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Call-By-Push-Value

Paul Blain Levy

Abstract

Call-by-push-value(CBPV) is a new programminglanguageparadigm,basedon theslogan“a
valueis, acomputationdoes”.WeclaimthatCBPVprovidesthesemanticprimitivesfrom which
the call-by-valueand call-by-nameparadigmsare built. The primary goal of the thesisis to
presentthe evidencefor this claim, which is found in a remarkablywide rangeof semantics:
from operationalsemantics,in big-stepform andin machineform, to denotationalmodelsusing
domains,possibleworlds,continuationsandgames.

In thefirst partof thethesis,wecometo CBPVandits equationaltheoryby lookingcritically
atthecall-by-valueandcall-by-nameparadigmsin thepresenceof generalcomputationaleffects.
We give a Felleisen/Friedman-styleCK-machinesemantics,which explainshow CBPV canbe
understoodin termsof push/popinstructions.

In thesecondpartwegivesimpleCBPVmodelsfor printing,divergence,globalstore,errors,
erraticchoiceandcontroleffects,aswell asfor variouscombinationsof theseeffects.Wedevelop
thestoremodelintoapossibleworldmodelfor cell generation,and(followingSteele)wedevelop
thecontrolmodelinto a “jumping implementation”usinga continuationlanguagecalledJump-
With-Argument(JWA).

Wepresentapointergamemodelfor CBPV, in thestyleof HylandandOng.Weseethatthe
gameconceptsof questioningandansweringcorrespondto the CBPV conceptsof forcing and
producingrespectively. We observe that this gamesemanticsis closelyrelatedto the jumping
implementation.

In the third part of the thesis,we studythe categorical semanticsfor the CBPV equational
theory. We presentandcompare3 approaches:

� modelsusingstrongmonads, in thestyleof Moggi;

� modelsusingvalue/producerstructures, in thestyleof PowerandRobinson;

� modelsusing(strong)adjunctions.

All theconcretemodelsin thethesisareseento beadjunctionmodels.
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Chapter 1

Intr oduction

1.1 Computational Effects

Muchattentionhasbeendevotedto functionallanguageswith divergence(nontermination),such
asPCF[Plo77] andFPC[Plo85], andto theirmodels.After all, it is well-known thata language
with full recursionmusthave divergentprograms.Yet someof themostfundamentalsemantic
issuesinvolved in theselanguagesarefar moregeneralthanis often realized,and(aswe will
arguein Sect.2.2) canbe correctlyunderstoodonly in the light of this generality. They arise
whenever wecombineimperativeandfunctionalfeatureswithin a singlelanguage.

It may strike the readerasstrangeto regard divergenceasan imperative feature,for what
could be more “purely functional” than PCF?But it is a remarkablefact that the samecore
theory(the subjectof Chap.2) applieswhenwe addto thesimply typed 	 -calculusany of the
following [Mog91]:

� divergence

� readingandassigningto a storagecell

� input andoutput

� erraticchoice

� generatinga new nameor cell

� haltingwith anerrormessage

� controleffects(weshallexplain thesein Chap.6)

Thus,whetherornot 4��5'�6��!'� reallyisacommand,it certainlybehaveslikeone.Wecall all these
featurescomputationaleffectsor just effects. In our exposition,we shalluse 
������� commands
asour leadingexampleof an effect, ratherthanthe morefamiliar 4��5'�6��!'� , becausedoing so
makesimportantdistinctionsclearer(asweshallarguein Sect.2.2).

Thefirst issuethatarisesfor effectful languagesis that—bycontrastwith thesimply typed
	 -calculus—orderof evaluationmatters.Whethera programconvergesor diverges,whethera
programprints �'������� or prints !�����4"%�7�� , will dependon theevaluationorderthat the language
uses.

A priori , therearemany evaluationordersthat could beconsidered.But two of themhave
beenfound to besignificant,in thesensethat they possessa wide rangeof elegantsemantics1:

1A third methodof evaluation,call-by-need, is usefulfor implementationpurposes.But it lacksa cleandenota-
tional semantics—atleastfor effectsotherthandivergenceanderraticchoicewhosespecialpropertiesareexploited
in [Hen80] to providea call-by-needmodel.Sowe shallnot considercall-by-need.
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call-by-name(CBN) andcall-by-value(CBV).

1.2 ReconcilingCBN and CBV

1.2.1 The Problem Of Two Paradigms

Researchershave developedmany semanticsfor CBN andCBV. But eachtime a new form of
semanticsis introduced,eachtimea technicalresultis proved,eachtimeananalysisof semantic
issuesis presented,wehave to performthework twice: oncefor CBN, oncefor CBV.

Herearesomeexamplesof this situation.

� In many introductorytextbooksonthesemanticsof programminglanguages(e.g.[Gun95]),
we arefirst shown a CBN languageandits operationalsemantics.We aregivena denota-
tional semanticsusingdomainsandthis is provedadequate.Next, we areshown a CBV
languageandits operationalsemantics.Wearegivenadenotationalsemanticsandthis too
is provedadequate.

� In [HO94,Nic96] agamesemanticsis presentedfor aCBN language,andvarioustechnical
propertiesareproved.Then,in [AM98a, HY97], agamesemanticsis presentedfor aCBV
language,andsimilar technicalpropertiesareproved.

� In [SR98],amachinesemanticsandcontinuationsemanticsarepresentedandtheir agree-
mentproved: first for aCBV language,thenfor aCBN language.

