamgetobjectV (thevertex) togethemwith anisomorphism

Dral(nt 47 X,B) =2 Dr(FX,V) (14.11)

naturalin " and? X, in thesensehatthe diagram

Dra("X,B) =D (FX,V) r FXx
DixA(TE 2 f,B) Di(f,V) commutedor each & flr
DriaFX',B) 20-(F X', V) o Fx

3. (cf. Def. 87 SupposeC is cartesian.?D is countablyclosedwhenit is equippedwith all
countableproductsand A-productsfor every A € ob C.

|

It is easyto seethatthe joint naturalityconditionfor (14.10)is equivalentto separatenaturality
in ™ and® X. Similarly for (14.11).

Definition 120 (cf. Def. 105) Let C be a cartesiarcategory andlet D be a locally C-indexed
staggerecatategyory with sourcefamily indexedby ob C. A staggered strong adjunctionfrom ¢
to D consistof
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e “afunctor O from opGroth D to Set’ i.e.thefollowing structure

— for eachl’ € ob C and B € targetob D a setOr B, whoseelementswve call oblique
morphismver [ to B;

k
— for eachoblique morphism Y and Cc-morphisml’ —— T, a

*

k*g

reindexed obliqguemorphism Y;

— for eachobliquemorphism FY andD-morphism?Y

4

compositeobliquemorphism

satisfyingidentity, associatiity andreindeing laws:

giid = g
gi(hb) = (g:h)b
idg = ¢
(K k)'g = K'(k*g)

k*(g:h) = (K9);(k*h)
whereg is anobliguemorphism;

e for eachB ¢ targetob D, arepresentatiofor thefunctor Al.Or B from C* to Set whose
vertex we call U B;

e for eachA € ob C, an* A-representatiofor thefunctor O” i.e. thefollowing structure
isomorphism style anisomorphism

. strray
Orxamr 4Y. — DI’(FA7 Y) (14.12)

jointly naturalin ' andY in the sensehatthe diagram

OrxaFY =D (FA FY) r Ffy
Okx AT 4h D(FA,R) commutedor each k h(l’
OraY' =D (FAY) r Yy

prod

elementstyle anobliquemorphism »—AA> F A with thefollowing “initiality” prop-

erty: for ary zA X thereis auniquef' 4 X suchthatthe dia-
gram
F
Q(OAP»
\* A

it ah overl” x A commutes.
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As we saw in Sect.14.5for adjunctionmodels,the isomorphismstyle characterizatiomndthe
elementstyle characterizatiowf the structurefor F'A areequialent:

e prod, is obtainedby applyingstr— to the D-morphism¥ A FA, giving an
oblique morphismover 1 x A to F A, and then reinding along the isomorphism

A— " L 1xA.

e for a D-morphism’” 4 B wehave

strragh = " aprod 45 mF 4 (14.13)

The analogousquivalencein Sect.14.5 (betweenisomorphismstyle and elementstyle defini-
tions) wasaninstanceof the YonedaLemma,andwe canuseessentiallythe sameYoneda-style
argumentto prove this equivalencehere.

It is a corollary of (14.13)that, for (14.12),joint naturalityandseparatanaturalityin ' and
Y areequivalent. (We cannotusethe usualproof thatjoint naturalityandseparataaturalityare
equialent,becausét doesnotwork for staggereaateyories.)

Proposition 136 Suppos€C, D, O,...) is aCBPV adjunctionmodel. We obtaina CBPV stag-
geredadjunctionmodel(C, 2, 0,...) by settingDL (F X,Y) to be Dr (FX,Y). O

This “forgetful” constructionshows that a staggerecdadjunctionmodelis, as we intended,an
adjunctionmodelwithout the superfluousiomsets.

We canadaptSect.14.5 (replacingF' A by ¥' A whererequired),to interpretCBPV in ary
staggereddjunctionmodel. Prop.128,andProp.129 apply to staggerecdjunctionmodelsas
well asto adjunctionmodels—theproofsareeasilyadapted.

14.9 Technical Material

14.9.1 Intr oduction

Theaim of this sectionis to prove Prop.128(1)andProp.129. Beforewe do this, we give some
lemmasaboutstrongadjunctionghatwill beusedalsoin Chap.15.

We shall presentheresultsandproofsin this sectionfor adjunctionmodels.They canall be
adaptedo staggereddjunctionmodelsby replacingF A by ¥ A whereappropriate.

14.9.2 LemmasAbout Strong Adjunctions

Supposehatwe have a strongadjunction(C, D, O,...). It musthave the following properties.
In fact,thestructurefor U is notusedat all here justthestructurefor F.
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Lemma 137

Tr aprod ;i gstrg = gfor B (14.14)
str (" gprod 4;mf 4h) = hforFA B (14.15)
str (kx A)*g = Kk*strgforl’ I and B (14.16)
str (gimf 4h) = (strg)ihfor — f(’ BandB B' (14.17)
strr 4prod, = idg (14.18)
str (fi7r astrg) = str fistrgfor FBand i]B C(14.19)
k*prod ;;strg = (idr,k)*gforT Aand — ;‘ZA B (14.20)

(str k*prodg);(strg) = str(nr 4,k)%g
for I x A Band I_.¢ (14.21)

x B

T ASt Ty g = T sstr @ gg for C (14.22)
|

Proof (14.14)—(14.15%tatethatstr—1, asdescribedn (14.4),is the inverseof str. (14.16)and
(14.17)statethatstrr 4 is naturalin I and B respectiely. (14.18)is a specialcaseof (14.15),
puttingid4 for h. For (14.19)we seethatthe LHS (by (14.14))andthe RHS (by (14.15))are
bothequalto

str (" gprod 45 f_ sstr fmf gstr g)
For (14.20),we seethatthe RHS (by (14.14))andthe LHS arebothequalto
(idr, k)" (7r aprod 4; 77 4str g)
For (14.21),we seethat

LHS

by (14.19)
by (14.16)
by (14.20)

For (14.22) bothsidesareequalby (14.16)to str 7t 4 pg-

str (k*prodg; mr 4strg)

str (k*prodp;str (mr 4 x B)*g)
str ((idrxa,k)*(mr.a x B)*g
RHS

O

Recallthatadivisionof I' (anobjectin acartesiarcatayory)is definedto beatriple (X, Y1),
whereX andY arevalueobjectsandi is anisomorphisnmT = X x Y.

Lemma 138 For ary division

a D-morphismF'1

.

X x Y, thereis a C-morphisml” X and

1%

FY with thefollowing properties:
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e for every B € ob D, thediagram

De(h, B
ox(Fv,B) ZB) (g1, p)
o = commutes; (14.23)
OxxyB Orx1B

i

e forevery B € ob D andA € ob D, writing i 4 for theevidentisomorphisimfrom (I x A) x 1
to (X x A) x Y, thecomposite

Dixa(ni 4h,B)

@XXA(FY7§) @rXA(F]-)E)
o = commutes (14.24)
O(XXA)XYB O(FxA)xlB

O

Proof We setk to bei;7xy andwe seth to be str (71 1;4; 7Y )*prody.. We then verify
(14.23)—(14.24)y following an arbitrary morphismfrom top left to bottomright, using(14.4)

andLemmal37. |
Lemma 139 Supposeve have anobliquemorphism Jrc FC. Thenthefollowing com-
mutes:

Dr(FC,B) ——— OrxcoB

Dr(str w1 f, B) fistr—
Dr(F1,B) —= OrB
]

Proof Follow atypical morphismfrom top left to bottomright. i

14.9.3 Proof of SemanticsTheorems

Proof of Prop.128(1). It is sufficient to showv that every division I’ = X x Y givesthe same
isomorphismg14.6)asthe“canonical’divisionl” =T x 1.

Fromthedivisionl 2 X x Y, we obtaina C-morphisml X anda D-morphism

1 FY with the propertiesgivenin Lemmal138. Thenthe requiredresultfor the
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isomorphism(14.6)is givenby thediagram

OI'XAB
Z Q
O(XXA)XYB O(FxA)xlB
Dyxa(nf 4 f,B) )
Dxxa(*Y,B) ’ - Drya(F1,B)
Dy(f,A— B !

Dy (P, A B) 2IAZB) g 4, g
OxxyA— B Orx1iA—B
Q Z
OrA—B

Thetopandthebottompentagonsommuteby theconstructiorof £ andh, accordingo Lemmal38.
Themiddle squarecommutesecause¢heisomorphism

Drxa(rr 4X,B) = Dr(X,V) isnaturalin I and X..

O

We prove Prop.129. Proof We first shaw thatsubstitutionis interpretedoy reindexing. This
is straightforvard,usingProp.128(2).

Most of the equationghenfollow directly from Lemmal37. For example
e theS-law for F follows from (14.20);

e then-law for F' follows from (14.18);

e theassociatiity law for F followsfrom (14.19).

To prove theequation

M tox. A\y.N =Ay.(M tox. N) (14.25)
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we reasorasfollows. Fix anobliguemorphism

FC. Considetthediagram

~

OrxcyxaB » OrxcA— B

Z 7

(a3

OfrxA)xcB —= Drwa(FC,B) —— Dr(FC,A— B)

Dr xa(h, B) | Dr (str nt 1 f, A — B) fistr—

(4 f);str — Drxa(F1,B) — Dr(F1,A— B)

=

N\

OrxaB > OI'A_)E

(a3

The right quadrilateral like the left, commutesby Lemma139. The top and bottom quadri-
lateralscommuteby Prop.128(1),choosingthe division of ' x A into ' and A. Whetherthe
left quadrilateraland the middle squarecommutedependson what we choosethe morphism

F1 FC to be.Wewantit to be

e str WFxA,ﬂTF,Af to make theleft quadrilateracommute(by Lemmal39);
o mf 4str@f o f to make themiddle squarecommute.

Fortunately Lemmal37(14.16)}ells usthatthesetwo morphismsareequal. Sowe seth to be
this morphismandthe entirediagramthencommutes.
e . g
Now, if fis [M] and m
edgesds theLHS of (14.25)while theimageof g alongtheleft andbottomedgess the RHS of
(14.25).
Theproof of theequation

B is [N] thentheimageof g alongthe top andright

Mtox. M...,i.N;,..}=X{...,M tox. N;,...}

is similar but easier O
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Chapter 15

Relating Categorical Models

15.1 Intr oduction

In this chapter we constructthe variousrelationshipsdepictedin Fig. 11.1. In the first part
of the chapter(Sect.15.2-15.4)we show that direct models,staggereddjunctionmodelsand
restrictedalgebramodelsand value/producemodelsareall equivalent. The easiestvay to do
this, asdepictedin Fig. 11.1,is to shav that value/producemodelsare equivalentto eachof
the others. Equivalencedoesnot meansthat the variousmodelscorrespondexactly, only that
they correspondip to isomorphismandtherearesignificantdifferencescontainedwithin these
isomorphisms:

¢ A value/producemodelcorrespondso a staggereddjunctionmodelwherethe isomor
phism

OrxaY = Dr(FAY)
is identity.
e A restrictedalgebramodelcorrespondso a value/producemodelwheretheisomorphism
E(T,B)= C(I',UB)
is identity.
Consequently

e staggereddjunctionmodelsprovide the mostflexibility, whichis helpfulwhenconstruct-
ing particularmodelsof CBPV,

e restrictedalgebramodelsarethe mostrigid, which is helpful whenproving resultsabout
“all modelsof CBPV”.

We thenin Sect.15.5-15.6urn to thefull reflectionbetweerrestrictedalgebramodelsand
adjunctionmodels,depictedin Fig. 11.1. Becauseof the equivalencesthis givesusalsoa full
reflectionbetween

e value/producemodelsandadjunctionmodels;
e staggereddjunctionmodelsandadjunctionmodels;

e directmodelsandadjunctionmodels.
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In particular this meansthatin ary of the variousequivalentmodels,we have a notion of
homomorphism:

Definition 121 A homomorphisnfrom A to B overC'is

in arestricted algebramodel (C,T,{jB} Be3,--.) analgebrahomomorphisnirom jA to jB
overC

in avalue/producer model (C,‘E,...) amorphism

E(r,A) — E(T x C,B) naturalin I € £,

in a staggeed adjunction model (C, D, O,...) amorphism

Dr(FX,A) — Dryc(rtio X, B) naturalin T andF X

in adirectmodel(s,6) aderivation
r-<A

rCcr°B
0
—i.e. afunction s(I'; 4) L s(l,C; B)) for eachsequencd™ of value objects—that
preseressubstitutiorandsequencingn I'.
]

Wewill seein Sect.15.6thatthesedefinitionsaccuratelycharacterizéhehomomorphism the
inducedadjunctionmodel.

Def. 121 gives us also a notion of isomorphismin eachof the models. For example,we
arenow ableto saythat,in ary CBPV model,A — B — C is isomorphicto (A x B) - C—a
statementhatwaspreviously meaninglessAn isomorphisnfrom A to B is

e in arestrictedalgebramodel (C,T,{jB}Be3,--.): analgebraisomorphismfrom jA to
JB;

e in avalue/producemodel(C, E,...): anisomorphism

~

E(T',A) —~ (T, B) naturalin I € Epr
e in astaggereddjunctionmodel(C, D, O,...): anisomorphism
Dr(FX,A) = or(FX,B) naturalin I and¥ x

e in adirectmodel(s,0): areversiblederivation
r<A
}_C

—|
IS

0
—i.e. abijections('; A) - s(I'; B)) for eachsequencé of valueobjects—thapre-

senessubstitutionandsequencingn I'.

This explainsDef. 22(2),becaus¢hetermmodelof CBPV is anexampleof a directmodel.
We recallthatin anadjunctionmodel,ahomomorphisn{D-morphism)from A to B overC
correspondsyy the YonedaembeddingDef. 88), to a naturaltransformation

Dr(X,A) — Drc(nt X, B) naturalin I and X

Our definitionof homomorphismin a staggeredjunctionmodelis a variantof this.
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15.2 Equivalence:Direct Models and Value/Producer Models

This equialenceis straightforvardto constructandis alongthe lines of the proof of Prop.99.
We giveit in outline.

e Let(C,Z,...) beavalue/producemodelbasedn 7. Thenwe constructa7-multigraphs
by setting

- Sva|(A0,. .. ,An_l;B) to beC(Ao X oo X An_l,B);
- 3comp(A0a (R 7An—1;§) to be Z(AO X X An—lyﬁ)

We definea structured on s in the evidentway, by inductionover terms,andverify all the
requiredequations.

o Let (s,6) be a directmodelbasedon 7. Thenwe constructa value/producemodel by
setting

— C(A,B) tobesya(A4; B);
— E(A,B) to bescomp(4; B).

Thestructures definedin the evidentway andall requiredequationsrerified.

e Let(C,E,...)beavalue/producemodel.Obtainadirectmodel(s, #) andthenavalue/producer
model(C',Z,...) asabore. We seethat

C'(A,B)

sval(4, B)
C(1x A,B)
C(A,B)
Scomp (4, B)
E(1x A,B)
E(A,B)

IR

£'(A,B)

Il

This bijectioncanbe shawvn to presere all structure asrequired.

e Let (s,0) beadirectmodel. Obtaina value/producemodel(C, E,...) andthenadirect
model(s’,6') asabore. We seethat

sio(Ao,...,An 1,B) = C(Aox---x A, 1,B)
Sval(Ao X --- X Ap_1;B)
Sval(Ao,...,An_1;B)
E(Agx---x Ap-1,B)
scomp(Ao X -+ X An_1; B)
Scomp (A0, --- , An_1;B)

IR

Sizomp(A07 ooy Ana; B)

Il

This bijectionis easilyconstructedandshavn to be structurepreserving.
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15.3 Equivalence:Value/Producer Models and Staggeed Adjunction Models

15.3.1 From Value/Producer Model To Staggeed Adjunction Model
Givenavalue/producemodel(C, E,...), we constructa staggereddjunctionmodelby setting

e OrBtobeZ(l',B);
e Dr(FA,B)tobeE(l x A, B).

with identities,compositionandreindeing definedasfollows.

v’

e TheD-morphismidr 4 overrl is givenasl x A A.
e For D-morphismst A FB and®B ﬁ C, the compositef; g is given
as
id r
rxa ™ e rwny >4 o

e For C-morphismr’ I and D-morphism? A

k*h is definedto be

B, the D-morphism

LkxA) h

Mx A MrxA - B

e For obliguemorphism F B and D-morphism” B C, theoblique

morphismg; h is givenby

e r
rodidid e X9 g c
. , k . : .

e For C-morphismlm ————— [ and obliqgue morphism B, the oblique

morphismk*g is givenby

r_ % 9 .p

We settheisomorphism
Orxami AY = Dr(FAY)

to betheidentity, asthe two sidesarethe same It followsthatprod 4 is givenasid4 in ‘E.

The structurefor U, [1 and — in the staggeredadjunctionmodelis exactly given by the
structurefor U,[] and— (respectiely) in thevalue/producemodel.

Theverificationof equationgs entirely straightforvard.

15.3.2 From Staggeed Adjunction Model to Value/Producer Model

Givenastaggerea@djunctionmodel(C, D, O,...), we wantto obtaina value/producemodel.
We constructa staggeredategory E asfollows.

e WesetZE(A,B) tobe O4B.

LY

F A is definedto beprod 4.
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e GivenA FBandB

C, thecompositef; g is definedto be

/
f po ST TARY

FC
A A

Associatvity andidentity laws areeasilydeducedrom Lemmal37.

Given a C-morphism A B, the E-morphism A of FB is given as
f*prodp.
Given X € ob (C and a ‘E-morphism A ! FB, the E-morphism
X
X x A 224 p(x « BY is definedto be
T A f ¥ 4str prod
. XA Fp XA B p(X x B)

X xA XxA

To be surethatwe have describeda value/producestructurefrom C to Eg, we mustverify
theequationdistedin Prop.125. As anexample—themostdifficult, in fact—wemustprove

X x(f:9) = (X x[);(X xg)

for A FBandB J FC'. Hereis aproof:
RHS = 7% af 7k, astr prodyx, gistr 7%« 4 x x 5(7X, 593 T, pStr prodx )
by (14.16) = % 4fistr (nx,4 x B)*prodx, g;str 7'y 4 xx5(7X,59 Tx,pstr prodx c)
by (14.21) = =’y afistr (mx,4 x B)* (7% pg;mx gstr prodx )
by (14.16) = 7X of;mx astr (7% pg; Tk, str prodx )
by (14.19) = a'% ofimx a(str 7% pg;str prodx )
by (14.22) = w3 4(fistr 4 pg);mx astr prodx
= LHS

Thestructurefor U, — and[] is straightforvard, but to prove the requirednaturalitycondi-
tionswe needsomelemmas.

Lemma 140 Givenl”’ f [in C andlr Bin £, thecomposite(tf);gin E
is theobliguemorphismf*g. m|

Lemma 141 Letr’ — 9

FT beaproduceiin E. Then

1. g x A, for ary valueobjectA is givenby

/ P |
T 49 rr Str (Tri s (Trixa,rs T qprodry 4
Mx A MxA

F(rxA)

2. E(g,B), for ary computatiorobjectB, is givenby

~

orB —— Dy (T, B)
Dy (Str ﬂ-fr'g7 B)
OB ~—— Di(*I", B)
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3. E(g x A, B), for ary valueobjectA andcomputatiorobjectB, is givenby

~

OrxaB — @1><A(Fr’§)
Dix a(str W’l*XA’r,g,E)
OrixaB ~—— D, a(F1', B)

O

Proof (1) is straightforward. For (2)—(3),follow atypical morphismaround anduseLemmal37.
O
For U, we requireanisomorphism

E(M,B)= C(T,UB) naturalinT € ¢*
Thisis preciselytheisomorphism
OrB= C(F,UB) naturalin € C*

Lemmal40shawsthatthe naturalityconditionsarethe same.
For —, we requireanisomorphism

E(T x A,B) = E(I',A— B) naturalin I € £,
Thisis preciselytheisomorphism

OrxaB=0OrA— B

constructedn Sect.14.5. To prove therequirednaturalityin I' € fE}", let I’ FT bea
producelin E. Thenthediagram
OrxaB — OrA—B
& Z
Drca(*T,B) ——— Dy("T, A~ B)
E(gx A,B) | Dixa(str Wi*XA’r,g,E) Dy (str W'lfr,g,ﬁ) E(g9,A — B)
D a1, B) —— Dy("I', A~ B)
ez N\
Y ~
OFXAB — > OI'A — E

commutessrequired:theleft andright quadrilateralby Lemmal41,thetop andbottomquadri-
lateralsby Prop.128(1),usingthedivision of I' into 1 andl" andthedivisionof I'" into 1 andl’,
andthe centralsquaredy the naturalityof the closureisomorphismandthe equation

1% I I£3
Str iy 4,19 = Ty ASr Ty g

Therequiredstructurefor [ is constructedsimilarly.
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Proposition 142 The semanticof CBPV in the staggereddjunctionmodel (C, D, O,...), as
describedn Chap.14,is preciselythatobtained asin Chap.13, from thevalue/producemodel
(C,E,...) thatwe have just constructed. O

15.3.3 Value/Producerto Staggeed Adjunction to Value/Producer

Givenavalue/producemodel(C, E, ... ), first obtainastaggere@djunctionmodel(C, D, O, ...)
andthenobtainanothemodel(C, %/, ...). We seethat

Z'(A,B) = E(4A,B)

sowe settheidentity morphismto betherequiredisomorphisnfrom theoriginal value/producer
modelto the new value/producemodel. Of course we mustverify thatall the structureis the
same sothatthisisomorphismis structurepreservingbut this verificationis entirely straightfor
ward.

15.3.4 StaggeedAdjunction to Value/Producerto Staggeed Adjunction

Givenastaggereadjunctiormodel(C, D, O, .. .), firstobtainavalue/producemodel(C, Z,...)
andthenobtainanotherstaggereddjunctionmodel(C, D', 0/, . ..). We seethat

OB = OB
Dr(FA,B) = OrxaB = Dr(FAB)

This givesthe requiredisomorphismbetweenthe old andthe nev model. We mustprove that
thisisomorphisms structurepreservingandthisis straightforvardwith thehelpof Lemmal37.

15.4 Equivalence:Restricted Algebra Models and Value/Producer Models

15.4.1 From Restricted Algebra Model To Value/Producer Model
Givenarestrictedalgebramodel(C,T,{jB} ez, - - - ), wewantto obtainavalue/producemodel.

We constructa staggerectategory £ asfollows. Clearly sourceob £ = ob ¢ andwe set
targetob £ = 7. We definethehomsetZE (A4, B) to be C(A,UB). In particular a producerfrom
A to B will bea C-morphismfrom AtoUFB =TB.

e The‘E-morphismid 4 is givenasnA.

e For E-morphismsA / BandB J C, thecompositef; g is givenas
A—t Lo 19, pye PE L ye
e For C-morphismA B, .f isgivenas
At 5" rp
e For E-morphismA ! B, X x fisgivenas
XXAMXXTB@T(XXB)

It is easyto verify that E is a staggerectategyory and that we have defineda value/producer
structurefrom C to Er, andto prove thefollowing lemma.
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Lemma 143 Given A Bin CandB C in ‘E, the composite(tf); g in
E isgivenasf;gin C. O

We setthe U isomorphism
E(M,B)= (I, UB)

to be the identity—its naturalityin I € C* follows from Lemma143. Consequentlforce BIS
idp.

For ary A and B, we have anexponentfrom A to U B with vertex U(A — B), i.e. we have
anisomorphism

C(r'xA,UB)=C(I,U(A— B))
This senesfor our requiredisomorphism
E(r'xA,B)=E(l',A— B)

It is straightforvardto shaw thatthisis naturalin I' € f}? asrequired. The structurefor ] is
similar.

Proposition 144 The semanticof CBPV in therestrictedalgebramodel (C,T,{jB}se3,---)s
asdescribedn Chap.12, is preciselythat obtained,asin Chap.13, from the value/producer
model(C, E,...) thatwe have just constructed. |

15.4.2 From Value/Producer Model To Restricted Algebra Model

Givenavalue/producemodel(C, E,...) we wantto obtainarestrictedalgebramodel.
The strongmonadis constructedsfollows.

e For A€ ob C,TA isdefinedto beU F A.
f

e ForA B, T'f is definedto bethunk (force p4;¢f).

nA is definedto bethunk id 4.

A is definedto bethunk (force prra;force pa).

t(A, B) is definedto bethunk (A x force rp).

The family of algebrasis {j B} petargetob = Where jB is the T-algebrawith carrier UB and
structurethunk (force pyp;force g).

Checkingthe variousstrongmonadandalgebraequationss easywhenwe obsene thatto
prove f = g, where

f
A UB
g
it sufficesto prove that
A Y L uyp
Lg force g commutes.
UB

— force p
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For —, we mustfirst constructan exponentfrom A to U B, with vertex U(A — B). Thisis
givenby

C(r\U(A— B))

R 1 IR IR
O W\ B W
| o~

% A
N p
vq 1
& =

whichis naturalin I' becauseachfactoris. If wewrite ar for theisomorphisnmfrom £(I", A —
B) to E(I" x A, B), thentheevaluationmapev is givenby thunk a4, p)force 4, 5. Wemust
show thatthestructureof j(A — B) is thatgivenby this exponentihis follows straightforvardly
from Lemmal27(2).

Thestructurefor [ is constructedsimilarly.

[ andr 9, Athen

Lemma 145 (usedin proofof Prop.148)Givenl”’

Tthunk
UFr — ™9 A

thunk h BA
r thunk (h; g) UA

15.4.3 Value/Producerto Restricted Algebra to Value/Producer

Givenavalue/producemodel(C, E, ...), firstobtainarestrictecalgebramodel(C, T, {j B} Be3, - - -)
andthenobtainanothemodel(C, Z/,...). We seethat

E'(A,B) = C(A,UB) =~ E(A,B)

It is easyto checkthatthisis structurepreserving.

15.4.4 Restricted Algebra to Value/Producerto Restricted Algebra

Givenarestrictedalgebramodel(C,T,{jB} pe3, - - - ), weobtainavalue/producemodel(C, Z, . . .)
andthenanotherrestrictedalgebramodel. It is easyto checkthatthis latter restrictedalgebra
modelis exactly the sameastheformer, sotherequiredstructurepreservingsomorphisris the
identity.

15.5 Full Reflection: Restricted Algebra Models and Adjunction Models

15.5.1 From Restricted Algebra Model To Adjunction Model

GivenarestrictedalgebramodelM = (C,T,{jB} pe3, - - - ), we obtainanadjunctiormodel UM
asoutlinedin Sect.14.4.2.Herearethedetails:

e Dr(A,B) is definedto bethe setof T-algebrahomomorphismé&om jA to jB overT .

e Theidentity A

AiSWF,A-

!/

h
e Thecomposited - B < Cisgivenby (nr ya,h); .
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e Thereind«ing of A

BhbyA

I isgivenby (k x UA); h.

e OrB isdefinedto be C(I',UB).

. h L
e Thecomposite 5r’ A = B isgivenby (idr, g); h

e Thereind«ing of AbyA I isgivenby k; g.

g

MrxA
prod 4 isgivenby na.

e Given

B, the D-morphismstr g is givenby ¢(I", A); T f; 3B. Equivalently,

e Given

B, the C-morphismthunk g is just g. Equivalently; force g is given
by idys.
e Therequiredisomorphism
Drxa(nr 4X,B) = Dr(X,A— B) (15.1)
is givenby

C(TxA)xUX,UB) =
C(rxUX)x A,UB) = (C(TxUX,U(A— B))

It is easilyverified that this bijection restrictsto a bijection betweenalgebrahomomor
phisms,asrequired;similarly for [].

All therequiredequationdor anadjunctionmodelareeasyto prove. It is alsoeasyto shav that
theisomorphism

OrxaB=0OrA— B
derivedfrom (15.1)is justtheisomorphism
C(r'xA,UB)= C(I,U(A— B))

expressing’ (A — B) asthevertex of anexponentfrom A to U B; similarly for [].

15.5.2 From Adjunction Model To Restricted Algebra Model

Let4 = (C,D,0,...) beanadjunctionmodel. Obtaina staggereddjunctionmodel(by forget-
ting mostof thehomsets)thenavalue/producemodel(by Sect.15.3.2) thenarestrictedalgebra
model(by Sect.15.4.2)—callthis ¥4 = (C,T,{jB}Beob m>---)-

Explicitly:
T(A / B) = thunk (force pa;str miipa af prodg)
nA = thunk prod,
pA = thunk (force pyra;str nffpypayraforce pa)
t(A,B) = thunk ('} yppforce pp;m} yppstr prod 4 )

BB = thunk (force ryp;str nfpyp ypforce B)
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Theexponentfrom A to U B with vertex U (A — B) is givenasthe composite

1%

C(r x A,B)
OFXAE

1%

OrA— B
C(r\U(A— B))

Il

Similarly for 7.

15.5.3 Restricted Algebra To Adjunction To Restricted Algebra
Proposition 146 Let M bearestrictedalgebramodel. Then ¥ UM = M. |

Thisis straightforvardto prove.
We canthussetthe counitof ourfull reflectionto betheidentity.

15.5.4 Adjunction To Restricted Algebra To Adjunction

Let 4 = (C,D,0,...) beanadjunctionmodel. We obtain a restrictedalgebramodel 7.4 =
(C,T,{jB}Beob ;- --). Wethenobtainanotheradjunctionmodel 7/ # 4. We wish to construct
anadjunction-model-morphismnit ; from 4 to UF 4—this will be the unit of our full reflec-
tion.

e unity leavesC-morphismaunchanged.

. . thunk
e unit4 takesanobliquemorphism Atol kg, UA.
thunk (7, force 4;7F ;; 4 h
e unit4 takesaD-morphismA4 Btol xUA ( rva 2 o4 )~U§.

In the lastcase we mustcheckthat k = unit4h is a T-algebrahomomorphisnfrom jA to jB
overl,i.e.thatthediagram

t(r,UA Tk
r<xUFUA (T.U4) UF(T'xUA) — UFUB
FrxBA BB commutes.
rxUA UB
k

It is sufficientto prove that
t(r,UA)")(Tk)*(BB)*force p = (I x BA)*(k)*force p

Expandinganddistributingthe LHS gives(nf* ;; gy s force pua);1 wherel is the D-morphism

(TF uruaStr prodryya); (((F, UA) str w;}F(erA)’erAk*prodUﬁ);
(T, UA)*(Tk)*str n(;py g ypforces)

by (14.16) = (7f yryastr prodryya); (St Ty puarxvak Prodyp); (str mfs ypy a,vforces)
by (14.19) = (str(rrurua x UA)*prodr,pa); (str mr yruarxva(Tryaforce a;mf 1 4h))

by (14.19) = str(nr,urva x UA)*(nf s sforce a5 7t 17 4h)

by (14.16) = =7 yypyastr(mr yaforce 4,77 1 4h)

by (14.17) = (77 yryastr 77y aforce a); (f vy ah)
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Expandinganddistributing the RHS gives (7 UFUAforce ruA);l wherel’ is the D-morphism

(TF uFuAStr T py A aforce A); (7f ypy ah)
by (1422) = (WF’UFUAStr 7T|I—*’UA'FO|'C€ A), (WF,UFUAh’)

Thusl =1". For brevity, we have omittedall theinstance®f reducing(thunk g)*force p to g and
of distributing reindeing over composition.

Shawing thatunit 4 preseresidentities,compositiorandreindeing is straightforvard. Preser
vation of the U isomorphismis trivial, andfor preseration of the F' isomorphismit sufiicesto
shav preserationof produce 4, whichis trivial.

For the — and[] isomorphismswe need

Lemma 147 Thediagram

D(str wfy, x force x, B)

Dr(X, B) — — Dr(FUX, B)
unitg = commutes.
C(FrxUX,UB) » OrxuxB

|4

O

Proof Following amorphismX

B down, rightandupgivesstr(rr;; yforce x; 7t ;7 x h)

whichby Lemmal37(14.17)s equalto (str mt"r;  force x); h. |
Now thefactthatunit4 preseresthe — isomorphisms givenby thecommutatvity of

1%

ﬂxA(x,B\ Dy (X, A~ B)
2 B

unity Tk, B) pryA(FUX, B) — @r(FUX,Aﬁﬁ)(D&h’A
C(r'xA)xUX,UB) = unitg

R

~

IR

OrxayxuxB

C((FTxUX)xA,UB) C(erx,'U(Aeﬁ))

1%

R

Orxux)xaB OrxuxA— B

whereh is str 7r|’-*UXforce X- Therightquadrilaterabommutes*.)y Lemmal47,asdoestheupper
left quadrllateralusmgthefactthatwr ahisstrar, 4 yxforce X by Lemmal37(14.16).The
centralpentagorcommutesy Prop. 128(1)—weha/e choserto divide T x UXintol andUX.
Theupperquadrilateracommutesy the naturalityof the — isomorphismin 4. Thebottomleft
guadrilateracommutedy the naturalityof the U isomorphismin 4.

Similarly, we canprove thatunit 4 preserestheisomorphisnfor [7].

15.5.5 Triangle Laws

To completeour constructionof the full reflection,we mustverify the trianglelaws for an ad-
junction. Becausdhe counitis identity, thesearequite simple.
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1. Funitg =ids4. Thissimply saysthatunit 4 is identity on C-morphismswhichis true by
definition.

2. unitgq, = idgq,. Thisis easilyverified.

15.6 Notions Of Homomorphism

We now shaw thatthe variousdefinitionsof homomorphisngivenin Def. 121 accuratelychar
acterizethehomomorphism# theinducedadjunctionmodel.

Proposition 148 Let M bearestrictedalgebramodel,value/producemodel,staggerea@djunc-
tion modelor direct modelgiving rise to the adjunctionmodel (C, D, O,...), asin Fig. 11.1.
Thenthereis abijection betweerthe homomorphismérom A to B over C in M, asdefinedin
Def.121,and D¢ (A, B). O

Proof
restricted algebramodel Thisis justthe constructiorof the adjunctionmodel.

value/producer model Let (C,E,...) be a value/producemodelgiving rise to the restricted
algebramodel (C,T,{jB} Betargetob %,---)- We have to constructa bijection between
morphisms

E(I,A) — E(T x C,B) naturalin I € £,
andalgebrahomomorphism$rom j A to jB overC.

e Givenamorphism

£, A) 2% £(T x C,B) naturalin T € £

wesetf to be

CxUA (') UAxC thunk ap aforce 4

UsingLemmal27(2),we canprove thatthis is analgebrahomomorphisnirom j A

to jB overC.
e Givenanalgebrahomomorphismy from j A to jB over C, we obtainthe morphism
ar takingld Ato

(') force g

hunk
thunkgxC Ao o™ ovpa Yy

MrxC
Thenaturalityof ar inT" € f}? is provedusingLemmal45s.
Thattheseareinverseconstructiongollows from a Yoneda-stylargument.

staggeedadjunction model Let (C, D, O) be a staggerechdjunctionmodelgiving rise to the
value/producemodel(C, Z, .. .), We have to construcia bijectionbetweermorphisms

Dr(FX,A) — Dryc(r*F X, B) naturalin I and? X
andmorphisms

E(T,A) — E(T x C,B) naturalin I € £,
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e Givenamorphism
Dr("X,A) — Dryo(nf " X,B) naturalin I and? X

we useanarbitrarydivision of ' to obtaina morphismfrom Er A to ‘ErcB—asin
Prop.128(1),this morphismis independenof the particulardivision used.We shov
thatit is naturalin I € Z:;f justaswe provedthe naturalityof

E(T x A, B) = E(T, A— B)

in Sect.15.3.2.
e Givenamorphism

E(T, A) % E(T x C,B) naturalin T € Ep

we obtain
Dr(FX,4) —+ OrixA
arxx
Drxo("X,B) <5 Orxx)xcB

This canbeshavn naturalin I and? X usingLemmal37.
It is easyto show thattheseconstructionsareinverse.

directmodel Let (s,0) be a direct modelgiving rise to the value/producemodel (C,Z,...).
We have to constructa bijectionbetweerderivations

rCA
rcr*B
thatcommuteswith sequencingn I, andmorphisms
E(T,A) — E(T x C,B) naturalin I € £,

We omit thedetails,which arestraightforvard.
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Chapter 16

Conclusions,Comparisonsand Further Work

16.1 Summary of Achievementsand Drawbacks

In Part I, we introducedthe CBPV paradigmas a languageof semanticprimitivesfor higher
orderprogrammingwith computationakffects(even just divergence).In Part Il we sav a vast
rangeof semanticghatsupportCBPV’s claim to be sucha languagesubsumingooth CBV and
CBN. That rangeincludesmodelsfor printing, storage divergence,erratic choice, errorsand
control effects; it alsoincludespossibleworld modelsandinteraction-basedemanticsuchas
jumpingimplementationgusing continuations)andpointergamemodels.Again andagain, we
sav theadwantage®f usingCBPV asalanguageof study For example,in theinteraction-based
semanticsthe explicit controlflow in CBPV malesit closerto the detailedbehaiour presenin
themodelthanCBN or CBV are.