� In [Ole82], afunctorcategorysemanticsfor aCBNlanguageispresented.Then,in [Mog90,
Sta94] a functorcategorysemanticsfor aCBV languageis presented.

This duplicationof work is tiresome. Furthermore,it makesthe languagesinvolved seem
inherentlyarbitrary. We wouldpreferto studyasingle,canonicallanguage.

1.2.2 A SingleLanguage

How canthesituationdescribedin Sect.1.2.1beremedied?A first suggestionis asfollows.

Supposewe have a language8 in which bothCBN andCBV programscanbe
written. Thenwe needonly give semanticsfor 8 , andthis automaticallyprovides
semanticsfor CBN andCBV.

Thereis a basicproblemwith this approach.As an extremeexample,considerthat CBN
andCBV languagescanbothbetranslatedinto 9 -calculus[San99] so 9 -calculusis “a language
in which both CBN and CBV programscan be written”. But this doesnot relieve us of the
responsibilityto provide (say)functionalScottsemanticsfor CBN andCBV, becausethereis no
functionalScottsemanticsfor 9 -calculus.For thisreason,it is essentialfor 8 to haveafunctional
Scottsemantics,agamesemantics,acontinuationsemantics,anoperationalsemantics,etc.

But evenwhere 8 doeshave all thesesemantics,therecanbea moresubtleproblem.As an
example,considerthat CBN canbe translatedinto CBV [HD97], andso CBV itself is “a lan-
guagein whichbothCBN andCBV programscanbewritten”. Now in thiscase8 certainlyhasa
Scottsemantics,agamesemantics,acontinuationsemanticsetc.,andso,asproposed,weobtain
semanticsfor CBN. But the Scottsemanticsfor CBN thusobtainedis not the traditionalCBN
Scottsemantics.(For example,whereasin the traditionalsemantics	':��;4��5'�6��!�� and 4��5�����!'�
have the samedenotation,in the new semanticsthey have differentdenotations.)So the trans-
lation of CBN into CBV doesnot relieve usof thetaskof constructingthetraditionalsemantics
for CBN.

We seethat, in order to remedythe situationdescribedin Sect.1.2.1,we have to be sure
that theScottsemanticsfor 8 inducestheusualScottsemanticsfor CBN andCBV, ratherthan
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a morecomplicatedone;andlikewise for gamesemantics,continuationsemantics,operational
semanticsetc. Anotherway of sayingthis is thatthetranslationsfrom CBV andfrom CBN into
8 mustpreserveScottsemantics,gamesemanticsetc.

Of course,it will be impossibleto show that the translationspreserve every semanticswe
might wish to study. But thesemanticswe have mentionedareextremelydiverse,andif these
areall preservedthenthismakesastrongcasethatwedonotneedto continueinvestigatingCBN
andCBV asindependententities.

Wesaythenthatthelanguage8 subsumesCBN andCBV, andthatthetwo translationsinto it
aresubsumptive. Noticethatsubsumptivenessis nota formal, technicalpropertyof a translation
(suchasfull abstraction).Rather, it says,informally, thatthereis no reasonto regardthesource
languageasanythingmorethananarbitraryfragmentof thetargetlanguage.

1.2.3 “Hasn’t This BeenDoneBy ����� ?”

Therearemany claimsin theliteraturethatagivenlanguagecontainsbothCBN andCBV:

� Moggi’smonadicmetalanguage[BW96, Mog91] andFilinski’svariant[Fil96];

� CBV itself [HD97, SJ98]—in thepresenceof generaleffects,Moggi calledthis thecom-
putational 	 -calculus, or 	�< -calculus[Mog88];

� 9 -calculus[San99];

� continuationlanguages[Plo76];

� languagesbasedon Girard’s linearlogic [BW96, Gir87];

� SFL andSFPL[Mar00, MRS99].

We explainedin Sect.1.2.2thatCBV itself doesnot containCBN in our sensebecausethe
equation	�:��=4��5�����!'�?>@4��5'�6��!'� is invalidatedby thetranslationfrom CBN intoCBV. Thesame
criticism appliesto thetranslationfrom CBN to Moggi’s metalanguage(althoughnot Filinski’s
variant).ThusMoggi’s languagedoesnot subsumeCBN in our sense;it is not a solutionto our
problem.

Filinski’s variant doesnot have this drawback, but both Moggi’s languageand Filinski’s
varianthave thedrawbackthatthey lackoperationalsemantics,essentiallybecauseevery termis
avalue.(Our value/computationdistinctionin CBPV will remedythis.)

We explainedin Sect.1.2.2that 9 -calculusdoesnot have functionalScottsemantics,sothe
translationsinto it arenotsubsumptive. Continuationcalculidohave functionalScottsemantics,
but theCPStransformsinto themdo notpreservedirectsemantics,sotheCPStransforms(from
sourcelanguageswithout controleffects)arenot subsumptive. Thelinear 	 -calculusof [BW96]
doeshave Scottsemantics,but, asremarkedthere,thelanguageis basedon theassumptionthat
effectsare“commutative”, soeffectssuchasprinting areexcluded.

The translationfrom CBV to the languageSFL doesnot preserve the A -law for sumtypes
(explainedin Sect.2.8). By contrast,thesuccessorlanguageSFPL(which wasdevelopedlater
thanCBPV) doesindeedsubsumeCBV andCBN. It is in a senseequivalentto thecomputation
partof CBPV, but it lacksthesimplicity of CBPV.

In Chap.16.2,wemake furthercriticismsof Moggi’sdecomposition

$B� CBV C >D$E�GF C
andof thelineardecomposition

$B� CBN C > ! $DH C
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1.3 The CaseFor Call-By-Push-Value

In this thesiswe introducea new languageparadigm,call-by-push-value(CBPV). It is basedon
Filinski’s variantof Moggi’s “monadicmetalanguage”[Fil96, Mog91], but we do not assume
familiarity with thesecalculi (discussedin Sect.1.2.3andSect.16.2).

We shallseethatCBPV satisfiesall thatwasrequiredin Sect.1.2.2.Consequently, whatwe
previouslyregardedastheprimitivesof CBN andCBV cannow beseenasjust idiomsbuilt from
thegenuineprimitivesof CBPV.

For this reason,CBPV deservestheattentionevenof thosewhoare interestedonly in CBN
(or only in CBV) andnot in theaboveproblemof reconcilingCBN andCBV. Suchpeoplebenefit
from usingCBPV becausetheCBN semanticsthey arestudyingwill exhibit thedecomposition
of CBN primitives into CBPV primitives, so CBPV is closer to the semantics. We will see
numerousexamplesof this in Part II.

We mentionalsothat,althoughfull abstractionis neithera necessarynor a sufficient condi-
tion for subsumptiveness,we prove (Cor. 166andCor. 176)that thetranslationsinto CBPV are
indeedfully abstract.Thus,semanticistsinitially concernedwith fully abstractmodelsfor CBV
andCBN canobtainthemfrom fully abstractmodelsfor CBPV.

1.4 Conventions

1.4.1 Notation and Terminology

We write I ‘ J for “ J appliedto I ”. This operand-firstnotationhassomeadvantagesover the
traditionalnotationof JKI . In particular, it allows the“push” readingof Sect.1.5.1.

For any naturalnumberL , wewrite $L for M 0 N������6NOLP. 1 Q , thecanonicalsetof size L .
Weavoid theambiguousword “variable”,usinginsteadthefollowing distinctterms:
� An identifier is a syntacticsymbolwhosebinding doesnot change,asin 	 -calculusand

predicatelogic. Thelist giving thebindingof eachidentifieris calledtheenvironment.

� A cell is a memorylocationwhosecontentscanchangethroughtime. Thelist giving the
contentsof eachcell is calledthestore.

This crucial distinction betweenenvironmentandstore,attributedby [TG00] to Park and his
contemporaries[Par68], is maintainedthroughoutour treatment.

1.4.2 Equations

In thecourseof thethesiswe will presentseveralequationaltheories.In orderto reduceclutter,
weadoptthefollowing conventionsfor eachequation.

1. Likea term,anequationhasacontext anda type,but weomit these.

2. We assumeall theconditionsneededto make eachsideof anequationwell-typed,andto
make surethatthetwo sideshave thesamecontext andtype.

3. For ametasyntacticidentifier J rangingover terms,andanidentifier : , if J occursin the
scopeof an : -binderandalsooccursnot in thescopeof any : -binder, thenit is assumed
that : is not in thecontext of J .

Theseconventionsallow us,for example,to write the A -equationfor functionsas

JR>B	�:TSU: ‘ JKV (1.1)

ratherthanas

Γ WXJ : $D� C :ZY[ Γ
Γ W\J]>B	':TS^: ‘ J_V : $D� C
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Sincein (1.1) J occurs(in theRHS) in thescopeof an : -binderandalsooccurs(in theLHS)
not in thescopeof any : -binder, it is assumedthatΓ—thecontext of J —doesnot contain : .
Strictly speaking,J is weakenedby : : $ in theRHS,but we will leaveall weakeningimplicit.

1.5 A CBPV Primer

1.5.1 Basic Features

Theaim of this sectionis to enablethereaderto understanda simpleexampleprogram.For this
purpose,it sufficesto explain thefollowing basicfeatures.

� CBPV hasasimpleimperative readingin termsof astack.

– 	': is understoodasthecommand“pop : ”.

– I ‘ is understoodasthecommand“push I ”.

� CBPV termsareclassifiedinto computationsandvalues.A computationdoessomething,
whereasavalueis somethinglikeabooleanor numberwhichcanbepassedaround.

SloganA valueis, acomputationdoes.

� Only a valuecanbe pushedor popped.In otherwords,only a valuecanbe an operand.
However, we can“freeze” a computationJ into a value;this valueis calledthe thunkof
J [Ing61]. Later, whendesired,this thunkcanbeforced(i.e. executed).

� Certaincomputationsproducevalues;they arecalledproducers. If J is aproducer, and `
anothercomputation,thenwe cansequencetheminto thecomputationJa�'�b:��"` . This
means:first obey J until finally it producesavalue I , thenobey ` with : boundto I .

1.5.2 Example Program

The easiestway to graspthesebasicideasis to seean exampleprogramexplainedvery infor-
mally. Thefollowing programusesthecomputationaleffectof printing messagesto thescreen.