However, thereweresomeexamplesof CBV modelsthatwe wereunableto decomposéinto
CBPVin anaturalway:

e themodelfor input basedon Moggi’'s input monad[Mog91]—note alsothe relateddiffi-
culty in formulatingan operationasemanticgor this effect;

e the constrainedmodel for finite erratic choice basedon the strongmonad?;, on Set,
describedn Sect.6.5.3;

e theconstrainedanodelfor storethatincorporateparametricityin initializations,mentioned
in Sect.7.9.

In Partlll, we saw thatall of our semanticgor CBPV areinstance®f adjunctionmodels.It
is thereforereasonabl¢o saythatwhatCBPV achievesis to decompos@loggi’s strongmonads
into strongadjunctions However, aswe explainedin Sect.14.3.2,whilst all thesesemanticex-
hibit adjunctionstructurethe CBPV languagétself doesnot. We thereforeprovidedotherforms
of catgyorical semanticghat, althoughlesselegant, agreeexactly with the CBPV equational
theory

16.2 Contrast With Other Decompositions

We contrasthe succes®f the CBPV decompositionsf CBV andCBN type constructorsvith 2
otherwell-known decompositions:

e Moggi'sdecompositiorof A —cgy B asA — T'B by contrastwith ourU(A — FB)

e thelinearlogic decompositiorof A —cgn B as! A — B by contrastwith our (UA) — B.
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Both thesedecompositions/translatioasegivenin [BW96].
For discussiors sale, we will saythatthetypesof Moggi’stargetlanguagenclude

A= bool |nat | AXA| A—-A|TA| ---

althoughMoggi doesnot explicitly includebool andnat. In categoricalterms,Moggi’'s decom-
positionof —cpy is isomorphicto ours,becausé/ (A — F B) mustbethevertex of anexponent
from A to T'B. But muchis lostin Moggi's translationaswe now explain.

e Aswesaidin Sect.1.2.3,themonadidanguagealoesnot have anoperationakemanticgat
leastnot a simpleonein thesameway asCBYV, CBN andCBPV) becausét is alanguage
of values.

e Althoughthe monadiclanguagedoeshave a denotationakemanticaisingcpos,in which
A — B denoteshecpoof total functionsfrom [A]] to [ B]), thisis nota SEAM predomain
semanticgDef. 23). For example,nat — nat denotesan uncountabldlat cpo, which is
nota SEAM predomain.

e \We cannotadd generaltype recursionto the monadiclanguagebecausdor examplewe
couldnotinterpretuX.(X — bool)—thereis nocpo X suchthatX = X — 2. Theheartof
the problemis thattotal function spacebetweercposdoesnot definealocally continuous
functor.

¢ \We cannottranslatethe monadiclanguagento Jump-Wth-Argument(preservingseman-
tics), sowe do not have a jumpingimplementatiorfor it. To putthis anothemvay, look at
the continuationsemanticfor A —cgy B givenby thetwo decompositions:

A—TB gives A— ——B
UA— FB) gives —(Ax-B)

Theseareisomorphic.But thelatteris meaningfulin ajumpingsense—isaysthata CBV
functionis a pointto which we jump takingbothanamgumentanda returnaddresgor the
result.By contrastthe — usedin theformercannotbe understoodn jumpingterms.

The taiget languageof the linear logic decompositioris a linear A-calculuswith typesin-
cluding

A= 1A | AQA| A—A| -

(We areunderliningthe typesbecause¢hey denotepointedcpos.)
Muchis lostin thetranslationfrom CBN into this language For example,O’'Hearn’s seman-
tics of globalstore

[A—cen B = (S — [A]) — [B]
andthe StreicherReuscontinuationsemantics

[A—can B = (-[[Al) x [B]

do not exhibit thelineardecompositionOnereasorfor thisis that,aswe saidin Sect.1.2.3,the
linear A-calculusassumesommutatvity of effects.

For thesamereasonthepointergamemodelfor CBN (givenby the CBPV modelof Chap.9)
doesnot exhibit the linear decompositiorof —cgn. Thisis perhapssurprising,giventheinflu-
enceof linearlogic onthe developmentof gamesemantics.
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16.3 Beyond Simple Types

In thisthesiswe have studiedonly simply typedlanguagestogethemwith recursve andinfinitary
types.We have notlookedat polymorphismor dependentyping.

16.3.1 DependentTypes
Dependentypes and computationaleffects are a problematiccombination,as Moggi found.
Froma CBPV perspectie, the problemis asfollows.

Onthe onehand,it is easyandeven beneficialto add dependentypesto CBPV. § and x
canbothbeseenasinstance®f dependensum,while [] and— canbothbeseenasinstance®f
dependenproduct. Theonetyping rule thatrequirescareis the sequencingule

NrMN*“M:FA T,x:AF“N:B
FrN“Mtox.N:B

In this rule, we muststipulatethat B doesnot dependon x, only onI". This restrictionis indis-
pensabléf we wantto retainour denotationamodels.The categoricalsemantic®f thislanguage
remainto be studied but we do not expectdifficulties.

Theproblemis thatthereis no obvioustranslationfrom A-calculuswith dependensumsand
dependenproductsinto this “dependentlytyped CBPV”. In the simply typed casewe have 2
translationgCBYV andCBN); but the CBV translationof applicationandthe CBN translationof
pattern-matchingpoth usesequencingandwhenwe try extendto the dependentlyypedsetting,
we violatetheabove restriction.

Thusit appearghat this “dependentlytyped CBPV” may not be asexpressie asa depen-
dentlytypedlanguagewithout effects. However, furtherinvestigationis required.

16.3.2 Polymorphism

From an operationalperspectiie, we speculatehat we could add polymorphismto CBPV by
addingthe following type constructors:

A= - | X |SXA] XA
B:i= - | X | NX.B| NX.B

However, whetherthis is suitablefrom the point of view of impredicatve denotationake-

manticsremainsto beinvesticated.

16.4 Further Work

In additionto the investigation of dependenandpolymorphictypesmentionedabore, thereare
anumberof holesin variousplacesn thethesisthatneedto befilled, andthe problemsnvolved
areby no meandrivial.

¢ Developmenif a CBPV modelcombiningerraticchoiceanddivergence.

Formulationof a big-stepsemanticdor the combinationof divergenceand printing, as
discussedn Sect.6.7.1.

Developmentof parametrionodelsfor cell generation.

In the pointergamemodel, presentinghe interpretationof term constructorsn a clean
way.
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Appendix A
Technical Treatmentof CBV and CBN

A.1 The Revised Simply Typed A-Calculus

A.1.1 Intr oduction

This chapterlooks in detail at the relationshipbetweenCBY, CBN and CBPV. We will prove
varioustechnicalresults,including universalityandfull abstractiorof transforms.The various
languagestranslationsandresultsarelistedin Sect.A.2.

Beforewe cometo thesejt is helpfulto recollectwhatwe wereaimingto achierein Chap.2—
3:

We take a purelyfunctionallanguageadda computationakffect (e.g.printing)
and explore variouspossiblechoices: aboutevaluationorder aboutobsenational
equialenceetc. Thenwe seeka singlelanguagehatincludesall of thesepossible
choices.

The wider the rangeof languagepossibilitiesthat we explore and shawv to be includedwithin
CBPV, the strongerour claimthat CBPV is a “subsumingparadigm”.

In this chapterwe carefully retreadthis path. In orderthat our exploration of possibilities
be asthoroughaspossible we wantour startingpoint (the purelyfunctionallanguage}o have a
wider rangeof type constructorshanwasprovidedin A bool+.

For example,we wantto look at producttypes. Ratherthandecidea priori whetherthese
will be projectionproductsor pattern-matchproducts(in the senseof Sect.2.3.2),we will pro-
vide both. We will thenseehow eachis affectedby the additionof computationakffects,and
eventuallyverify thateachpossibilityis includedwithin CBPV.

Similarly, we will provide notjustunarybut multi-ary functions.For althoughtherearevar
iousisomorphismshatjustify thedecompositiorof multi-ary functiontypesinto unaryfunction
types,it is not cleara priori thatthesewill continueto bevalid wheneffectsareadded.

The purely functional languagethat we useis called the revised simply typed A-calculus
or Revised-\ for short. Becausdt is intendedas an exploratory tool, aswe have explained,
Revised-\ hasextremelygeneratype constructors:

tuple types includebothsumsandpattern-matclproductsasspecialcases.
function types includebothunaryfunctiontypesandprojectionproductsasspecialcases.

We work with infinitely wide languagegseeSect.5.1for adiscussion).Thereademwishing
to considermonly finitely wide languageshouldsubstitutéfinite” for “countable”throughouthis
chapter
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A.1.2 Tuple Types

Tuple typesare a generalizatiorof the usualsumtypes. Somethingof sumtypeis formedas
a pair consistingof a tag and a term; the type of this term dependson the tag. By contrast,
somethingof tuple type is formed as a finite tuple consistingof a tag and several terms;the
numberof termsandtheir typesdependonthetag. Thisis the mostliberal tuple typeformation
possiblewithin a simply typedlanguagepbecausesimpletyping requiresthatthe type of aterm
cannotdependon thetype of anothetterm,only onatag.

Tupletypesarebuilt asfollows. Let I beacountableset—thiswill bethesetof tags.Suppose
thatfor eachi € I we have afinite sequencef types4;o, ... , A;;—1)- Thenwe form thetuple

X

type zie’?’” A;j. Thisdenoteghesety ;cr([Aio]] - -+ x [A;—1)]), Or, isomorphically the set
of tuples(¢, ao, - .. ,ar,—1), Wherea; € [A;;].

Wheneachr; = 1 weobtaintheusualsumtypewritten s ;. r A;. In particularwhenl = {0, 1}
we obtainthebinarysum A + B andwhenI is emptywe obtainthe zerotypeO.

When I is a singletonset{x} andr. = 2, we obtaina pattern-matctbinary producttype
A x B. Similarly, whenI is a singletonset{x} andr, = 0, we obtainthe pattern-matt-unit
typel.

In the effect-freesetting, ,x and1 are suficient to give all tuple typesbecauseof this
decomposition:

Xjesr; ~
Sier Aij 2 Yier(AioXx - X Aj(r_1)) (A1)

However, it is notapparent priori whether(A.1) will remainvalid whenwe addeffects. Thisis
thereasorfor providing generakupletypes.(In fact,(A.1) is valid in CBV but notin CBN.)

Another specialcaseof tuple typesis wheneachr; = 0. Sucha tuple type is called a
ground type Its closedtermsare of the form (i), for ¢ € I; sometimeswe write this just
asi. In particularwhen I = {true, false} we call this type bool andwhenI = N we call
this type nat. We write true for (true), false for (false) andif M then N else N’ for
pm M as {(true). N, (false). N'}.

A.1.3 Function Types

Revised-\ functiontypesarea generalizatiorof the usualunaryfunctiontypes. Somethingof
unaryfunctiontypeis appliedto a singleoperand By contrastsomethingof Revised-A function
typeis appliedto severaloperandsThefirst operands atagandtherestareterms.Thenumber
of termsandtheir typesdependon the tag, andthe type of the resultalsodependson the tag.
Thisis themostliberalfunctiontypeformationpossiblewithin asimply typedlanguagebecause
simpletyping requireghatthetype of atermcannotdependnthetype of anotheiterm,only on
atag.

We usea novel notation: whenwe apply a function to several operandswe delimit these
operandson the left with the symbol Z. For example N appliedto My and M; is written
ZMy,M1'N. The reasonwe do not write it (Mo, M1)' N is that this notation suggestghat
(Mo, M1) is asubtermwhichit is not.

Functiontypesare built asfollows. Let I be a countableset—thiswill be the setof tags.
Supposehatfor eachi € I we have afinite sequencef typesA;o, . .. , A;(»,_1) andanotheitype
B;. Thenwe form the functiontype |‘|i_€>ff$” A;;B;. Thisdenotegheset[];c([Aio] = -+ —
[A4;r,—1]l — [Bi]), orisomorphicallythe setof functionsthat takesthe sequencef operands
Zi,a0,...,ar,—1, Wherea; € [A;;]], to anelementf [B;].

Whereeachr; = 1 we obtaina projectionproducttype written [];c; A;. In particular when
I = {0,1} we obtainthe binary projection-productvhich we write An B, andwhenI is empty
we obtainthe projection-unitlp.

WhenlI isasingletonset,say{x*}, andr, = 1 weobtaintheusualunaryfunctiontype A — B.
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In the effect-freesetting[] and — are sufficient to give all function typesbecauseof this
decomposition:
_>je$'r‘-

Micr *AijBi = [licr(Aio = -+ = Aj(r,—1) = Bi) (A.2)

However, it is notapparent priori whether(A.2) will remainvalid whenwe addeffects. Thisis
thereasorfor providing generafunctiontypes.(In fact,(A.2) is valid in CBN but notin CBV.)

Types A= S5 A | = A Ay
whereeachsetI is countable.
Terms
r'-M:A INx:A-N:B
Mx:ATMFx: A FHletxbe M. N:B

M+ Mo : A;o -~ Ik Mr;—l : Ai(r;—l)
[ (3 Mo,...,My—1): 3,057 A

MMy 05 Ay o Tyxo: Ajgyees yXnim1: Aj(y_1) F Ni i B -+
N-pmMas{...,(i%0,-.. ,%Xp,—1)-N;,...} : B

. r,Xo . AiO,--- yXp;—1 - Air¢—1|_ Mi . Bi
M+ /\{ ,Z1,%0, .. ,X,,‘i,]_.Mz',...} : |_|Z_€)JIE$T”'A”BZ

MFMo:Aio -+ THMy1:Aspryy THN[0 AiBi
[+ i, Mo,...,M,. ,'N:B;

wherez is ary elementof 1.

B-laws
letxbe M. N = N[M/x

WA . %2).N: — N-[M./x:

pn (z,]\ij)) as{...,(4,%).Nj,...} = Al ]/x;]

L, MG X{...,Zi, %] .N;,...} = N;[M; /%]
n-laws

N[M/z] = pmM as {,(z,ﬁ)N[(z,X_})/z],}
M = M... ,Ai,x_}.(éi,x_}‘M),...}

FigureA.1: SyntaxandEquationsof Revised-\

A.2 Languagesand Translations

In therestof this chapterwe will look in detail at variouslanguagesnvolving effects,andthe
translationdbetweerthem,shovn in Fig. A.2. Arrows of the form — indicatelanguageexten-
sions.For thethreelanguagesnarkedwith anasteriskwe provide anequationatheory

Becauseve areconsideringso mary languageswe have mary variantsof the sameresults.
To reduceclutter, we omit mary of thesepropositionswherethey arestraightforvard. Further
more,whentreatingCBV andCBN, we omit proofswhenthey aresimilar to the corresponding
proofsfor CBPV. We give a summaryof theresultshere.
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coarse-grain

CBV lazy
fine-grain "
CBV /CBN
CBPV
fine-grain
cBv
+ comple
values
\
CBPV
+ comple
values

FigureA.2: Effectful Languages

Eachlanguagehasthefollowing properties:

e the big-stepsemanticdgs total, becauseahe only effect we are usingin our languagess
printing;

e denotationabemanticckommuteswith substitutionrandwith wealening;
e denotationabemanticagreeswith operationasemantic§soundness);
¢ denotationakqualityimpliesobsenationalequivalence.
Eachequationatheoryhasthefollowing properties:

e provableequalitycommuteswith substitutionrandwealening;

e provableequalityimpliesdenotationakquality;

e provableequalityimplies obsenationalequivalence.
Eachtranslatiorhasthefollowing properties:

e thetranslationpreseresdenotationakemantics;

thetranslationcommuteswith substitutiorandwealeningup to provableequality;

the translationpreseresprovable equality (wherethe sourcelanguagenasan equational
theory);

thetranslationpreseresandreflectsoperationakemanticgor groundterms;

thetranslationreflectsobsenationalequialence.
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We would lik e eachtranslationto have thefollowing properties:
¢ thetranslationcommutesexactly with substitutionandwealening;
o thetranslationpreseresandreflectsoperationabemanticdor all terms.

However, thesepropertiesusually fail, andto achiere themwe have to extendthe translation
from afunctionbetweertermsto arelationbetweerterms.
Thetwo translationsnto CBPV! have thefollowing properties:

e everytypein thetargetlanguages isomorphicto thetranslationof sometypein thesource
language;

e everytermin thetargetlanguaggof appropriatdypeandcontet) is provably equalto the
translationof sometermin the sourcdanguage;

¢ thetranslatiorreflectsprovableequality;

e thetranslationpreseresobsenationalequivalence(full abstraction).

A.3 Call-By-Value

A.3.1 Coarse-Grain Call-By-Value
For CG-CBV we evaluateto thefollowing terminal closedterms:

T:= (inOw--yTr;—l) | A{,Z’L,X_}MZ,}

TherelationM |} T is giveninductively by therulesof Fig. A.3. We extendit to printing as
in Sect.3.4.1.

M|yT NI[T/x]{yT
letxbe M.N | T’

Mol To -+ My, 1T 1
(z,Mo,...,My,_1) | (3,T0,...,Tr;—1)

MY GT) NITG/xILT
pmMas{...,(4,%5).N;,.. } 4 T

Moo 2 &M, YU ML 4B M;,. )

, —
Mo\ To -+ My 1) Trim1 NUXM...,Zi, % .Niy. ..} Ni[Tj/x5] 4T

/i, Mo,..., My, t'N | T

FigureA.3: Big-StepSemanticgor CG-CB\V\—No Effects

Proposition 149 Propertief big-stepsemantics:

1we have notinvesticatedthesepropertiesfor the othertranslations.
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1. If Tisterminal,thenT || T'.

2. Foreveryclosedterm M, M |} T for auniqueT.
O

Denotationalsemanticgfor printing is given asin Sect.2.6.2. The type constructorsare
interpretedasfollows.

o Zixej?”Aij denotesy ;7 ([Aio]] X --- X [Airi—)]])-
o ;5" Ai;B; denoteqTics ([Aio] — -~ = [Aipr_y]] = (2* x [Bi]))).