�������dce���������"fgc ;
���6�h:h%'�jilk
���6�h7h%'�m����n���o (


�������dce����������p'c ;
	�q��

�������dcer��hs6n�� �t
�� 
�
���4ucvq?w

����"4�n��"�B:x(yqz k


�������dce����������{Tc�w| 
���)���}c~����������igc�w
7‘

���)���}c~r��js6n�� �j
�n����'�"4h�Tc�w� �����"��7z ����r0k


�������dcer���D%�� n���4j����c~rxw

����"4�n��"�Dr�( 5

Wegiveablow-by-blow accountof execution—theprogramexecutesthecommandsin order.
First it prints �'��������f , then binds : to 3, then binds 7 to a thunk. If the word ����n���o were
omitted,theprogramwouldnot typecheck,becauseanidentifiercanbeboundonly to avalue—a
computationis tooactive to sit in anenvironment(list of bindingsfor identifiers).
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Next, theprogramprints ����������{ andthecomputationenclosedin parentheses(from 
�������
c~�'��������iTc to

� �����"��7 ), which aswe shall seeis a producer, commencesexecution. This pro-
ducerfirst prints �'��������i , pushes7, andprints r'�hs6n�� �t
�n�������4h� . Thenit forcesthethunk 7 .
Soit prints �'��������p andpopsq from thestack;i.e. it removesthetopentry(which is 7) from the
stackandbinds q to it. It reportsr��hs6n�� �j
'�6
�
'�"4h� andproduces:l(yq which is 10.

So the producerenclosedin parentheses(from 
�������uc~����������igc to
� �6���"��7 ) hashadthe

overall effect of printing severalmessagesandproducing10. Thus r becomesboundto 10 and
theprogramprints r���B%'�6n���4t���_p�f . Finally theprogramproducesr�( 5 which is 15.

In summarytheprogramoutputsasfollows

����������f
����������{
����������i
r��hs n����j
�n����'�"4h�
����������p
r��hs n����j
'�6
�
'�"4h�
r�"�D%�� n���4t�'�Kp�f

andfinally producesthevalue15.
In morefamiliar terms,7 is a procedure,7 is theparameterthat is passedto it andit returns

10. (“Returns”and“produces”aresynonymous.)But, comparedto atypicalhigh-level language,
CBPV is unusuallyliberal in that

� it allows the command
�������}c~r'�hs6n����j
�n������"4h�gc to intervenebetweenpushingthe
parameter7 andcalling theprocedure;

� it allows thecommand
���)���}c~�'�������tigc to intervenebetweenthestartof theprocedure
andpoppingtheparameter.

In a practicalsense,this liberality is of little benefit,for the programwould have the same
observablebehaviour if thelines

�?�

�������}c~r'�hs6n����j
�n�������4h�gc
wereexchanged,andlikewiseif thelines


�������}c~�'�������jiTc
	�q��
wereexchanged.But it is this flexibility thatallowsCBPV to giveafine-grainanalysisof types.

1.5.3 CBPV MakesControl Flow Explicit

It is worth noticing that therearetwo lines in this programwhich causeexecutionto move to
anotherpart of the program,ratherthanto the next line. Theseare

� �����"��7 , whereexecution
jumpsto the body of the thunk that 7 is boundto, and 
��'�"4�n�����:�(�q , wherethe value10 is
returnedto justaftertheline

� �6�����m7 . This illustratesageneralphenomenon.

Only
� ������� and 
��'��4"n��"� causeexecutionto move to anotherpartof theprogram.

This kind of informationaboutcontrol flow is much lessexplicit in CBV andCBN. For this
reason,as we shall seein Chap.8 and Chap.9, it is beneficialto useCBPV when studying
semanticsthat describesinteractionbetweendifferentpartsof a program,suchascontinuation
semanticsor gamesemantics.
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Although
� �6���"� and 
����"4"n��"� both causejumps,thereis an importantdifferencebetween

the two. A
� �6����� instructionwill specifywherecontrolmovesto: in theexampleprogram,to

7 . By contrast,a 
����"4�n��"� instructionwill causea jump to a point at the top of a stack,so it
is not specifiedexplicitly. This distinctionis apparentin bothcontinuationsemanticsandgame
semantics.

1.5.4 Value Typesand Computation Types

We saidin Sect.1.5.1thatCBPV has2 disjoint classesof terms:valuesandcomputations.It is
thereforeunsurprisingthatit has2 disjoint classesof types:valuetypesandcomputationtypes.

� A valuehasavaluetype.

� A computationhasacomputationtype.

For example,����� and %������ arevaluetypes.
Thetwo classesof typesaregivenby

valuetypes $ :: > � C � ∑ �^��� $�� � 1 � $B#�$
computationtypes C :: > �&$ � ∏ �^�)� C � � $B� C

whereeachset � of tagsis finite. (Wewill alsobeconcernedwith infinitelywideCBPVin which
� maybecountablyinfinite—seeSect.5.1for morediscussion.)Weunderlinecomputationtypes
for clarity.

We explain thesetypesasfollows—noticehow this explanationmaintainsthe principle “a
valueis, acomputationdoes”.

� A valueof type � C is a thunkof acomputationof type C .

� A valueof type∑ ����� $ � is apair SU��N�IPV , where� [ � and I is avalueof type $ � .
� A valueof type1 is anemptytuple S�V .
� A valueof type $�#P$m� is a pair S�I?N�I&��V , where I is a valueof type $ and Ib� is a valueof

type $ � .
� A computationof type �&$ producesavalueof type $ .

� A computationof type ∏ ����� C � popsa tag � [ � from the stack,and thenbehavesasa
computationof type C � .

� A computationof type $D� C popsavalueof type $ from thestack,andthenbehavesas
a computationof type C .

We have apparentlyexcludedtypessuchas %������ and �'��� from this,but %'����� canberecov-
eredas1 ( 1. If we addtyperecursionasin Sect.5.3.2,we canrecover ���6� as �T����S 1 (��'V . In
infinitely wideCBPV, we canrecover ����� as∑ �^�v� 1.

Lookingat theexamplecomputationof Sect.1.5.2,wecanseethatits typeis �3���6� because
it producesa naturalnumber. The identifier 7 hastype ��S����6�����3���6��V . This meansthat the
valueto which 7 is boundis a thunk( � ) of a computationthatpopsa naturalnumber( ���6��� )
andthenproduces( � ) anaturalnumber( ���6� ).
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1.6 Structure of Thesis

1.6.1 Goals

This thesishastwo goals.

1. Themaingoal is to arguetheclaim madein Sect.1.3—topersuadethereaderthatCBPV
is significantby exhibiting a wide rangeof elegantsemantics,from which CBN andCBV
semanticscanbe recovered. This goal is the subjectof Part II; the preliminarywork is
donein Chap.3.

2. Thesecondgoalis to understandthecategoricalsemanticsof theCBPVequationaltheory,
introducedin Chap.4. This goal is the subjectof Part III. We do not claim that this
providesany furthermotivationfor CBPV.

1.6.2 Chapter Outline

We begin by describingan intellectualjourney that leadsto CBPV. We do this briefly—a full
technicaltreatmentis given in the Appendix. The journey startsin Chap.2, wherewe explain
thelanguagedesignchoicesthatcharacterizetheCBV andCBN paradigms,andweexaminethe
consequencesof thesechoices.We give bothoperational(big-step)semanticsanddenotational
semanticsin thepresenceof printing, our leadingexampleof a computationaleffect. (We look
at divergencetoo, becauseof its familiarity.) We learn,most importantly, that CBV typesand
CBN typesdenotedifferentkindsof things—setsand  -sets(whichwewill definein Sect.2.7.4)
respectively. By consideringwhichequationsarevalid asobservationalequivalences,weseethat
functiontypesbehave well in CBN but not in CBV, whereassumtypesbehave well in CBV but
not in CBN.

This critical explorationof CBV andCBN leadsus, in Chap.3, to CBPV. Becauseof the
denotationaldifferencebetweenCBV typesandCBN types,it is clearthat the subsuminglan-
guagemusthave two kinds of type. We give big-stepanddenotationalsemantics(for printing
andfor divergence)andwe explain how CBV andCBN aresubsumedin CBPV. This completes
thejourney. In addition,wegiveanotherform of operationalsemantics,theCK-machine[FF86],
whichmakesprecisethepush/popreadingthatwe illustratedin Sect.1.5.2.

Whereasfunctiontypesbehavebadlyin CBV andsumtypesbehavebadlyin CBN, in CBPV
bothfunctiontypesandsumtypesbehave well—all thebadnessis concentratedin theproducer
types. Weseethis in Chap.4 by giving anequationaltheoryfor CBPV. To presentthis theory, we
have to extendCBPV with complex values. However, aswe explain in Sect.4.6, thesecomplex
valuescanalwaysberemovedfrom computationsandfrom closedvalues.

Chap.5, thelastchapterof Part I, looksat recursionandinfinitary CBPV. Thereis little orig-
inal here;it merelysetsupmaterialthatis neededlaterin Chap.7, wherewe needto understand
the semanticsof type recursionin order to be able to interpretthunk storage,and in Chap.9,
wherewe needinfinitely deepsyntaxin orderto obtaindefinabilityresultsfor types.

Having seentheoperationalideasandtheequationaltheorywearereadyto givetheconcrete
semanticsof theformer(Part II) andthecategoricalsemanticsof thelatter(Part III).

In Chap.6 we look at denotationalsemanticsfor a rangeof effects: global store,control,
errors,erraticchoice,printing, divergenceandvariouscombinationsof these.We learnthat a
useful heuristicfor creatingCBPV semanticsis to guessthe form of the soundnesstheorem.
Again andagain, throughouttheseexamples,we seetraditionalsemanticsfor CBV primitives
decomposingnaturallyinto CBPV semantics.As for thecorrespondingCBN models,someare
new while otherswereknown but previously appearedmysterious—theCBPV decomposition
makesthestructureof thesesemanticsclear.

Both thestoremodelandthecontrolmodelfrom Chap.6 aredevelopedfurtherin thesubse-
quentchapters.
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� Thestoremodelis developedin Chap.7 into a possibleworld modelfor cell generation,
whichcapturessomeinterestingintuitionsaboutCBPV: in particular, theideathata thunk
is somethingthat canbe forcedat any future time. This model is surprisingin itself, as
previouspossibleworld models(with theexceptionof [Ghi97]) allow only thestorageof
groundvalues,whereasthis modeltreatsstorageof all values.But it alsoprovidesa good
exampleof thebenefitsof CBPV, becausein thecorrespondingmodelfor CBV (suggested
independentlyby O’Hearn)thesemanticsof functionsis unwieldy—CBPVdecomposesit
into manageablepieces.

� Basedon thecontrolmodel,we introducein Chap.8 anotherlanguagecalledJump-With-
Argument,equivalent to—but much simpler than—CBPVwith control effects. Unlike
CBPV, Jump-With-Argumentis not really new, asit is essentiallySteele’sCPSintermedi-
atelanguage[Ste78]. This languageenablesusto seethat theOPStransform(theCBPV
analogueof the CPStransform)provides a jumping implementationfor CBPV, just as
Steeleexplainedfor CBV. We seehow the explicit control flow describedin Sect.1.5.3
makesCBPVagoodstartingpoint for suchananalysis.