A.3.2 Fine-Grain Call-By-Value

ThelLanguae
Thecoarse-graitCBV languageahatwe have seensuffersfrom two problems.

1. We hadto make anarbitrarychoiceasto the orderof evaluationof tuplesandapplications.

2. A valueV hastwo denotations{[V]]*?, its denotatiorasa value,and [V ]P™d, its denota-
tion asa producer

How canwe refinethelanguageo avoid theseproblemswhile leaving unchangedhetypesand
theirdenotations?

In orderto have a single denotationfunction [—]], we make a syntacticdistinctionbetween
valuesandproducerssothatevery termis eithera value or a producerbut not both. Thuswe
have two judgements

FFV:iA THM:A

which respectiely saythat V' is a valueof type A andthat M is a producerof type A (i.e. M
producesavalueof type A).

Thecalculusthatthisleadsto is calledfine-grmain CBV. Thetermsandbig-stepsemanticare
givenin Fig. A.4. We do not evaluatevalues,so the operationalsemanticds definedonly on
producers.

It is corvenientin FG-CBV to write T'A assyntacticsugar for ;¢4 A. Thusin the print-
ing semantics’A denotesZ* x [[A]], andin the ScottsemanticsI’A denoteg[A]l ;. We write
thunk M for Ax.M andforce V for +' V. Becausef theimportanceof T'A, we presentules
andequationdor it explicitly, eventhoughthey arejust specialcasesf the rulesandequations
for functiontypes.

Notethatin FG-CBV let is usedonly for bindingidentifiers.Thesequencingf producers,
which waswrittenin CG-CBV aslet x be M. N isin FG-CBV written more suggestiely as
M to x. N. Furthermorehisis theonly construcin FG-CBV thatsequenceproducerssoboth
operationahnddenotationatemantic$or otherterms(suchasapplication)is muchsimplerthan
before.In particular the arbitrarinesgpresenin CG-CBV (evaluationorderfor applicationand
for tupling) is nolongerpresenin FG-CBV.

FG-CBV is basedon Moggi’s “monadic metalanguage[Mog91]. But unlike Moggi’s cal-
culus, FG-CBYV distinguishesetweena producerM of type A andits thunk, a value of type
TA.

To addour exampleeffectto the languagewe addtherule

r-PM:A
MFPprinte;, M: A
andadaptandthenextendthe big-stepsemanticgxactly asin Sect.3.4.1.We thenobtain:

Proposition 150 For every closedproducerM, thereis auniquem,V suchthatM | m,V. O
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rNYv:.:A rx:A+PM:B

Mx:ATF'x: A NVYletxbeV.M:B
rE'v:A rN-PM:A Ix:A+PN:B
I P produce V : A MN-PMtox. N:B
—— o
v, A Vs oAy o Tx A FP M B -
MG,V 5000 Ay FHPomVas{...(i,®).M;,...}: B
T, A PP M;:B; - TV, Ay T H W [0 Ay By
FHE AL 26,8 M, . [0 Ay B MHP /3, V' W : B;
FrP M- A r’Yv:.TA
MY thunk M :TA P forceV:A
M[V/x] 4 W

letxbeV.M|IW
MV N[V/x||W
produce V | V Mtox. NyW

M;[V;/x5] 4 W
pm (3, V) as {..., (i, X}).M;,.. } U W

—
M;[V; /%] 4 W
L VoMo LT My, YW

MW
force thunk M | W

FigureA.4: TermsandBig-StepSemanticgor FG-CBV—No Effects
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ObservationaEquivalence
Definition 122 Giventwo producerd” -P M, M’ : B, we saythat

1. M ~ground M' whenfor all groundproducercontets C[], C[M] 4 m,i iff C[M'] | m,i;

2. M ~,nytype M’ whenfor all producercontexts C[] of ary type, C[M] | m,T for someT
iff C[M'] |} m, T for someT

Similarly for values. a
Proposition 151 Thetwo relations~g,oung @Nd=~anytype arethesame. O

DenotationalSemanticdor Printing

Thesemanticof typesis thesameasCG-CBV.

If TV : AthenV denotesafunctionfrom '] to [A]], whereasf I' -P M : A then M
denotesafunctionfrom [I']] to -2* x [A]]. We omit the semantic®f terms.

Comple Valuesand EquationalTheory

For all purposesxceptoperationakemanticsye extendthe FG-CBYV calculuswith the follow-
ing rulesfor complex values

FrMNYv:A Mx: AW A
MN-VYletxbeV.W:A

rFVVZZ:EjIG$TiAij r,XjZAij FW;:B

r='pmVas{..,(4,%5).W;,...} . B

We thenform the equationakheoryshown in Fig. A.5. M,N and P rangeover producers,
while V- andW rangeover values.

The equationfor print is of coursespecificto our example effect, but thereare directly
analogougquationgor mary othereffects. For example,if we wereconsideringlivergencewe
would have anequation

diverge to x. M =diverge

We call this theory(withoutthe print equation}he CBV equationaltheory.

Proposition152 1. Thereis aneffective procedurehatgivena producer” FP M : A, pos-
sibly containingcomplex values,returnsa producer” P M : A without complex values,
suchthatM = M is provable.

2. Thereis an effective procedurethat, given a closedvaluet" V : A, possiblycontaining
comple values returnsa closedvaluet" VA without complec values suchthatV = 174
is provable.

O

Thisis provedlike Prop.26.
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B-laws
letxbe V. M = M[V/x]
letxbe V. W = WIV/x]
(produce V) tox. M = MM
pm (3, V) as {...,(i,x}).M;,...} = Mi[V; /)
pm (3, V)) as {...,(i,%).Wi,...} = WiV, /x;
LV LT M) = Mi[V;/x)]
force thunk M = M
n-laws
M = M to x. produce x
M[V/z] = pnVas{.., (i%).M[(:%})/z],...}
W(V/z] = pmVas{...,( x]) Wi, x})/=],...}
V = Moo 4,50 (L4, 755V,
|4 = thunk force V
sequencingaws
(M tox.N)toy. P = M tox. (N toy. P)
print laws
(print ¢; M) tox. N = print ¢; (M tox. N)
FigureA.5: CBV equationsusingcornventionsof Sect.1.4.2
r-M: A M-PM€: A
X produce x
letxbe M. N M€ tox. N
(2, Mo, ..., My, 1) Mg® to xo. ... M® | to x,, 1. produce (i,%})
pmMas{ (z,x_}) .} Mcgtoz.pmzas{ ,(5,%7).N%,...}
M..., Zi, %} . M;,...} produce \{..., /i, %} Mcg ..}
3 Mo, .., My, ' N MEE to xo. ... M | to xp_1. N to f. /0, 5]" f
printc; M printc; Mcg
rEv:A r-vvea: 4
X X
Vo, -, Vii1) 5, Vge, ... ey
M., 4% M;,. ..} M., Zi, %) M5, 0}

FigureA.6: Translationfrom CG-CBVto FG-CBV
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A.3.3 From CG-CBV To FG-CBV

Thetranslationfrom CG-CBVto FG-CBVis givenin Fig. A.6. It is in two parts:—°<€ is defined
on producersand —°8¥2! on values. The translation—<& reflectsour choiceof evaluationorder
for CG-CBV.

We now addresshetechnicalpropertiesof thetranslation.It neithercommuteswith substi-
tution nor preseresoperationakemantics.

substitution It is notthe casethat (M [V/x])°€ and M e[V <e"?! /x] arethe sameterm (although
they will areprovably equalin the CBV equationatheoryof Fig. A.5). To seethis, let M
bex andV be(0,(0)), whereO is atag. Then

(M[V/x])*® = produce (0) to x. produce (0,x)
Mee[vea/x] = produce (0,(0))

operational semantics It is notthecasethat M | m,V implies M€ || m, V8", For example,
let M belet x be (0,(0)). Ax*.x.

The issueis that CG-CBV cannotrecognizethat what is substitutedis not a certainkind of
produceti(to betrivially reesaluatedwhenrequired)out somethinggenuinelydifferent—avalue.

To salagewhat we can, we proceedas follows. First, we write the two translationsas
relations— <€ and— €2 from CG-CBV to FG-CBV terms. We canpresentFig. A.6 by rules
suchasthese:

M—¢M N—EN
let xbe M. N —€ M’ tox. N’

. pz.,_>cg1:>i’

M., 26,%3.P,. Y=\ Zi 53 P, )

To theseruleswe addthefollowing

M 8 produce Vp to xq. ...produce V;,_1 to x,,_1. produce (, X} )
M —°€ produce (%, 7])

(By analogywith corvention(3) in Sect.1.4.2,it is assumedhat x; is notin the contet of
Vj.) We have thusdefinednon-functionarelations—& and—<ga andwe will shov thatthey
commutewith substitutionandpresere andreflectoperationasemantics.

Proposition 153 For ary producerM, we have M —<€ M€, andif M —°€ N thenN = M€
is provablein the CBV equationatheoryof Fig. A.5; similarly for values. m|

Proposition154 1. If V "2 V' thenV € produce V.
2. If M e M andV <8 V' thenM [V/x] —& M'[V /x].

3. If W= W’ andV —<ea V' thenW [V /x| —€ W'[V'/x].
O

Proposition155 1. If M || V andM —<& M’ then,for someV’, M’ | V' andV —<&va v/,

2. If M —<& M’ andM’ |} V', then,for someV, M | V andV —ceval /.
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To prove this, we introducethefollowing.
Definition 123 1. In CG-CBYV, thefollowing producersaresafe
S = x| letxbeS. S | (A_>)
| pmSas{...,(5,%}).Si...} | M., 4, % M;,...}
2. In FG-CBV thefollowing producersaresafe

S 5= produceV | letxbeV.S | Stox. S
| mVas{..,(4%).S;...}

In summarya produceris safeiff, insideit, every applicationoccursin thescopeof a \.

Lemma 156 Supposedy,...,A,_1+ M —€ M': B. Then
1. M is safeiff M’ is safe.

2. SupposeV is safeandUp —€2 U}, ... ,U,—1 =2 U’ _, (U; andU; maynotbesafe).

e If M[U;/x;] | V, then,for someV’, M'[U}/x;] |} V' andV —<&val v/,
N g . — o
o If M'[U!/x;] 4 V', then,for someV, M[U;/x;] |} V andV w—<&val V',

O

We prove this by inductionon M <€ M’. Finally we prove Prop.155by inductionon M |} V
(for (1)) andon M’ | V' (for (2)).
A.4 Call-By-Name
For CBN we evaluateto the following terminalclosedterms:
Ti= (M) | | M..., Zi,%.M;,...}
TherelationM | T is definedin Fig. A.7.

Proposition 157 For eachclosedterm M, we have M |} T for auniqueterminaltermT'. i

N[M/x]yT
letxbe M. N | T

Mu@ﬁ)me&uT

(3,30 I (3, 715 pn M as {...,(i,%]).Py.. } U T
NUAM... i, 5. N;y..} Ni[M; /=) 4
M. Zi, 75 My, 3 UM 40,7 M, ) Zi, M NuT

FigureA.7: Big-StepSemanticsor CBN—No Effects

To addour exampleeffect, we adaptandextendFig. A.7 exactly asin Sect.3.4.1. We then
have
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Proposition 158 For every closedterm M, thereis auniquem, T suchthatM | m,T. m|

The printing semanticdollows Sect.2.7.4. The interpretationof type constructorss given
by

o If [A;;]] = (Xij,%), then[[zzed”A”]] isthefree A-seton y ;e 1 (Xio X -+ X Xj(r,—1))-

o If [A;j] = (X;j,%) and[B;] = (Y;,*) then [[nzeﬂ’lA :B;]| is the 4-set[;cr(Xio —
S Xi(ri—l) - (Y;v*))

We defineanequationatheoryfor CBN , whoseaxiomsarethe equationsn Fig. A.8.

B-laws
letxbe M. N = N[M/x
N Vi .
pm (Z,J\ﬁ) as{...,(4,%).Ni,...} = Ng[Mj/x;-]
25, M M..., Zi,x}.N;, ...} = N;[M;/x;]
n-laws
M = M., Zi,%5.(4,%5' M),...}

pattern-matching laws
M = pm M as{...,(i,%}).(5,%}),...}
pmMas{ (4, J)(pmNias{...,(k,W.Pk,...}),...}
pm (pm M as {...,(i,%}).Ni,...}) as {...,(k, ¥1)-Pr,--.}

pmMas{ )M, 2k, YT -Nik, -3, -}
= M..., Zk _] (pm M as {...,(4,%F)-Nig,---}),---}
print laws
printc; (pm M as {...,(3,%}).Ni,...}) = pm(printc; M)as{...,(i,%}).N;,...}
print ¢; A{...,Zi, ;. M;,...} = M...,Zi, %} (print ¢; M;),...}

FigureA.8: CBN equationsusingcornventionsof Sect.1.4.2

The equationsfor print are of coursespecificto our exampleeffect, but therewould be
directly analogougquationdor mary othereffects. For example,if we wereconsideringdiver-
gencewe would have equations:

diverge = pmdivergeas{...,(i,%}).Ni,...}
diverge = M...,Zi,x} . diverge,...}

We call this theory(withoutthe print equations}he CBNequationaltheory.

A.5 The Lazy Paradigm

Recallfrom Sect.2.7.3thatthelazy paradigmis definedto have the sameoperationasemantics
asCBN, but to use~,nytype ratherthan~,,nq asits obserationalequivalence. Thusits models
mustnot satisfy for example,then-law for functiontypes.

We shallsaylittle aboutthelazy paradigmpecausét is subsumeadvithin FG-CBV. First, as
in CG-CBYV, we introducea value/produceterminology

Definition 124
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A valueis alazy termwhosesubstitutioninstancesreall terminal. Unlike in CBV anidentifier
is notavaluebecauseary termcanbe substitutedor it, sovaluesarejustthefollowing:

Vi= M) | | M. 2,5 M;,...}
A produceris alazy term(so-calledecause closedproducemproducesa closedvalue). O

We translatethe lazy languagdnto FG-CBV in Fig. A.9. Thetranslationis essentiallythat
givenin [HD97]. Like the translationfrom CG-CBV to FG-CBYV, the translationon termsis
definedin two parts: —'2# is definedon producersand —'2»val is definedon values.

Thetranslationis motivatedasfollows.

e Identifersin thelazy languageareboundto unevaluatedterms,sowe regardthem(from a
CBYV perspectie) asboundto thunks.

e Similarly, tuple-componentandoperandsn the lazy languageareunevaluatedterms,so
we regardthemasthunks.

e Consequentlyidentifiers,tuple-componentandoperandsll havetypeof theformT'A—a
thunktype.

Thetranslationfrom lazy to FG-CBV is very similar to thetranslationfrom CBN to CBPV.

C ‘ Clazy
Xjesr Xjesr Iazy
ZZGI ZAU ZzSI lTA I] |
—rjesr Je$r azy azy
I_IZGI ZAZ]B HZEI 1TA B

Ag,...,An_1FM:B TAZY,..., TA™ 1 M'ay ; Blazy

X forcex

letxbe M. N let x be thunk M"?. N'azy

(2, Mo,... ,My;,_1) produce (7, thunk MIazy ., thunk M;?iyl)
pm M as { . (4,%5).Nj,...} | M*Y toz.pmzas {... ,(z,x_}).NJI.azy,...}

M., Zi, % M, ..} produce A{... ,Ai,x_}.Mz!azy,...}

Vo) Mo, My, 1‘N N to f. /3, (thunk Mp), ..., (thunk M,. 1)'f
printc; M print ¢; M"Y

Ao,..., Ay1F VB | TAGY,... . TAR® v Vil ; glazy
(i, Mo,... , M, 1) (i, thunk Mg™, ... thunk M>™)
Moo Zi 5. My, Y | ML Zi x_}Mlazy )

FigureA.9: Translationfrom lazy to FG-CBV.: types,producersyalues

Thistranslatiordoesnotcommutewith substitutioror presere operationabemanticprecisely—
only uptotheprefixforce thunk. (Recallthatin theCBYV equationatheory wehave force thunk M =

M)

substitution It is not the casethat (M[N/x])"?? and M'*? [thunk N'*? /x] arethe sameterm
(althoughthey will be provably equalin the CBV equationakheory).. To seethis, let M
bex. Then(M[N/x])'*® = N'2% but M'?? [thunk N'?? /x] = force thunk N'2%,

operational semantics It is notthe casethat M {} m,V implies M'2? || m, V'22yval | For exam-
ple,let M belet x be (0). (0,x).
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To make therelationshipprecisewe proceedasfollows. First, we write thetwo translations
asrelations—'"2? and—'"2val from lazy to FG-CBV terms. We canpresentFig. A.9 by rules
suchasthese:

M |_>Iazy M N |_)Iazy N!
let x be M. N "% 1et x be (thunk M’). N’

- P |_)Iazy Pil L.

M., 20,75 By, } =R N i3 P

To theseruleswe addthefollowing:

M l_)Iazy M!
M "% force thunk M’

Proposition 159 For ary producerM, we have M —'22Y M2 andif M —"22 M’ thenM' =
M"Y is provablein the CBV equationatheory;similarly for values. m|

Proposition160 1. If V =val v/ thenV /2% produce V.
2. If M =" M andN 223l N’ then M[N/x] —'32 M'[thunk N'/x].

3. If W slkaval 77 and N —32yval N7 thenW [N /x] =223 17/ [thunk N'/x].
O

Proposition161 1. If M |} V andM —"2% M’, then,for someV’, M’ || V' andV ~'2zyval
V'

2. If M —"2% M'"andM’ |} V', then,for someV, M || V andV —lezval 7,

We prove theseby inductionprimarily on |} andsecondarilyon —'22Y.

A.6 SubsumingFG-CBV and CBN

Thetranslationgnto CBPV areeasilyobtainedby consideringdenotationakemantics.

A.6.1 From FG-CBV to CBPV
Thetranslationfrom FG-CBV s givenin Fig. A.10.