Our final pieceof evidencefor the advantagesof CBPV is Hyland-Ong-stylegamesemantics,
which we discussin Chap.9. We seeonceagain that CBPV is muchcloserto the semantics
thantheusualCBN languages(PCFandIdealizedAlgol) becauseof its explicit controlflow de-
scribedin Sect.1.5.3.Key notionsof gamesemantics—thequestion/answerdistinction,pointers
betweenmoves,thebracketingcondition—becomeclearerfrom a CBPV viewpoint. For exam-
ple, we seethat “asking a question”correspondsto forcing, while “answering”correspondsto
producing.

In Sect.9.3–9.4wegiveaconceptuallysimplegamesemanticsfor Jump-With-Argumentand
therebyrelatetheCBPVgamesemanticsin Chap.9 to thejumpingimplementationin Chap.8.

Before we give a categorical accountof the CBPV equationaltheory (Part III) we give a
backgroundchapteron categorical semanticsof effect-freelanguages,which is independentof
therestof the thesis.Sucha chaptermayseemunnecessary, asthereis a largeliteratureon the
subjectand,afterall, we areconcernedonly with simply typedlanguages.However, thereare
somepointswhichwewish to look at carefully.

� Weexaminethenatureof therelationshipbetweenanequationaltheoryandits categorical
semantics—whatdowemeanwhenwesay, for example,that“a modelof a languagewith
finite productsis preciselyacartesiancategory”?

� We look at the useof locally indexed categories to give a simple, abstractdescription
(which hasappearedin [Jac99]) of thenotionof distributivecoproduct. Laterwe will use
locally indexedcategoriesfor CBPV, but we seeheretheir importanceevenin theeffect-
freesetting.

We are then in a position to give the categorical accountof the CBPV equationaltheory.
After a brief overview (Chap.11), we present3 approaches,therebyrelatingCBPV to a variety
of researchandideasin theliterature.

� In Chap.12 we look at semanticsusingstrong monads, in the style of Moggi. This ap-
proachis probablythemostfamiliar to thereader.

� In Chap.13 we look at semanticsusingvalue/producerstructures, in the style of Power
andRobinson.This approachis theclosestto theCBPVsyntax.

� In Chap.14 we look at semanticsusingadjunctions. This approachis the mostelegant.
Furthermore,sinceadjunctionis an importantmathematicalconcept,it is valuableto see
how CBPVrelatesto it. Unfortunately, adjunctionmodelsdonotagreeexactlywith CBPV,
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in thesensethatnon-equivalentadjunctionmodelscangive thesameCBPV model. But
all theconcretemodelsfrom Part II do indeedarisenaturallyasadjunctionmodels.

We completeour categoricalaccountin Chap.15, wherewe relateour variousapproaches,and
seehow this givesusseveralwaysof characterizingthenotionof homomorphismbetweencom-
putationobjects.

Finally, in Chap.16,we look at someproblemsandpossibledirectionsfor furtherwork.

1.6.3 Chapter Dependence

Thedependencebetweenchaptersandsectionsis shown in Fig. 1.1.A line betweentwo sections

Chap.3

2.4–2.8

6.4

6.2

7.1–7.9

7.10
9.2

6.5–6.7
Chap.12

Chap.14
8.108.9 8.8

Chap.11

Chap.13

10.6

10.3–10.5

8.1–8.7

5.2–5.3

6.3

Chap.4

Chap.159.3–9.4

5.4–5.5

2.3

Figure1.1: ChapterandSectionDependence

or chaptersindicatesthat the lower onedependson theupperone. Thediagramdoesnot cover
examples,only themain text. Thus,we will sometimesdescribeanexamplethatdependson a
chapternot indicatedhere.

Wegroupthecategoricalsemanticsof Jump-With-Argument(8.8)with theotherJump-With-
Argumentmaterial(Chap.8), eventhoughit requiressomeof theearlymaterialfrom Part III.

Although the languagemodelledby the pointergamesemanticsof Sect.9.2 includesboth
storeand control effects, the readercan understandthe semanticsand the exampleswithout
knowing abouttheseeffects,sowehavenot indicatedthemasdependences.

1.6.4 Proofs

Wehaveusuallyomittedproofswhicharestraightforwardinductions,andwehaveomittedproofs
of resultsfor CBV andCBN wherewe havegivencorrespondingresultsfor CBPV.
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Chapter 2

Call-By-Value and Call-By-Name

2.1 Intr oduction

Thereis a certaintensionin the presentationof CBPV: how muchattentionshall we devote to
CBN andCBV?Ontheonehand,weareclaimingthatCBPV“subsumes”CBN andCBV, andto
seehow thatis achievedwe have to discussCBN andCBV, at leastto someextent.On theother
hand,a thoroughstudyof CBN andCBV wouldbea wasteof effort, sincea primarypurposeof
CBPV is to relieve usof that task—oncewe have CBPV (which we want to introduceasearly
aspossible),CBV andCBN areseento bejustparticularfragmentsof it.

TheCBN/CBV materialis thereforeorganizedasfollows. In thischapter, welook informally
at the key conceptsandpropertiesof theseparadigms,assumingno prior knowledgeof them.
This provides backgroundfor CBPV which we introducein Chap.3. But for the interested
reader, we provide in AppendixA a thorough,technicaltreatmentof CBN andCBV andtheir
relationshipto CBPV. This chaptercanthusbeseenasasynopsisof AppendixA.