Proposition 162 ForaproducerM, (M[V/x])¥ andMY[V" /x| arethesameterm;andsimilarly
for values. a

Proposition 163 For producerd FP M,N : A, if M = N is provablein the CBV theorythen
MY = NV is provablein the CBPV theory;andsimilarly for values. |

Proposition 164 Thetranslation—" preseresandreflectsoperationakemantics:
1. if M| VthenM" || produce VV;

2. if MV || produce V' thenM |} V for someV suchthatV¥ =V".
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C \ C" (avaluetype)
X5 $,,.1.
21 s Yier(digx X Aj(r,_y)
€3y
I_IiEJI A”Bl UniEI(A;'/O — s A‘z'l(m-fl) — FB;’)
TA UFAY
Ag,...,Ap_1FYV B \ Ay AL FYVYIBY
X X
(2, Vo, v s V1) @ (Vy,-.. ,V;,‘;_l))
M., 4i,xo,. .. Xp—1.M;, ...} | thunk M{... i Axo... . Axp,_1.M),...}
thunk M thunk MV
Ag,..., A, 1FP M C Ap,.. A FCMYIFCY
letxbe V.M let xbe VV. MV
produce V produce VV
M tox. N MY tox. NV
pmVas{..,(i,%}).M,;,...} | pmV¥as {...,(i,(x})).M},...}
2, Vo, .o, V' W Vi g VYt force WY
forceV force VV
printc; M print ¢; MV

Whenwe add comple valuesto the sourcelanguageFG-CBY, we mustaddthemalsoto the
targetlanguageCBPV, andwe thenextendthetranslationasfollows:

Ag,...,Ap 1Y VB | AY,... AV FVVV:IBY
letxbe V. W let xbe VY. WY
pmVas {...,(5,%).Wi,...} | pmVVas {...,(5(X})).W},...}

FigureA.10: Translationof FG-CBV types,valuesandproducers
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A.6.2 From CBPV Back To FG-CBV
Ouraimis to prove thefollowing.

Proposition165 1. Any CBPV valuetype A isisomorphicto BY for someCBV type B.

2. For ary CBPV producer A4y,..., A} _; V¢ N : FBY thereis an FG-CBV producer
Agp,..., A, 1+P M : B suchthat MY = N is provablein CBPV, andsimilarly for val-
ues.

3. For ary FG-CBV producers -P M, M': B, if MY = M"" is provablein CBPV then
M = M’ is provablein FG-CBV, andsimilarly for values.
(2)-(3)canbeextendedo termswith holesi.e. contexts. O

Corollary 166 (Full Abstraction) For ary FG-CBV producersdo,...,A,_1F° M, M’ : B, if
M ~ M'thenM" ~ M'""; andsimilarly for values.(The corverseis trivial.) m|

Proof SupposeC[M"] |} m,produce ¢, for someCBPV groundcontet C of type F'y ;1.
Constructa FG-CBV context ¢’ suchthat ¢’ = C is provablein CBPV. Thenwe reasonas
follows.

1. Sincein CBPV provableequalityimpliesobsenationalequivalence('[M])¥ |} m,produce i
usingthefactthat (C'[M])" is preciselyC’’ [M"].

2. By Prop.164(2),C'[M] || m,i.

3. SinceM ~ M', we have C'[M'] | m,i.

4. By Prop.164(1),(C'[M"])" | m,i.

5. Sincein CBPV provableequalityimpliesobsenationalequivalence C[M"] |} m,produce .

Theprooffor valuesis similar. m|

To prove Prop.165,we give atranslation—'"" from CBPV to FG-CBV. (We shall seethat,
up to isomorphismiit is inverseto —V.) At first glance,it is not apparenthow to make such
a translation. For while it will translatea valuetypeinto a CBV type, whatwill it translatea
computatiortypeinto? Theansweris: afamily of pairsof CBV types{(B;, C;) }ic1. To seethe
principle of thetranslationwe noticethatin CBPV ary computatiortype mustbeisomorphicto
atypeof theform [;c;(B; — FC;). (Thisis discussedn Sect.4.7.3.)

This motivatesthefollowing.

Definition 125 e A CBV pseudo-computation-typs a family {(B;,C;)}:c; of pairs of
CBV types.

e Let Ay,...,,A,_1 beasequencef CBV typesandlet {(B;,C;)}icr bea CBV pseudo-
computation-typeWe write

Ag,..., Ap_1 |_((:ZBV {Mi}iel : {(Bz7 Ci)}iEI

tomeanthat,for eachi € I, M; isanFG-CBV producertAy, ... ,A,_1,n: B; - M; : C;. We
saythat{M;}.cr is anFG-CBVpseudo-computatioof type {(B;, C;) }icr onthe context
Ao, ... ,,An—1. Giventwo suchpseudo-computation§V/; };cr and{N;};c1, we saythat
they areprovably equalin CBV whenfor each: € I theequationM; = N; is provablein

CBV.
O

Beforepresentinghereversetranslationwe extendthe forwardtranslationasfollows:
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e Given a CBV pseudo-computation-typ(A;, B;) }ic1, We write {(A;,B;)}i.; for
Mier(47 = FBY).

e GivenanFG-CBV pseudo-computation

Ag,..., Ap_1 i_EBV {Mi}iel : {(BHCZ)}’LEI
we write { M;}Y, for

Yo AY RSN MY, {(An B Y,

It is clearthatthe extendedranslationpreseresprovableequality
Thereversetranslation presentedn Fig. A.11 is organizedasfollows:

e avaluetype A is translatednto a CBV type A
e acomputatiortype B is translatednto aCBV pseudo-computation-ty@"i1

e aCBPVvalue Ay,...,A,—1 FY V : B is translatednto a CBV valueA‘(;_l, .. ,A;’:l [
vviBv

e acomputationdy,...,A,_1+° M : B istranslatednto anFG-CBV pseudo-computation
1

¥ AL Fegy MY BV

It is easyto shav that the reversetranslationcommuteswith substitution(of values),and
thencethatit preseresprovableequality

Usingthistranslationandaresultthatit agreesvith operationakemanticén acertainsense)
we canobtainfrom the printing denotationakemantic$or FG-CBV analternatve semanticgor
CBPV. Thusa computationtype will denotea family of pairsof setsanda computationwill
denotea family of functions. More generallywe canobtaina CBPV semantic§rom ary FG-
CBV semanticsHowever, theconstructioris artificial andwe arenotawareof ary naturalmodel
for CBPV thatarisesin this way.

To shaw thatthe two translationsareinverseup to isomorphismwe first constructthe iso-
morphisms.

1. ForeachCBYV type A wedefineafunctiona 4 from CBV values -V V : Ato CBV values
FHY W AW, andafunctionoc;,1 in the oppositedirection.

2. For eachCBPV valuetype A we definea function 84 from CBPV valuesl' HV V : A to
valuesl FY W : AV andafunctionﬂAﬁ1 in the oppositedirection.

3. For eachCBPV computatiortype B we definea function g from CBPV computations

¢ M : B to CBPV computationd” ¢ N : E’fl" and a function ﬂgl in the opposite
direction. N

(1) is definedby inductionon A. (2) and(3) aredefinedby mutualinductionon A and B. We
omit thedefinitions,which arestraightforvard.

Lemma 167 (propertienf o andp)
Thefollowing equationsareprovablein the CBV equationatheory

aa(WlV/x]) = (aaW)[V/x]
aAale 1%
oczlaAV =V
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A \ A \ where
UB |_|i_6>IAile B ={(Ai,Bi)}ier
ZkeKAk ZkeKA}é "
Ax A | AV xAY
B ‘ E’*l ‘ where
FA {(1, Avil)}ie{*} .
MeerxBr | {(Axt, Bri) Yrekicr, | By = {(Akt, Br) }ier,
A= B | {(A" xAi,B)Yier | B ={(Ai,Bi)}ier
1% vV
X X
letxbe V.W letxbe VYV . WV
(k, V) (k, v

pmV as {...,(k,x).Wg,...}

pmVV ' as {... ,(k,x).W{l,...}

(V, V) VAR 40
pnV as (x,y).W pm VY as (x,y).W‘Fl
thunk M ..., Zi,n MY, )
M My where
letxbe V. M letxbe V¥ . Mi"_l
produce V produce V¥
Mtox. N MY '[()/n] tox. Ny~
forceV Zi,n'force V¥
pmV as {...,(k,x).My,..} | pm V¥ " as {...,(k,x).(Mg)Y ...}
pnV as (x,y).M pm V¥ ' as (x,y).Mi‘F1 -
Moo kM, } (M;cz;fl = (k)
k'M Ml)c/i
Ax. M pmn as (x,n). Mi‘Fl
VM MY '[(VY ' ,n)/n]
print ¢; M print c; Mi"fl

FigureA.11:

. -1
TheReverseTranslation—"
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Thefollowing equationsareprovablein the CBPV equationatheory

Ba(W([V/x]) = (BaW)[V/x]
Be(M[V/x]) = (BpM)[W/x]
BaBy'V =V
BilBAV =V
BeBg'M = M

B BeM = M
Be(M tox.N) = M tox.[BgN
Bp(print c; N) = printc; BgN
(@aV)" = Ba(VY)

Theseareeachprovedby inductionover types.Using 84, we have now proved Prop.165(1).
Thetranslationsareinverseup to theseisomorphismsin thefollowing sense:

Lemma 168 For anFG-CBVvalueAy,...,A,_1F' V . B, wecanprovein CBV

VY aax/xi) = apV
For anFG-CBYV producerAy,...,A,_1 FP M : B, we canprovein CBV

M;"’_l[cm:, ()/n] = M to x. produce apx

ForaCBPVvalueAy,...,A,_ 1+ V : B, wecanprovein CBPV

VYV [Bai/x] = BV
ForaCBPV computationAy, ..., A, 1+ M : B, we canprove in CBPV

M Baxi/xi) = BsM
Theseresultscanbe extendedo termswith holesi.e. contexts. O

Thisis provedby inductionover termsusingLemmal6?.
We arenow in a positionto prove Prop.165(2)—(3). Fix a CBV contat Ao,...,A,—1 and
CBV typeB.

Definition 126 1. For ary CBPVvalue A, ..., A}, FY W : BY definethe FG-CBV value
6W to be

Ao,..., An_1 P a5 WY A /X)) B
2. Forary CBPVproducerAy, ... , Ay, =¢ N : FB" definethe FG-CBV produce® N to be
Ao,..., Ap_1FP N:_l[m, ()/n] to y. produce az'y : B
i

Lemmal169 1. Forary CBPVproducerAy,...,AY ,+°¢N:FBY, theequationdN)' =N
is provablein CBPV.
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2. For ary FG-CBV producerAy, ... ,A,_1 P M : B, theequatiord(M") = M is provable
in CBV.
Similarly for values.This canall be extendedo termswith holesi.e. contets. O

Proof

(1) By Lemma 168, N = ﬂ;,]la,\,N"fl"[ﬁAixi/xi] is provable, and we can see that
B NY V[Baxi/x;] = (ON)¥ by expandingbothsidesandusingLemma167.

(2) Thisfollowsdirectly from Lemmal68.

Theprooffor valuesis similar. m|
Prop.165(2)—(3)follows immediatelyfrom Lemmal69.

A.6.3 From CBN to CBPV

o | C" (acomputatiortype)
-><j€$riAij FZzGI(UA?O X oo X UA;‘(T‘Z*J-))

el
—je$r

Micr " AijBi | Mier(UAfy—--- = UAY, 1y = BY)

Agy.o.y Ay i EM:C UAR,..., UA} FCM":C"
X forcex
letxbe M. N let x be thunk M". N"
(2, Mo, ..., My;_1) produce (3, (thunk Mg, ..., thunk M _,))
pm M as{...,(4,%f).N;,...} Mtoz.pmzas{...,(i(X})).Mi,...}
Moo Ziyxo, . Xpm1 MG, ) Mo A% A% MDY
Zi,Mo,...,My,_1'N (thunk M _;)'---(thunk Mg)'s' N

FigureA.12: Translationof CBN typesandterms

Lemma 170 Given CBN termsl" - N : A andl,x: A+ M : B, the equationM[N/x]" =
MP"[thunk N"/x]| is provablein CBPV. O

Proposition171 If M = N is provablein the CBN equationatheorythenM"™ = N" is provable
in the CBPV equationatheory m|

Thetechnicaltreatmenbf this translationis alsovery similar to thetreatmenbf thetransla-
tionin Sect.A.5.

Thistranslatiordoesnotcommutewith substitutioror presere operationakemanticprecisely—
only up to the prefix force thunk. (Recall thatin the CBV equationaltheory we have
force thunk M = M)

substitution It is not the casethat (M[N/x])" and M"[thunk N"/x] arethe sameterm (al-
thoughthey will be provably equalin the CBPV equationatheory). To seethis, let M be
x. Then(M[N/x])" = N" but M"[thunk N" /x| = force thunk N".

operational semantics It is notthe casethat M |} m, T implies M" |} m,T". For example,let
M belet x be (0). (0,x).
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To male therelationshipprecise we proceedasfollows. First, we write the translationasa
relation—" from CBN termsto CBPV computationsWe canpresentig. A.12 by rulessuchas
these:

M—"M N—"N'
let xbe M. N —»"let x be thunk M’. N’

To theseruleswe addthefollowing:
M —" M’
M —" force thunk M’

Lemma 172 For ary term M, we have M —" M", andif M —" M'thenM' = M" is provable
in the CBPV equationatheory O

Lemmal73 If M —" M’ andN —" N’ thenM[N/x] —»" M'[thunk N'/x], andsimilarly for
multiple substitution. O

Proposition174 1. If M || N andM —" M’, then,for someN’, M’ |} N’ andN —" N'.

2. If M —" M"andM’ || N’, then,for someN, M || N andN —" N’.

We prove theseby inductionprimarily on |} andsecondarilyon +—".

A.6.4 From CBPV Back To CBN
Ouraimis to prove thefollowing.

Proposition175 1. Every CBPV computationtype B is isomorphicto B" for someCBN
type B.

2. Forary CBPVcomputatiorU A3,... ,UA}_,F° N : B" thereisaCBNtermAy,..., A, 1F
M : B suchthatM" = N is provablein CBPV.

3. Forary CBNtermsl' - M, M’ : B, if M" = M'" is provablein CBPVthenM = M’ is
provablein CBN.
(2)—(3) canbe extendedto termswith holesi.e. contets. i

Corollary 176 (Full Abstraction) For ary CBN termsAy,...,A, 1+ M,M':B,if M ~ M’
thenM" ~ M'". (Theconverseis trivial.) O

Theproofis similarto thatof Cor. 166.

To prove Prop.175,wefirst give atranslation—""" from CBPV to CBN. (We shallseethat,
upto isomorphismit is inverseto —".)

At first glance,it is not apparenhow to make suchatranslation.For while it will translate
a computationtypeinto a CBN type, whatwill it translatea valuetypeinto? The answeris: a
family of CBN types{ A4; };cr. Thisapproachs basecon[AM98a].

To seethe principle of the translation,we noticethatin CBPV ary valuetype mustbeiso-
morphicto atypeof theform 5, ;U A;. (Thisis discussedh Sect.4.7.3.)

This motivatesthefollowing.

Definition 127 e A CBNpseudo-value-typis afamily { A4; };cr of CBN types.
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o Let{Aoi}icry--- »{A(n-1)itiel, , b€asequencef CBN pseudo-alue-typeandlet { B; } e,
beanotherCBN pseudo-alue-type We write

v — .
{Aoitieto-- s {Am-vitier, . Fean {(V 0 45, V) e 1 {Bj}jes

to meanthat,for eachig € I, ... ,ip_1 € In_1, WwehaveV e z_f eJ andVi—; isaCBNterm

Avigs -+ s An-1)in_, I Vi—]} : BV”.—]}. We saythat {(V e Z),Vﬁ)}ﬁ» is a CBN pseudo-
value of type {B,}jes on the context {Ao; }ticrys - - s {An-1)i}ier, ,- Giventwo such
pseudo-alues{(V e i—j), Vﬁ)}ijTI} and{(W e i—j), Wﬁ)}@, we saythatthey areprov-

ably equalin CBN when for eachz'jTI;- we have V' o z_]) =We z_f and the equation
Vi—]_> = WZ.—; is provablein CBN.

Let{Ao;}iclo)- - - » {1 An—1)i }ic1,_, D€asequencef CBN pseudo-alue-typesandlet B be

a CBN type. We write
{Aoviticto-- - s {Am-1)i}ier, Fean {Mﬁ}z]TI; - B

to meanthat,for eachig € I,...,7,_1 € I,_1, Mr} isaCBN term Aoy, - - -, A(n_1)

in-1

|_

Mi—]; : B. We saythat {Mi—}}ijTI} is a CBN pseudo-computationf type B on the con-
text { Aoi Yiclps - - - » { A(n—1)i biel,_,- Giventwo suchpseudo—computatior{g\/[i—;}@ and
{Ni—];}z.jTI;, we saythatthey areprovably equalin CBN whenfor all i; € I; the equation

MZ.—]; = NT; is provablein CBN.

O

Beforepresentinghereversetranslationwe extendthe forwardtranslationasfollows:

¢ GivenaCBN pseudo-alue-type{A;};cr wewrite {A;}?.; for 5, ;UA?.
e GivenaCBN pseudo-alue
{Aoidicr- - {A@m-nitict, s Fean {(V ¢ 5 Vi tiep  {Bjties
wewrite {(V e i_j), VE’)};T@ to meanthe CBPV value

n n Vv '_) '_) n
{Aoi}Yiery- - {Am-vitier, . F'om (%) as {...,(i;,(%)).(V e i} , thunk Vz.—];),

e Givena CBN pseudo-computation
{Aoviticto-- - s {Am-1)i}ier, Fean {Mﬁ}z]TI; - B
we write {Mi—]}}’,‘? to meanthe CBPV computation
A
n n (o} - n . n
{AOi}ieIov--- a{A(nfl)i}ieIn_l H* pm (X_}) as {..., (1 ,(X_J}))-M,?,---} :B

It is clearthatthis extendedtranslationpreseresprovableequality
Thereversetranslation presentedn Fig. A.13 is organizedasfollows:

e avaluetype A is translatednto a CBN pseudo-alue-typeA"fl;

e acomputatiortype B is translatednto a CBN typeﬁ“fl;

Y (B

e aCBPVvalueAy,...,A,_1 ' BistranslatedntoaCBN pseudo—alueAgfl, s ,A;‘:l Féan

V’n_l . Bn_1
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A \ An? ‘ where
UB {B"}
1
Skek Ak | {Ari}rek L, A} ={Autier, B
Ax A | {Ayn A gerier | A = {Arbrex andA™ = {Aj}er,
B ‘ B’ ‘ where
FA YierAi . A = {Astier
MrerxBr | Mreex By . )
A—B |Mier(Ai—=B" ) | A" ={Ai}ier
Vv Ve i_f v | where
(%]
X o X
letxbe V. W W e i_J)IAc
letxbe VA . WR. | V" o7 =k
Zj (21
(V.V') (VP o7,V e %))
Move ', 1vip'}
~n %y
pnV as (x,y).W W e 'i_j)kl
let xbe O'VR ybe 1'VR . ngii Ve i_]) = (k,1)
~ R B ] ] Z]’f
(k,V) (kv e %) vy
pmV as {...,(k,x).W,...} | (W)" "0 73,1
letxbe VI . (W)L | V™ o7 = (k,I)
] ]
thunk M * Mn?
]
M M%Il where
. =T =T T 7
letxbeV. M letxbe VAL .MQE Vh e =k
ij ij .
pmV as (x,y).M let xbe O'VY ybe 1'VY . MAE;IA;A Ve i_]) = (k,l)
14 Zj Z]' A
pnV as {....,(k,x).M,...} | Lot xbe V. (M)t} Ve T = (k)
1 2

forceV
produce V

M tox. N
Ax.M

VM

M... k. My,...}
k' M

printc; M

vn'

Yo
(V" "o, VAT

1], Kl 1

pm M;‘_]) as {...1, (z,x).N%)z, .
MoiAx MY,

_1 _1 ,\—z)ﬂ _1
vV e T MY
Mok (MRS, )
R i J
by

. 1
print c; Mil)
j

FigureA.13: The ReverseTranslation—""
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e aCBPVcomputationdy,...,A, 1+ M : Bistranslatednto aCBN pseudo-computation
AR AN gy MY BT

It is easyto shav that the reversetranslationcommuteswith substitution(of values)and
thencethatit preseresprovableequality

Usingthistranslation(andaresultthatit agreesvith operationakemanticsn acertainsense)
we can obtain from the printing denotationalkkemanticfor CBN an alternative semanticsfor
CBPV. Thusa computationtype will denotea family of setsanda computationwill denotea
family of functions.More generallywe canobtaina CBPV semanticgrom ary CBN semantics.
Severalimportantmodels suchasthe Scottmodelandthe gamemodel,canbe seemasarisingin
thisway [AM98a].

To shaw thatthe two translationsareinverseup to isomorphismwe first constructthe iso-
morphisms.

1. For eachCBN type A we defineafunctiona 4 from CBNtermsl - M : A to CBN terms
FEN:A™ andafunctionogl1 in the oppositedirection.

2. For eachCBPV valuetype A we definea function 34 from CBPV valuesl' FY V' : A to
valuesl FY W : A" ' | andafunctionﬁ;l in the oppositedirection.

3. For eachCBPV computatiorntype B we definea function S from CBPV computations

I+ M . B to CBPV computationd” ¢ N : Q"_l" anda function ﬂgl in the opposite
direction. N

(1) is definedby inductionon A. (2) and(3) aredefinedby mutualinductionon A andB. We
omit thedefinitions,which arestraightforward.

Lemma 177 (propertieof o andp)
Thefollowing equationsareprovablein the CBN equationatheory

aa(N[M/x]) = (aaN)[M/x]
ozAaZlM = M
a;llaAM M
ap(pm M as {...,(i,%}).N;,...}) = pmMas{...,(i,%}).apN;,...}

Thefollowing equationsareprovablein the CBPV equationatheory

Ba(W[V/x]) = (BaW)[V/x]

Be(M[V/x)) (85 M)[W/x]
BBV v
BatBaV 14
BeBg'M = M
Bz'BeM = M

Be(M tox.N) = Mtox. BN

Be(print ¢; N) = printc; fpN
(@aaM)" = Ban(M")

Theseareeachprovedby inductionover types.Using Sg, we have now proved Prop.175(1).
Thetranslationsaareinverseup to theseisomorphismsin thefollowing sense:
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Lemma 178 ForaCBNtermAy,...,A, 1+ M : B, we canprovein CBV
M o xifxi) = apM
ForaCBPVvalueAy,...,A,_ 1+ V . B, wecanprovein CBPV
V" Baxi/xi) = BV
For aCBPV computationAy,...,A,_1 F¢ M : B, we canprovein CBPV
M [Baxi/xi) = B M
Theseresultscanbe extendedo termswith holesi.e. contexts. i

Thisis provedby inductionover termsusingLemmal?7.
We arenow in a positionto prove Prop.175(2)—(3). Fix a CBN contet Ay,...,A,_1 and
CBNtypeB.

Definition 128 For ary CBPV computationU A4g,... ,UA?_; =° N : B" definethe CBN term
¢N tobe

Ao,..., An 1+ apN" \Joaxi/x): B
O

Lemmal79 1. Forary CBPVcomputatiorlU Ag,...,UA} ;¢ N :B", theequation¢N)" =
N is provablein CBPV.

2. Forary CBNterm Ay,...,A,-1+ M : B, theequationp(M") = M is provablein CBN.
O

Proof

(1) ByLemmal78,N = z'N nn[By4,%;/x;] is provable andwe canseethat35* N N[y xs [ Xi) =
(¢N)™ by expandingbothsidesandusingLemmal77.

(2) Thisfollowsdirectly from Lemmal78.

This canall be extendedo termswith holesi.e. contets. O
Prop.175(2)—(3)follows immediatelyfrom Lemmal79.
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Appendix B

Technical Material For Games

B.1 Intr oduction

Theamof thisappendixwith theexceptionof Sect.B.6, whichis aproofof thetypedefinability
resultProp.81) is to describesemanticof type constructorslirectly. Earlieraccountof game
semantichave giventheinterpretatiorof cateyoricalcombinatorgespeciallycomposition) and
thenobtainedthe semanticof term constructorgrom this. We have avoidedthis becausesome
readersmay want to learnthe gamesemantic§or CBPV without learningthe cateyorical se-
mantics,and also becausave considerit usefulto have a generalframavork for constructing
stratgiesfrom otherstratgjies,of which categorical compositionis just oneinstance.
As we saidin Sect.9.1.1, operationson stratgies are messyto describe. The problemis

partly alack of appropriatediomsfor talking aboutgamesandstratgiesin generalandpartly
specificto pointergames We hopethatfuture work will remedythis situation.

B.2 StrategiesFrom Strategies

B.2.1 Discussion

All of Sect.B.2 appliesto gamesin generalnotjust pointergames.

Supposeave have afamily of games{G; }c1, andthatfor eachG; we have astratgy o;. We
wantto constructa strat@y r for anothergame H. We call G; thei-inner gameandwe call H
the outergameHow do we constructr?

Sayfor examplethat H is P-first. (Thisis the easiestase.)We have 3 choices:

e We canmalke a P-move in the outergame,andseehow the outerOpponentill play;

e we canstarta play of an O-first innergameG; by playinganinitial O-maove, andseehow
the Player following stratey o;, responds;

e we cancreateaplay of a P-firstinnergameG;, andseehow the Player following stratey
o, bagins.

After this,we have 4 choices—thebove threetogethemwith a fourth:

e we cancontinuea (previously started)play of aninnergameG; by playing an O-move,
andseeinghow the Player following strat@y o; responds.

Theplay continuesn thisway. Eachcycle (a move by us,thenamaove by innerPlayeror outer
Opponenthasoneof these4 forms. Of coursetheinnerPlayeror outerOpponentnaydiverge,
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andsomaywe. At theendof eachcycle, the outerplay is awaiting-P andeachinner play that
hasbeenstarteds awaiting-O.
Play thusdevelopsasshavn in Fig. B.1. Whatwe have describeds the meta-gamdrom

outerplay awaits O
all innerplaysawait O

outerOpponent

outerPlayer

outerplay awaits P
all innerplaysawait O

rth i-innerOpponen{or start-mae)

rth i-innerPlayer

outerplay awaits P
rthi-innerplay awaits P
otherinnerplaysawait O

meta-Player
awaiting metaP awaiting metaQ

meta-Opponent

FigureB.1: TheMeta-Game

{G;}icsr to H. In thisgame,

e a P-move consistsof eitheraninner O-move, an outer P-move, or the creationof a new
play for a P-firstinnergame

e aO-move consistof aninner P-move or anouterO-move.

Noticethatit is only themeta-Playewho canswitchbetweerdifferentgamesthemeta-Opponent
alwaysplaysamove in the samegamethatthe meta-Playehasjust movedin. Thisis calledthe
switching condition variantsof which appeathroughouthe gamediterature.

If theoutergameH is O-first, thenthefirst thing thathappenss the outerOpponent initial
mave. After that,we continueasabove. Thusthe meta-gmeis P-firstif H is P-first, andO-first
if H is O-first.

B.2.2 Meta-Strategies

We now formalizethediscussiorin Sect.B.2.1.
At ary pointin time, thereis a singleouterplay andfinitely mary innerplays.

Definition 129 A finite multi-playa from innergames{ G, };cr to outergameH consistof

o afinite play aouter fOr H (the outerplay);
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o for eachi € I afinite sequence;,a;1,... of finite playsfor G; (the i-inner playg—we
write |a;| for thelengthof this sequence.

suchthatthetotal numberof innerplaysy ;. |a;| is finite. a

As arecordof what hashappenedn the meta-ame,a multi-play is missingone pieceof in-
formation: it describeghe orderingof the moveswithin eachplay, but not the global ordering

acrossall plays.

Definition 130 Let a beafinite multi-play from innergames{G; }cr to outergameH.

1. Themeta-meesof a are

outermove n wheren is amovein agyter
startmove(z,7) whereG; is P-firstandr € $|a;|
innermove(i,7,n) wherer € $|a;| andn isamovein a;,

Thelengthof a, written |al, is the numberof meta-mees,which is necessaril¥inite.
2. A global orderingfor a is atotal ordering< onthe meta-meesof a suchthat

e < extendstheorderingon eachplayin a, asfollows:
— if m < n aremovesin agyter thenoutermove m < outermove n
— if m < n aremovesin a;, theninnermove(i,r,m) < innermove(,r,n)

o for eachi € I, thevariousi-innerplaysarenumberedccordingo theorderin which
they begin, asfollows:

— if G; isaP-firstgameandr < s € |a;| thenstartmove(,r) < startmove(3, s)
— if G;isanO-firstgameandr < s € |a;| theninnermove(z, r,0) < innermove(z, s,0).

O

Definition 131 Leta beafinite multi-play from innergames{G; };c to outergameH . Suppose
that H is P-first.

1. Givenaglobalordering< ona, let 8 bethe (necessarilyunigue)orderisomorphismfrom
$la| to <. We saythat a meta-mae of the form 6(2k) is a metaP-move and a meta-
move of the form 0(2k + 1) is a metaO-move. For example,the initial meta-mee is a
metaP-move, unlessa is empty

2. A globalordering< ona satisfieghe switching conditionwheneachmetaO-move g isin
the sameplay asthe precedingmetaP-movep i.e. either
e p = outermove m andq = outermove m + 1, or
e p =innermove(i,7,m) andq = innermove(i,r,m+ 1), or
e p = startmove(¢,7) andq = innermove(i,r,0).
3. A finite meta-playfrom innergames{G; }icr to outergameH is afinite multi-play a with
aglobalorderingsatisfyingthe switchingcondition. We saythata meta-playis
e awaiting metaP, whenits length(i.e. the numberof meta-mees)is even
e awaiting metaO, whenits lengthis odd.
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Def. 131is givenin thecasethattheoutergameH is P-first. If H is O-first, we changeDef. 131
asfollows:

e In (1), ameta-mee p of theform 6(2k) is a metaO-move anda meta-mee of the form
0(2k + 1) is ametaP-move. For example theinitial meta-mee is ametaO-move.

e In (2), we requiretheinitial meta-mae, whichis ametaO-move, to beoutermove O.

¢ In (3), ameta-playis awaiting metaP whenits lengthis odd, andawaiting metaO when
its lengthis even.

Proposition 180 Let a be afinite meta-playfrom innergames{G; }.cs to outergameH. Each
metaP-moveis either

e outermove m, wherem is aP-move in aouterplay, OF

e startmove(s,r), whereG; is a P-first game

e innermove(i,r,m), wherem is anO-movein a;,..
EachmetaO-moveis either

e outermove m, wherem is anO-move in aqyterplay, OF

e innermove(s,7,m), wherem is aP-movein a;,.

|

Definition 132 A meta-stategy from inner games{G; };c; to outergame H is a setof finite
meta-playsrom {G; };c; to H whichis prefix-closedcontingenttompleteanddeterministioas
in Def. 56). O

Definition 133 Let u beameta-stratgy for innergames{G; };cr andoutergameH. If, for each
1 € I we aregivenastratay o; for G;, thenwe form a strateyy for H calledthe u-compositeof

{oi}ier:

/J’{o-i}iEI = {aouterla € u,Vi,r. sip € o'i}

B.3 Descriptions of Movesin Games

We now returnto pointergames.Suppose: is an O-first play on anarenaR. For eachmove m
in a, we saythatmove m is describedas

e nmove 7 if m isarootmove passinghetokenr (arootof R)

e ptrn 1 if m is anon-rootmaove pointingto move n andpassinghetokenr (a successor
of thetokenpassedn move n)

Similarly if a is a P-first playon R.

Suppose is an O-first play from R to S. Recallthat every move is eithera souice move,
whereatokenof R is passedor atarget move whereatokenof S is passedFor eachmave m
in a, we saythatmove m is describedas

source
rtmove

r if m is asourceroot move passinghetokenr (arootof R)
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Sst”r'ff r if m is a sourcenon-rootmove pointingto sourcemove n andpassinghetoken

r (asuccessoof thetokenpassedn move n)

target . if m is atargetroot move passinghetokenr (arootof S)

rtmove

t:t'ff: r if m is atargetnon-rootmave pointingto targetmove n andpassinghetokenr

(asuccessoof thetokenpassedn moven)

Similarly if a is aP-first playfrom Rto S.

Finally, supposes is an O-first play over I' from R to S (Sect.14.4.7). Recallthat every
moveis eitheracontet move whereatokenof I' is passedasouice move, whereatokenof R is
passedor atarget move, whereatokenof S is passedFor eachmove m in a, we saythatmove
m is describedas

context - if m is a context root move passinghetokenr (arootof I')

rtmove

C‘;:f‘:‘t r if m is a context non-rootmove pointing to context move n and passingthe

tokenr (asuccessoof thetokenpassedn move n)

sowree r if m is asourceroot move passinghetokenr (arootof R)

rtmove

source

trn T if m is a sourcenon-rootmove pointingto sourcemove n andpassinghetoken
r (asuccessoof thetokenpassedn move n)

target - if m is atargetroot move passinghetokenr (arootof S)

rtmove

t:t'rgzt r if m is atargetnon-rootmove pointing to targetmove n andpassinghetokenr

(asuccessoof thetokenpassedn move n)

We introducea usefulnotation.If d is adescriptionof amove in agameanda is asequence
of moves,wewrite d . a for the play obtainedby prefixinga move describedi to a. Formally:

o thelengthof d . ais 1+ |a] if |a| < 0, andw if |a| =
e maoveOind . a is describedasd
e mavem+1in d . a hasthe samedescriptionasmove m in a, exceptthata pointern is

replacedoy a pointern + 1 becausef theextra move.

B.4 Copycat Behaviour

In Sect.9.2.6,welookedat copycatstrataies,in which eachO-moveis mimickedby thefollow-

ing P-moved. Thisis a specialcaseof a moregeneraklassof behaiour, which we now define.
Thedefinitionis circular, but it hasonly onefixpoint becausave considerfinite playsonly. (If

we considerednfinite plays,we would have to interpretthe definitioncoinductiely.)

Definition 134 Supposéhat
e ¢ is anO-first play on R, awaiting-O
e misanO-movein a

¢ thetokenplayedin misr
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e thetokenplayedin m+lis7/
e 0 isanisomorphismfrom R [, tO R [

We say that the move-pairm/m + 1 begins copycatalong @ in a when, for every O-move n
pointingto m + 1 andpassinghetokens,

e theP-moven + 1 pointsto m andpasseshetokend—1s

e n/n+ 1 beginscopycatalongd~!s restrictedto theisomorphism

R rs% R fofls

O

An alternatve characterizatiorof copycat behaiour, usedin e.g.[McC96], is to saythat
the subsequencef moves hereditarily pointing to move m + 1 hasthe samestructureas the
subsequencef maveshereditarilypointingto move m, transformedy 6. However, we shallnot
requirethis formulation.

Thedefinitioncanbe adaptedo the other4 kindsof gamelistedin Sect.B.3. They canalso
be adaptedo the meta-@mesof Sect.B.2 wherethe innerand outergamesare pointergames
of the 5 typeslistedin Sect.B.3. The definitionsrequiredarenumerouspecausen andm + 1
couldbefrom differentgamesonecould be a sourcemove andoneatargetmove, andsoforth.

B.5 Construction of Pointer Game Models

B.5.1 CBPV Term Constructors
In Sect.9.2.8,we omittedthe interpretationof term constructors We now give someexamples
of thesetheremainingclausesaresimilar.