2.2 The Main Point Of The Chapter

Themainpointof thechapteris this:

CBV typesandCBN typesdenotedifferentkindsof things.

This is truebothfor printingsemanticsandfor Scottsemantics:

� In ourprintingsemantics,aCBV typedenotesasetwhereasaCBN typedenotesan   -set
(which wewill definein Sect.2.7.4).

� In Scottsemantics,aCBV typedenotesa cpowhereasaCBN typedenotesapointedcpo.

Theimportanceof this mainpoint is that it makesit clearwhy CBPV, thesubsumingparadigm,
will needto have two disjoint classesof type.

Unfortunately, theScottsemanticsobscuresthis mainpoint, becausea pointedcpois a spe-
cial kind of cpo. By contrast,the classof setsandthe classof   -setsare(aswill be apparent
oncewe have defined  -sets)disjoint. Thusprinting illustratesour mainpoint muchbetterthan
divergencedoes.This is why wehavechosenprintingasour leadingexampleof acomputational
effect.
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2.3 A Simply Typed ¡ -Calculus

2.3.1 The Language

Beforewe look at any computationaleffects,we studyaneffect-freelanguage.We look at the
simply typed 	 -calculuswhoseonly groundtype is a booleantype, extendedwith binary sum
types;wecall this 	&%������"( . Its typesare

$ :: > %'����� � $-(y$ � $D�¢$
andits termsaregivenin Fig. 2.1.Wewrite 
"£ for “pattern-match”;andrecallthatwewrite ‘ for
operand-firstapplication.While ����� is notstrictly necessary( �����¤:¤%'�¤J¥��` canbedesugared
as J ‘ 	':�` ), it is convenientto includeit asaprimitive.

Γ N�: : $�N Γ � WP: : $
Γ WXJ : $ Γ NO: : $DW�` : C

Γ W����6�&:&%��¤J¥� ` : C

Γ W�����n'� : %������ Γ W � ������� : %'�����
Γ W�J : %������ Γ W�` : C Γ WX` � : C

Γ W¦ � J§�"���6��`¨�����"�3` � : C
Γ WXJ : $

Γ W¦��'�¤J : $y(y$ �
Γ W�J : $ �

Γ W¦�����J : $-(y$ �
Γ W�J : $-(y$ � Γ NO: : $EW\` : C Γ N�: : $ � WX` � : C

Γ WP
�£XJa���&M")���m:��;`yN�����3:��©` � Q : C
Γ N�: : $EW\J : C

Γ W\	�:��©J : $D� C
Γ WXJ : $ Γ W�` : $B� C

Γ WXJ ‘ ` : C
Figure2.1: Termsof 	&%������"(

	&%������"( hasastraightforwardsemanticswheretypesdenotesetsandtermsdenotefunctions.
A closedterm of type %������ denoteseither ª¬«��® or ¯U°"± ²�® ; thereis aneasydecisionprocedureto
find which. We call %'����� thegroundtype

2.3.2 Product Types

Supposewe wantto addproducttypes $�#�$�� to 	b%'������( . It is clearwhattheintroductionrule
shouldbe:

Γ W�J : $ Γ W�J � : $ �
Γ W³S�J¥N�J � V : $�#P$ �

But wehave achoiceasto theform of theeliminationrule. Eitherwecanuseprojections:

Γ WXJ : $�#P$ �
Γ W�9´J : $

Γ W�J : $B#P$ �
Γ W�9 � J : $ �

Or wecanusepattern-matching:

Γ W�J : $B#P$ � Γ N�: : $PN�7 : $ � W\` : C
Γ W�
�£XJµ���PSU:�N�7�V~�©` : C
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At first sight, thechoicebetweenprojectionsandpattern-matchingseemsunimportant,be-
causethesetwo formsof eliminationruleareequivalent:

9¶J > 
�£�J·����S^:�NO7'V~�¸:
9 � J > 
�£�J·����S^:�NO7'V~�¸7


"£�J·���PSU:�NO7'Ve�©` > �����&:¤%��m9´J¥NO7¤%'�39 � J¥� `
In the presenceof effects(CBN andCBV), however, theseequationsarenot necessarilyvalid
andthechoicedoesmatter. This is discussedin AppendixA.

Notice

� theresemblancebetweenapattern-matchproductandasumtype—eachof thesetypeshas
aneliminationruleusingpattern-matchingw;

� theresemblancebetweenaprojectionproductanda functiontypefrom M 0 N 1 Q . For wecan
think of a tuple SOJ¥N�J¥�¹V of projectionproducttypeasa function taking0 to J and1 to
J � . To emphasizethis resemblance,weuseanovel notation:we write

S�J¥N�J � V as 	ºM 0 �©J¥N 1 �©J � Q
9´J as 0‘ J
9 � J as 1‘ J

Becauseof theseresemblances,we can understandthe key issuesin CBV and CBN without
having to include products. That is why, in this chapter, we will not considerproducttypes
further. They aredealtwith fully in AppendixA.

Therearemore type constructorswe could includewhile remainingsimply typed,and in
AppendixA we will includethemso thatour treatmentof CBV andCBN thereis asthorough
aspossible.Thetypesystemusedin this chapter, therefore,providesonly a fragmentof thefull
typesystemthata (simply typed)CBN or CBV languagecanallow. However, our aim hereis
just to explain thekey ideas,andthetypesin 	&%������"( arequitesufficient for thatpurpose.