Supposd” denotes{R; }icr and A denotes(S;};cs. Thenll,x: A+Y x: A at(Z,j) denotes
j togethewith the stratgy given by the setof O-first playsawaiting-O from (R; & S;)P to S]Q
suchthat:

e If O-move O isdescribecas ™' sthenP-move 1 is describedas *°“"° inr s, begin-
rtmove rtmove

ning copycatalongtheisomorphism
inr

RiLﬂSj linr s <~ Sj I's

Supposd denoteq R; };cr andA denoteq S, } jc;y andB denoteq T} } rc k. Forgiveni € T
andk € K, supposehatl" ¢ M : FA at¢ and() denotesr andthatl",x: AV N : B at (i, j)
andk denotesr; for eachj € J. ThenM to x. N ati andk denotegu(o,{7;};cs) wWherep is
thesetof meta-playswaiting metaQ with

e outergamethe P-first gamefrom Rf to T,f

e O-innergamethe P-first gamefrom R to (ptf ;S;)"

e 1j-innergamethe P-first gamefrom (R; w S;)P to T}
suchthat:

e Theinitial metaP-move 0 is a start-mwe for a 0-innergame;
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¢ keyclauself ametaO-moveis aP-movem in a0-innergamedescribechs "8t root j

rtmove

(an A-move), thenthe succeedingnetaP-move is a start-mae for a 1j-innergame. If a
subsequenmetaO-move is a P-move in this 1j-inner gamedescribedas >

rtmove
thenthe succeedingnetaP-move n+ 1 is an O-move in that O-innergamedescribedas

E‘t'rgfrf under(4, s) beginning copycatalongtheisomorphism

inr s

inr under(j, —
RiH'JSj linr s < Sj s ( 2 thAeJSj runder(j,s)

~

source

rtmove
source
rtmove

¢ If ametaO-moveis aP-movein a0-innergamedescribedas r, thenthesucceed-

ing metaP-moveis aP-movein theoutergamedescribeds
alongtheidentityon R; ;.

r, beginningcopycat

e If ametaO-move is a P-move in a 1j-inner gamedescribedas *°''° inl r, thenthe

source
rtmove

succeedingnetaP-moveis a P-move in theoutergamedescribeds
copycatalongtheisomorphism

r, beginning

inl
R; & S; Tinl » <I:— R; Ir

e If ametaO-moveis aP-movein alj-innergamedescribedas rt‘"get t thenthesucceed-

tmove
target
rtmove

ing metaP-moveis a P-move in theoutergamedescribeds
alongtheidentityon T}, I;.

t, beginning copycat

Supposd™ denotes{ R; };c; and B denotes{S;};cs. For giveni € I, supposehatfor each
j€J, ¢ M: B atiandj denotesr;. Thenthunk M at: denoteg) togethemwith thestratgy

target . : .
{ o rootj.areplacing target s+ target under(j,s)la € o'}

Theadditionalmove atthe startindicatesheforcing of thunk M by the context.
Supposd™ denotes{ R; };cr and B denotes{S;} <. For giveni € I supposéhatl” ¥ V' :
UB ati denoteq(),o). Thenforce M ati andj denoteshe stratey

{a| rtt:i?/te root j . a replacing target s+ target under(j, 8) S 0'}
Supposé denote R; }icr and A denoteg S} . Forgiveni € I supposehatl -V : A
denoteqj,0). Thenproduce V ati and* denoteghestratey

target . H -
{ e root j . areplacing target s+ target under(j,s)la € o'}

Control Effects

As we mentionedn Sect.9.2.2,0s B denoteghe samearenafamily as B. The semanticof
termsfor control effectsis straightforvard. As an example,we give the interpretationof the
consumef] tox. M :: K.

Supposé denoteg R; }icr andA denoteq S, } jc; andB denote Ty, }xe k. Forgiveni € I,
supposehatl ¥ K : os B ati denotegk, ) andthatl",x : A+ M : B at(¢,j) andk denotes;
for eachj € J. Thentheconsumef] to x. M :: K ati anddenotes)) pairedwith p({o;};cs,7)
wherey is the meta-stratgy definedby the meta-playswaiting metaO with

o outergamethe P-first gamefrom R to (pt}.;5;)";
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e 0j-innergamethe P-first gamefrom (R; w S;)P to Ty ;
e l-innergamethe O-first gamefrom Rf to T,?.
suchthat:

e keyclauself in theinitial metaO-move, whichis theinitial O-move 0 in the outergame,

this O-move is describedas '8 root j—thusO is passingan A-tokeni.e. the context

is producinga valueto this consumer-thenthe succeedingnetaP-move is a start-mae
for a Qj-inner game. If a subsequenmetaO-move is a P-move in this 0j-inner game

describecas "¢ inr s thenthe succeedingnetaP-move is anO-move in thatO-inner
gamedescribedchs t;;rg%t under(4, s) beginningcopycatalongtheisomorphism
inr under(j, —)
RiLﬂSj rinrs ‘Q Sj f — pt‘?e,]‘sj runder(j,s)

[as]

e If ametaO-moveis aP-movein a0-innergamedescribeds ::T’if; t thenthesucceeding

metaO-moveis astart-mwoe in a 1-innergamedescribedas rt;:if; t, beginning copycat
alongtheidentityon T}, |4

source
rtmove

source

rtmove

e If ametaO-moveis aP-movein al-innergamedescribedas r, thenthesucceed-

ing metaP-maoveis aP-move in theoutergamedescribeds
alongtheidentityon R; [,

r, beginningcopycat

source
rtmove

succeedingnetaP-moveis a P-move in theoutergamedescribeds
copycatalongtheisomorphism

e If a metaO-move is a P-move in a Qj-inner game describedas inl r, thenthe

source
rtmove

r, beginning

inl
R;W.S; Tini r 42— R; Ir

Stoe

Supposehat A denoteshe arenafamily {S;};cs. As we statedin Sect.9.2.2,ref A denotes
thesamearenaamily asU ((F'A) n (A — comm)), thisis asingletonfamily whosesolearenawe
will call S. Thetokensof this arenaare

Q root read

A under(read, root 7)
Q/A under(read,under(j,r))
Q root write j

A under(write j,inr done)
Q/A under(write j,inl r)

wherewe write

read for inl ()
write j  for inr(j,())

read V as x. M is interpretedthe sameway as (0‘force V) tox. M. V:=W; M is
interpretedhe sameway as(1'force V); M.
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Supposé denoteq R; };cr andA denoteq S }jc; andB denoteq T} }xc i . For giveni € I
andk € K, supposethatl" ¥ V' : A denotes(jo,0) andthatl",x : ref A+ M : B at (3,())
andk denotesr. Thennew x :=V; M ati andk denoteshe stratgy p(o,7) wherep is the
meta-stratgy givenby the setof meta-playswaiting metaO with

e outergamethe P-first gamefrom RY to T

¢ 0-innergamethe O-first gamefrom Rf to SJ%

e l-innergamethe P-first gamefrom (R; s S)P to TF .
suchthat:

e Theinitial metaP-moveis a startmove for a 1-innerplay;

source

o If ametaO-move is a P-move in a 1-innerplay describedas e
thus passinga Q-tokeni.e. M assignsto x—thenthe succeedingnetaP-move is a P-
move in that 1-innerplay describedas °“" inl under(write j,inr done)—thuspassing

rtmove

anA-tokeni.e.theassignmenis completedandcontrolreturnsto M.

inr root write j—

e If ametaO-moveisaP-movem in al-innerplaydescribeds *°''*° inl root read—thus
passinga Q-tokeni.e. M readsx—then:

— If thereis a precedingmetaO-move designatinga P-move p in that 1-inner play

describedas " inr root write j for some; (i.e. M hasnot written to x since

x was initialized to V), we write pj,s for the last such, and j,s: for the corre-
spondingj. Then the succeedingnetaP-move is an O-move m + 1 in that 1-

inner play describedas Z"t‘:';f inr under(read, root ji.st)—thuspassingan A-token

i.e. x producesthe value that it contains. If a subsequentetaO-move is a P-

move in that1-innerplay describedas ptsr";’rzcjl inl under(read,under(jjast, )), then

the succeedingnetaP-maove n 4+ 1 is an O-move in that 1-innerplay describedas
:t"r”z;fe inr under(write jjast,inl s), beginningcopycatalongtheisomorphism
ast

R WS [in under(read,under(jjast,5))

= |inl under(read,under(jiast, —))

~

Sj ) > Rz WS rinr under(write jiast,inl s)

last 1S

inr under(write jiast,inl —

— If thereis no precedingmetaO-move which is a P-move in that 1-inner play de-
scribedas '™ inr root write j for some; (i.e. M hasnot written to x sincex
wasinitialized to V'), thenthe succeedingnetaP-move is an O-move m + 1 in that
1-innerplay describedas 1‘;‘:? inr under(read, root jo)—thuspassingan A-token
i.e.x produceshevaluethatit contains.If a subsequenmetaO-move is a P-move

in that1-innerplay describedas ptsf;’rchl inl under(read, under(j, s)), thenthe suc-

ceedingmetaP-move is a start-mave for a O-innerplay describedas rttj;if; s, be-
ginning copycatalongtheisomorphism

A inl under(read, under(j, —
R; WS [in under(read,under(j,s)) ( ~ ( )) Sj s
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e If ametaO-moveis aP-movein a0-innergamedescribeds rtt‘:;i‘f; t thenthesucceeding

metaO-moveis astart-maoe in a 1-innergamedescribedas rttf;i'f; t, beginning copycat
alongtheidentityon Ty, [;

e If the metaO-move m is a P-move in a O-innergamedescribedas ft"n:’;flz r, thenthe

succeedingnetaP-moveis aP-move in theoutergamedescribedas "' r, beginning
copycatalongtheidentityon R; [,

e If themetaO-move m is a P-move in a 1-innergamedescribedas rst(:::\:/z inl 7, thenthe

succeedingnetaP-move is a P-move in theoutergamedescribedas > r, beginning
copycatalongtheisomorphism
A inl
RiWS Tinir <2

Ri rr

B.5.2 Pre-Families Adjunction Model

We give the detailsomittedin Sect.14.4.7
Theidentity from R to R is definedby the setof O-first playsawaiting-O from RP to R°
suchthat:

e If O-moveOis describechs & r thenP-move 1is describedas *°*"® 1, beginning
rtmove rtmove
copycatalongtheidentityon R [,

GivenanO-first stratey o from R to S andanO-first strategy = from S to T', the composite
o;7is u(o, ), wherey is the meta-stratgy givenby the setof meta-playswaiting metaO with

¢ outergamethe O-first gamefrom RP to T°

e O-innergamethe O-first gamefrom RP to SO

e 1l-innergamethe O-first gamefrom SP to 7°
suchthat:

e If in theinitial metaO-move 0, which is the initial O-move in the outer game, this O-

move is describedas rttf;i‘f; t, thenthe succeedingnetaP-mave is aninitial O-movein

al-innergame,describedhs rttf;if; t, beginning copycatalongtheidentityon T [;.

e If ametaO-moveis aP-movein al-innergamedescribedas "' s, thenthesucceed-

ing metaP-moveis aninitial O-movein a0-innergamedescribeds rt;;if; s, beginning
copycatalongtheidentityon S [,.

e If ametaO-moveis aP-movein a0-innergamedescribedas ft‘:]’;f; r, thenthesucceed-

source
rtmove

ing metaP-moveis aP-movein theoutergamedescribedas r, beginningcopycat

alongtheidentityon R [,.

Givenan O-first strat@)y o from R to S andan O-first stratgy o’ from R to S’, the O-first
stratgy (o,0’) from Rto Sw .S’ is thesetof plays

{a replacing target S+ target inl s|a S O'} U {a replacing target s target inr s'|a € O'I}
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GivenanO-first stratgly o from R to Sw S’, thestratgy no from R to S is thesetof plays
{a|a replacing target S+ target inl s € 0'}

Similarly n'c.

This completeghe constructiorof the cartesiarcateyory C.

The identity from R to R over I is definedby the setof O-first plays awaiting-O over "
from R° to RP suchthat:

e If initial O-move 0 is describedas $°'"® r thenP-move 1 is describedas "8t

rtmove rtmove

beginningcopycatalongtheidentityon R [,

Givenan O-first strat@y o overI” from R to S andanO-first stratey r overl” from Sto T,
thecompositer; 7 is u(o,7) wherep is themeta-stratgy givenby thesetof meta-playswaiting
metaO with

e 0-innergamethe O-first gameover I'P from R° to SP

e 1l-innergamethe O-first gameover P from S° to 7

e outergamethe O-first gameover P from R° to T
suchthat:

e If, in the initial metaO-move 0, which is aninitial O-move in the outer game, this O-

move is describedhs ft"n:‘;flz r, thenthe succeedingnetaP-move is aninitial O-move in

a0-gamedescribedhs °""® r, beginningcopycatalongtheidentityon R |,.

rtmove

¢ If ametaO-moveis aP-movein a0-innergamedescribeds rt;:ii s thenthesucceeding

source
rtmove

metaP-move m + 1 is aninitial O-move in a 1-gamedescribedas
copycatalongtheidentityon S [s.

s, beginning

o If ametaO-moveis aP-movein al-innergamedescribedas & ¢ thenthesucceeding
source
rtmove

metaP-move is a P-move in the outergamedescribedas
alongtheidentityonT [;.

t, beginning copycat

context

rtmove
source
rtmove

o If ametaO-moveis aP-movein a0-innergamedescribeds u thenthe succeed-

ing metaP-moveis a Pmove in the outergamedescribedas
alongtheidentityonT [,.

u, beginningcopycat

context
rtmove

o If ametaO-moveis aP-movein al-innergamedescribeds u thenthesucceed-

source
rtmove

ing metaP-moveis a Pmove in the outergamedescribedas
alongtheidentityonT T,.

u, beginningcopycat

The remainingreindexing and compaositionconstructionsare similar. The closureon Dis
definedsimilarly to the cartesiarstructureon C.

Given,for eachi € I, a P-first stratgy o; from I' to R;, we obtainan O-first stratey from
P to (ptl,R;)° as

target : i :
U{ rtm%)ve root i . a replacing target r+— target under(¢,7)|a € 05}
iel
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Corversely givenanO-first stratggy from I to pt?e R;, we obtaina P-first strategy from I'P
to RF as

target . H .
{a| & rooti.areplacing target 7 target under(i,r) € o}

Theisomorphisnfor F is definedsimilarly.

B.5.3 JWA Term Constructors

We provide the detailsomitted in Sect.9.3.5. Most of the constructs(including the storage
constructspreinterpretedasin Sect.B.5.1. We will describehow to interpretthe — constructs.

Supposd” denotes{ R; }ic; and A denotes{S;};cs. Supposehat,for eachj € J, thenon-
returningcommand™,x : A" M denotesat (¢,j) a P-first strat@y o; on R; & S;. Thenyx. M
denotesati the O-first stratey from R to (Ptje 75;)° definedby

. . inlr — source T
UL 2r& root j . areplacing .

rtmove INrs +>  target S |a€0j}
g ge
J

Supposd” denotes{R; };cr and A denotes{:S;};c;. Supposehatthevaluel H' V : A
denotesats thepair (j,0) andthatthevaluel’ HY W : = A denotesats thepair ((), 7). Thenthe
non-returningcommandV W ati denoteshe stratgy u(o,7) wherep is the meta-stratgy
definedby the setof meta-playswaiting metaO with

e outergametheP-first gameon Rf

e 0O-innergamethe O-first gamefrom R to 59

e l-innergamethe O-first gamefrom RY to (pt;;5;)°.
suchthat:

e Theinitial metaP-moveistheinitial O-move0in al-innergamedescribedis 28 root ;.

rtmove
If asubsequennetaO-moveis aP-movein this1-innergamedescribeds t:;’f‘f)t
then the succeedingnetaP-move is an initial O-move in a O-inner game describedas

t;;‘f‘gt r, beginning copycatalong

under(j,7),

under(j, —
ptjeJSj runder(j,r) “——g Sj rr

source

e If ametaO-moveis aP-movein a0-innergamedescribedas >° =° u, thenthesucceed-

ing metaP-moveis aP-movein theoutergamedescribeds rtmove wu, beginningcopycat
alongtheidentityon R; [,.
source

o If ametaO-moveis aP-movein al-innergamedescribedas e Uy thenthesucceed-

ing metaP-moveis aP-movein theoutergamedescribeds rtmove w, beginningcopycat
alongtheidentityon R; [,.
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B.5.4 Pre-Families Non-Return Model

We givethedetailsomittedin Sect.8.8.2. Thecartesiarcategory C is constructedsin SectB.5.2.
Givenan O-first strategy ¢ from R to S anda P-first stratgy 7 on S, we defineo; 7 to be
u(o,7) wherey is the meta-stratgy definedby the setof meta-playswaiting metaO with

¢ outergamethe P-first gameon RP

e 0-innergamethe O-first gamefrom R to S©

¢ 1l-innergamethe P-first gameon SP.
suchthat:

e Theinitial metaP-moveOis astartmovefor al-innergame.If asubsequernnetaO-move
designates P-maove for this 1-innergamedescribedas rtmove s, thenthe succeeding

metaP-move is aninitial O-move in a O-innergamedescribedas rttf;iii s, beginning
copycatalongtheidentityon S [;.

o If ametaO-moveis aninitial O-move for a0-innergamedescribecas *>°*¢ r thenthe

succeedingnetaP-moveis aP-movefor theoutergamedescribeds rtmove 7, beginning
copycatalongtheidentityon R [...

Theisomorphisnfor — is describedsimilarly to theisomorphisnfor U in Sect.B.5.2.

B.6 Type Definability Proof

The aim of this sectionis to constructthe isomorphismg9.1)—(9.2)requiredin the proof of
Prop.81.

B.6.1 Global Semanticsof Types

Beforewe do this, we describethe semantic®f typesin a“global” way. We definepredicates
Predicate Intendedmeaning

Aid iisanindexin [A]
Aiir—Q r is aQ-tokenin [[A])i
A:iir—A r is anA-tokenin [A]]z
A:i:r—root risarootof [[A]

Aiirks rtsin [A]d
inductively, usingthefollowing clausedor U

B
UB:() UB:():rooti—Q
B:i:r—Q B:i:r—A
UB: () :under(i,r) —Q UB: () :under(i,r) — A
B:i
UB : () : root ¢ — root
B:i:r—root B:i:rtks

UB:():rootit under(i,r) UB:():under(i,r) - under(s,s)

and similar clausedor all the othertype constructors.We have to show that this agreeswith
the semanticof typesthatwe gave in Sect.9.2.2. (To keepthingssimple,we will ignoretype
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recursionasit is notusedin the type canonicaforms.) First we prove (bothfor valuetypesand
computatiortypes)thatif A <, B then

e jisanindex of [A] impliesB : 14
e risaQ-tokenof [A]liimpliesB:i:r—Q
andsimilarly for the other3 predicatesThisis by inductionon A <5, B. Thenwe prove that
e if B:itheniisanindex of [A] for someA <4in B
e if B:i:r—QthenrisaQ-tokenof [A])i for someA <, B

andsimilarly for the other3 predicatesThisis by inductionon the 5 predicatesConsequently
for ary type B,

e jisanindex of [B] iff B :4
e risaQ-tokenof [Bl:iff B:i:r—Q

andsimilarly for the other3 predicatesThus,asrequired thetwo description®f the semantics
of typesagree.

B.6.2 Constructing The Isomorphisms

Now we constructthe requiredisomorphismg9.1)—(9.2). First we have to give a bijection on
indexing sets. It is easyto seethatboth [6yai{ R; }icr]] and[[fcomp{ Ri }icr] areindexedby I x
(1x1). So,for both(9.1)and(9.2), thebijectionon indexing setstakes: € I to °i = (4, ((), ()))-
We definetwo predicates

Predicate Intendedmeaning

{Ri}icr i1:m a7’ r in arena; correspondacrosg9.1)to r’ in arenaz

{Ri}icr:t:7—comp ™ rinarena correspondscrosy9.2)to ' in aren&’s

inductively asfollows

JEQrt R; {R:s I;}jcqre R; J: 8 —comp §'

{R;}ic1 :7: j +>yal inl root j {Ri}icr 17 8 —>yar inl under(°},s")

JE Art R; {Ri rj}jEArt R; :j: S Hrval s

{Ri}ier :2:j—varinrroot j  {R;}icr 178 +>yar inr under(°j,s")

j € Qrt R; {R; [jjeQrth}:jZSi—)comps'

{Ri}icr 115 —compinlroot j  {R;}icr 178 —comp inl under(°},s")

jEeAt R; {R;[jjeArth}:jZSi—)vaw'

{Ri}icr 7.5 —compinrrootj {R;}icr:%:8 > comp inrunder(°j,s’)

We prove that

e if r is a Q-token of R; thenthereis a uniquer’ suchthat {R;}icr : 72 : 7 +>ya 7/, and
Oval{Ri}ticr :°1: 7" —Q

e similarly for A-tokens

o if risarootof R; and{R;}icr :7:r —va ' thenbya{R;}icr : °¢: 7' —root
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o if rsin R; and{R;}icr :2:7 a7 and{R;}icr 17 8 +>ya 8’ thenby{R; }ier : %7
r' s
e if risarootof R; and{R;}icr :7: 7 —a 7’ then

o if 7 is a Q-token of R; thenthereis a uniquer’ suchthat{R;}icr : % : r —comp 7', @and
ocomp{Ri}ieI o — Q

e similarly for A-tokens
o if risarootof R; and{R;}icr: : 7 —comp 7 theNbcomp{ Ri}icr : °2 : ' —root

o if r-sin Ry and{R;}icr:7:7 —comp ™’ @NA{R;}icr:7: 8 —comp 8’ theNbeomp{ Ri }ticr :
°2:r' 8
simultaneouslyby inductionon thedepthof r. We prove that
o if A:i' 17" —Qthenif A=0,,{R;}icr then
— ¢/ =°7 for someuniquei € T
— thereis auniquer suchthat{R;}ics :7: 7 +>ya 7’
— thisr is aQ-tokenin R;

e similarly for A-tokens
o if A:4' 7' —rootthenif A =0,,{R;}ics then
— ¢/ =° 7 for someuniquei € I
— {R;}ier : 7: 7 —>ya r' impliesthatr is arootof R;
o if A:d' 7' ¢ thenif A=0,,{R;}ics then
— ¢/ =° 7 for someuniquei € T
—{Ri}ier :2:7 —va v @and{R; }icr :7: s a8 impliesthatr - sin R;
o if A:d':r'—Qthenif A=60comp{Ri}icr then
— ¢/ =°7 for someuniquei € I

— thereis auniquer suchthat{R;}icr : 2: 7 —comp 7’
— thisr is aQ-tokenin R;

e similarly for A-tokens
o if A:¢':7' —rootthenif A =60comp{R;}icr then

— ¢/ =°1 for someunique: € T
— {Ri}icr 1717 —comp r’ impliesthatr is arootof R;
o if A:¢':7'F ¢ thenif A =0comp{R;}icr then
— 4/ =° 7 for someuniquei € I
—{Ri}icr:t:7 —comp ™ @NA{R; }ic1 1 11 8 —comp 8’ iMpliesthatr - s in R;
simultaneouslyy induction.We define
e isomorphisn{9.1)by sayingthatr € R; correspondfor’ € [[0ya1{ R; }icr]]°t When{R;};c; :
1Ty
e isomorphism(9.2) by sayingthat r € R; correspondgo 7’ € [fcomp{Ri}ic1]]°? When
{Ri}ie]’ i —>comp r!
andwe have shovn thattheseindeedgive isomorphisms.
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RO, 143
RP, 143
$,19
A (setof printablecharacters)30
A-cppo,99
A-set, 26,37
free,38
A-sethomomorphism39
A, 30
Z,259
B-law, 28,60
«, 121
e, 49
Er, 204,205
R |,, 143
W, 142,156
n-law, 29,41,59,60, 126,269
Ocomp B, 144
0A, 157
OvalA, 144
<fin, 78,144,157
7,43
Ac-calculus,18, 35
u-composite 286
-, 119
~anytype, 39,36
~ground, 39,36
m-calculus, 17,18
~, seeobsenationalequivalence
Va, 44
Finanarenal42,156
k<, 43
Fk, 48
", 119
FP, 200,263
Fh 213
kv, 43,119,200,263
‘, 19
., 287
/,288
Cp, 44
Ty, 44
2-catgory, 178

Art, 143
A-coproduct182

A-product,182
A-representabliinctor, seeA-representation
for functor
A-representatiofor functor, 181,184,211,
217,231
action
left, 201,202
right, 201,202
adequag
cell generationt divergence, 113
erraticchoice,96
infinitely deepterms,78
infinitely deeptypes,79
of pointergamemodelfor CBPV, 155
of pointergamemodelfor JWA, 159
printing + divergence 100
recursion,71
recursvetypes,76
thunkstorage 117
adjoint
left, 220
right, 220
adjunction,220-226
strong,211,212,232-234
adjunctionmodel,209-236 245-249
admissiblesubset,/2
algebrafor monad
definitionof, 191
denotedby computationtype or CBN
type,40,191-198
directmodelas,169,187
exponent,193
free, 192
homomorphism191
product,192
algebramodel
restricted196,213,238,243-249
unrestricted194,213
algebraviewpoint, 197-198
Ans in continuationsemantics91
Ans in continuationsemantics94,131
answefmove pointingto answermove, 153
answestoken, 140
arenal42-143
unlabelled 156
assignmeni85, 103



awaiting meta©O, 285
awaiting metaP, 285
awaiting-O, 149
awaiting-P, 149

Bohmtree, 77
Beck-Chealley condition,181,223
big-stepsemantics
for CBN, 36
for CBPV, 45
with cell generation105
with erraticchoice,95
with errors,97
with globalstore,86
with printing, 51
for CBV, 32
problemswith printing + divergence 99
soundneswu.r.t., 207
unsuitablefor control effects,88
bracletingcondition,141

calculus
Abool+, 27
x —, 171
X[ —,172
x[], 169
x> —, 66
xy,172
x, 166
directmodel,169
semantic®f types, 167
x> —, 173
call-by-name17,31,35-40,140,227,268—
269
equationatheory 269
call-by-need16
call-by-value,17,31-35,227
coarse-grain3s, 262—-263267—-268
equationatheory 265
fine-grain,35,199,263-268
monadmodel,190
carrier
of 4-set,37
of algebra,191
CartCat ., 167
catgory
algebraicallycompact,74
bicartesiarclosed 41,173
cartesianl67
cartesiarclosed41,140,171,173
countablybicartesiarclosed, 173,188
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countablycartesiarclosed, 172
countablydistributive, 131, 173, 194,
196,205,212,229
distributive, 173
enriched,73,177
enriched-compac?4-76,116
monoidal,201
cell, 19
asobjectwith two methods;145,157
cellgeneration102-117141,214,290-292
changecos, 88
CK-machine46-49,61-62,88-92,128
with printing, 51
co-Kleisli adjunction,226
co-Kleisli part,40,227
cocone,/4
coerce, 57
coherence
of monoidalcateyoriesandactions 201
coinduction80,144-145157,287
comm, 57,114,145
command5b7,114,145
non-returning57,90
comple values,58-59,72,77,104,134
eliminability of, 63
in CBV, 265
in Jump-Wth-Argument,129
compositionality81,92,107
computability 69
computation20
computatioredge, 186
computatiorobject,185
computatiortype, 22
computational-calculus,see).-calculus
computationakffects, seeeffects
cone,170
configuration
of CK-machine46-48,90
of rewrite machinefor JWA, 126
consumer49, 93
contentof cell, 105
contet (list of typedidentifiers),43
context r, 287

ptrn

context r, 287

rtmove

contect token,216
contingent-completel,49
continuation46,93,119
continuationsemanticsseecontrol effects
continuation-passing-stylegeCPS
controleffects,88—95,141,215,289-290
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combinedwith othereffects,94-95
controlflow, 21
coproduct173,181

distributive, 173-175182,183
copycatbehaiour, 287
copycatstratey, 152,287
counitof adjunction,220
cpo,34

pointed,39
cppo, seecpo,pointed
CPStransforms124
currying,65
cusl,70

datatype,106
decomposition
“+CcBN into CBPV, 55
—can into CBPV, 55,93
—can into linearlogic, 253
—cgy into CBPV, 53
—cav into monadicmetalanguage53
dependentypes,255
describedhs,286
deterministicstrateyy, 150
Direct,, 169
directmodel
for x-calculus,169
for CBPV, 187,238-239
disc, 108
distributive coproductseecoproduct
divergence 16, 69,189
with cell generation112-114
with printing, 99-100
division of objectin cartesiarcategory, 219,
233,234

edgein multigraph,168
effects,16
Eilenbeg-Mooreconstruction,191,213
el, 164
elementcategory, 164
elementstyledefinition,165,171,173,183,
184,206,218,231

ervironment,19
(e,p)-pair, 73
equalityof cells,104
eguationatheory

CBPV, 59-63

CBPV + control, 134

for CBN, 269

for CBV, 265

for JWA, 129-130
erraticchoice,95-97,215,226

finite, 96-97
errors,97-98

asanalgebramodel,189,192,195
evaluationcontext, 46
evendepthtoken, 143
exceptions 97
exponent, 171,182

Kleisli, 190
exponentiatingobject,133

familiesconstruction
for adjunctionmodel,215
for non-returnrmodel,132
fibre, 176
force, 206,218
forcing athunk, 20
forgetQA, 159
Freyd category, 202
full abstraction
of pointergamemodel,141,155,159
of transformsanto CBPV, 19
of translationfrom CBN to CBPV, 278
of translationfrom CBV to CBPV, 273
full completenesd,39
full reflection,186
fully faithful functor, 166,178,184
functiontypesin Revised-\, 259-260
functor
contravariant, denotedby computation
type,110
covariant,denotedoy valuetype, 107
discreterepresentingtore,108

globalorderingof multi-play, 285
globalsemantic®f infinitely deeptypes
in gamesemantics295-296
globalstore,85-88,197,213,254
groundcontext, 51
groundproducer 33,43
groundterm, 39
groundtype,27,43,259
groundvalue,43

headnormalform, 37

Hom, 164

homomorphicontet, 212

homomorphism
between4-sets,39
betweeralgebras191
betweercomputatiorobjects,238



of computatiorobjects,249
homseffunctor, 164,179,224

idealof aposet,70
IdealizedAlgol, 114
identifier, 19
indifference 126
infinitely deepsyntax,77—-80,117,141,144,
157
infinitely wide syntax,22,69,112
initial move, 149
innergame,283
innerplay, 285
innocencecondition,141
input, 84
inside,46
invisible constructss2,56,198
isomorphism
of 4-sets,39
of arenas143
of types,65-66
isomorphisnstyledefinition, 165,171,175,
180,204,205,217,218,230

jump, 21,119,155

Jump-Wth-Argument,118-138254
astypetheoryfor classicallogic, 136—

138
cateyoricalsemantics130-133
embeddingnto CBPV+Ans, 120
equationatheory 129
graphicalsyntax,121
jumpingmachine 128
pointergamesemantics155-160294
rewrite machine 126-128
with printing, 127

jumpabout,121
code,121
trace,121

JWA, seeJump-Wth-Argument

Kleisli adjunction,226
Kleisli exponent,190
Kleisli part,226

labellingfunction, 142
lazy, 37,269-271
lengthof multi-play, 285
lengthof play, 149
letcos, 88

lift, 39
linearheadreduction,154
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locally continuoudfunctor, 76
locally indexed
category, 176,192
closed,182
countablyclosed 182,212
functor, 178
naturaltransformation178
staggeredaategory, 229
countablyclosed,229,230
logic
classical 136-138
intuitionistic,41,136
linear, 18,254

metaO-move, 285
metaP-move, 285
meta-game,284
meta-mee, 285
meta-play
finite, 285
meta-stratgy, 286
metalanguage;BPV asa, 55, 88,94
MGraph, 168,186
Moggi stylemodel,189-198
monad
decompositionnto adjunction,209
definitionof, 189
strong,34,40,190-198
7T onMGraph,., 168,187
monadicmetalanguagel,8, 254,263
multi-cusl, 70
multi-play
finite, 284
multigraph,168,186

naturality

joint, 180,230,231

separatel 80,230
neverused, 57,90,135
new, 103

interpretationin pointergamemodel,291
non-returnrmodel,215
non-returningmorphismmodel,130
nrcomm, 57,145

O-colimit, 74
O-first game, 145,150
O-move, 149
Ostrat , 146,150
objectstructure

x, 167

CBPV, 185
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obliqguemorphism,209-211222,223,231
obsenationalequivalence
for CBN andlazy, 36
for CBPV, 51
with cell generation106
with control,91
with globalstore,86
with printing, 51
for CBV, 35
for IVWA, 129
odddepthtoken, 143
opGroth, 179-184211-212222-226
opGrothendieckonstructionseeopGroth
OPStransform118,124,133-136159-160
os, 90
outergame,283
outerplay, 284
outside 46,90
top-level, 46
outside-passing-styleseeOPS

P-first game, 146,150
P-move, 149
Pstrat, 146,151
parametricity115
parametrizedepresentabilityl 65,172,184,
222,225
partial-on-minimalgunction, 74
pattern-match27,56
pendingquestion-mae, 141
plainmap,40
play
finite, 149
infinite, 149
pn (pattern-match)27
point
code, 121
trace, 121
pointedcpo, seecpo,pointed
pointerbetweermaoves,141
pointergamesemantics]139-160254,283—
297
adjunctionmodel,215-217 292—-294
for CBPV, 142-155288-292
for WA, 155-160294
non-returnmodel,132,295
problemswith, 139-140
polymorphism255
pop, 20,46
possibleworlds,102-117214
Paver-Robinsonstyle model,199-208

pre-familiesadjunctionmodel,215
pointergames292-294
pre-familiesnon-returnrmodel,132
pointergames 295
predecessarf atoken,142
prefix-closed;149
premonoidatategory, 202
presheatateyory, 166
printing + divergence 99-100
asanalgebramodel,189,192,195
printing semantics
for CBN, 38
for CBPV, 52
asanalgebramodel,192,195
for CBPV asanalgebramodel,189
for CBY, 31
prod, 218,231
producer20,43
in CBV, 31
producercateyory, 199
product,27,169,181,182,230
pattern-match28, 43,258,259
projection,28,43,258,259
projection,27
pseudo-computatiotypein CBV, 273
pseudo-alue-typein CBN, 278
pseudofunctqrl77
pt, 156
pth, 142
ptQ, 142
ptrn T, 286
push,20,46

Qrt, 143
guestion-tokn,140

reading, 85,103
realizability, 70
recursion,71-76
type,72—-76,254
ref, 103,145,157
reindeing functor, 177
representabl&nctor, seerepresentatioffor
functor
representatiofor functor, 165,169,171,181,
183,204,205,211,218,231
reversiblederivation,29,62,213,219,220
preservingeffects and sequencing63,
206
preservingsubstitution29,62,170,172,
206



revisedsimplytyped\-calculus seeRevised-
A
Revised-\, 258-260
root, 142,156
rootmove, 149
rootof anarena 142,156
rt, 142,156
rtmove T, 286

Scottsemantics52,70-76,227
for CBN, 40
for CBPV
asanalgebramodel,189,192,195
for CBV, 34
Scott-Ershwe, seeSEdomain
SEdomain,70
SEstrictv 75
SEAM predomainy/0, 174,254
SEAM, 70,174
SEAM partmins 75
SECDmachine 46
self, 177,182,190,212,213,215,224-227
sequencedomputation20
SFL,18
SFPL,18
signature 168,186
simplefibration, 177
small-stepsemantics99
soundnessgv.r.t operationakemantics
abstracformulation,207
for CBN
with printing, 38
soundnessgv.r.t. operationakemantics
for CBPV
pointergamemodel,155
with cell generation111
with cell generationt printing, 112
with control,91
with control+ printing, 94
with erraticchoice,96
with errors,98
with globalstore,86
with globalstore+ printing, 88
with printing, 52
with printing + divergence 100
with recursion,71
for CBPV
with cell generatior+ divergence 113
for CBV
with printing, 33
for WA
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pointergamemodel,159

with printing, 128
sourcefamily, 228,229
sourceobject,203

source T, 287
ptrn

souree . 286,287

rtmove

sourcetoken, 150,216
source-to-tggetfunction, 204
stack,20, 46
staggereddjunctionmodel,228-232,238,
240-243

staggerecaategory, 203—-205228
staggeredtrongadjunction,230
store, 19,102

general seecell generation

global,seeglobalstore
str, 217,231
strengthof monad,190
strict continuoudfunction, 40,212
strictindexed category, 177
strongadjunction,seeadjunction,strong
strongmonad,seemonad,strong
structure

of 4-set,37,110

of algebra 191
sub-arenal43
subsumptie translation,18,19
successoof atoken, 142
sumtype, 27,41
switchingcondition,284,285

7, monadon MGraph_., 168,187
tag,22
targetobject,204,228,229

target r, 287

ptrn

target 7, 287

rtmove

targettoken, 150,216
teacherl2l
homomorphism124
terminalterm, 30, 44
in CBN, 35
thunk, 20,93
thunk, 205,218
thunkstorage115-117
thunk-storagdree fragment, 106
tok, 142,156
token,142
translation
from CBN to CBPV, 55,277-282
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from CBPV+controlto JWA, seeOPS
transform

from CBV to CBPV, 53

from CG-CBVto FG-CBV, 267-268

from FG-CBVto CBPV, 271-277

from lazyto FG-CBV, 270-271
trivial model,68,188,213
trivializationtransform,68, 188
tupletypesin Revised-\, 259
type canonicaform

for CBPV, 66

for CBPV + 0s, 144

for WA, 130,157
typedefinability, 144,157,295-297

under, 142,156

unit of adjunction,220
universalmodel,139, 155,159
untypedA-calculus,37

value,20, 85

in CBV, 31

in JWA, 119
valuecateyory, 68,187,199
valueedge, 186
valuefragment,68
valuemorphism,187
valueobject,185
valuetype, 22
value/producefragment,199
value/producemodel,199-208238-245
value/producestructure 199,202—-203205
variable,19
vertex

of A-representatiori.81

of cocone,74

of representatior 65,181,204
visibility condition,141

w-computation,104
w-store, 105,108
w-value,104
wealening,20
world, 102,104
world-store, 102,105

Yonedaembedding166,184,238
Yoneddemma, 164,182
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