2.3.3 Equations

Eachtypeconstructor( �tNO%�������N�( ) hastwo associatedequationscalledthe , -law andthe A -law.
We look first at the , -laws,whicharestraightforward.

� The , -law for $D� C :

J ‘ 	�:��©`u>D`E» Jh¼�:�½
� The , -laws for %������ :

 � ���"n������'�6��`¨�����"�¤` � >B`
 �&� �����"�����'�6��`¾�������¤` � >B` �

� The , -laws for $-(y$ � :

"£Z��'�¤Jµ���bM")���m:��©`yN�����¤:��;` � Q�>D`¿»ÀJj¼�:"½

"£Z�����Jµ���&M")���m:��©`yN�����¤:��;` � Q�>D` � »ÀJj¼�:"½

� Thereis alsoa , -law for ����� :

�����&:¤%��¤J¥� `d>D`¿»ÀJj¼�:"½
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We next turn to the A -laws. They aremoresubtlethanthe , -laws, but they are important
in understandingthe CBV/CBN issues. So we urge the readerto look at them carefully and
understandwhy they arevalid in thesetsemantics.

� The A -law for $E� C : any term J of type $D� C canbeexpanded

J§>B	':ºSU: ‘ JKV
where: doesnotoccurin thecontext Γ of J .

� The A -law1 for %������ : if J hasa freeidentifier q : %������ thenfor any term ` of type %������
Jd»À`\¼ q�½�>Á � `}���'�6��JÂ» ���"n��"¼�q"½'�����"�3Jd» � �������"¼�q"½ (2.3)

Intuitively, this holdsbecause,in a givenenvironment(list of bindingsfor identifiers), `
denoteseither ª¬«��® or ¯O°"± ²�® .

� The A -law for $�(�$ � : if J hasa free identifier q : $�(�$ � thenfor any term ` of type
$-(y$ �

Jd» `Ã¼ q�½�>Ä
"£X`¨���&M���'�m:��©Jd»©�����:�¼ q"½�N�)���¤:��©J � »Å)���¤:'¼�q"½UQ
where: doesnotoccurin thecontext Γ N�q : $ of J .

Noticethesimilarity betweensumtypesand %������ .

2.3.4 Reversible Derivations

As aconsequenceof theseequations,wehave reversiblederivations, e.g.for �
Γ N�$DW C>'>�>'>'>�>'>�>

Γ WX$D� C
This meansthat from a term of the form Γ NO: : $tWÆJ : C (assuming:yY[ Γ) we canconstruct
a term of the form Γ WÆ` : $j� C andvice versaandthat theseoperationsare inverseup to
provableequality. Thereversiblederivationis givenby

� theoperationÇ : JÉÈ�Ê	':��;J , whichturnsatermΓ N�: : $¿W�J : C into atermΓ W�` : $Ä�
C

� thecontext Ç"Ë 1 : `�È�Â: ‘ ` , whichturnsatermΓ W�` : $Ì� C into atermΓ N�: : $ÌW�J : C
andit is clearthat theseoperationsareinverseup to provableequality, usingthe , - and A - laws
for � .

Furthermore,the operation Ç preservessubstitutionin Γ. This meansthat it satisfiesthe
equation

Ç�SOJd» .v.'.e�` � ¼�: � ½UVT>DÇ�S�JKV¸» . �` � ¼�: � ½
1Someauthorse.g.[GLT88]give thename“ Í -law” to theweaker equation

ÎKÏ ��� Î_ÐeÑ�Ò�Ó?ÐeÔ~Õ�ÒÖÒ¬×¸ØeÒ �¸Ù ×¸ØeÒ
(2.1)

togetherwith thecommutingconversion law

ÎÄÚ ���ÖÛ ÐeÑ�Ò�Ó?ÜÆÒ¬×¸Ø�ÒÖÜ´ÝÅÞ�ß~àvÏ ���´Û Ð�Ñ�Ò�Ó?Î¿Ú ÜgÞeßeà�Ò¬×vØeÒ´Î¿Ú Ü´Ý©Þeßeà
(2.2)

or avariantof this. (2.1)–(2.2)togetherareequivalentto our Í -law (2.3).
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is provable,where :�� are the identifiersin Γ. (Actually the two sidesare the sameterm, but
provableequalityis sufficient for our purposes.)It follows that Ç Ë 1 too preservessubstitutionin
Γ.

Thereversiblederivationsfor %������ and ( are

Γ W C Γ W C>�>�>'>�>'>�>'>�>'>�>
Γ NO%�������W C

Γ N�$BW C Γ N�$ � W C>">'>�>�>'>'>�>'>�>'>�>'>�>">
Γ N�$-(y$ � W C

Like thereversiblederivationfor � , they preservesubstitutionin Γ.
Readersfamiliarwith categoricalsemanticswill seethatthesereversiblederivationsprovide

importantinformationaboutthecategoricalstructureof anequationaltheory.

2.4 Adding Effects

We now wish to adda computationaleffect to 	¤%������"( , andwe will useoutputasour example.
We supposethat to any term we canprefix a commandsuchas 
�������Êá��âá . For example,the
term 
���)���Dá�
xá ; ���"n�� whenevaluated,prints 
 andthenproducesthe result ����n'� . We write

�������Æce
'ãgc ; ����n'� asanabbreviation for 
���)����á�
lá ; S^
��������á�ã?á ; ���"n��"V .

We write   for the setof charactersthat canbe printed,  �ä for the setof finite stringsof
charactersin   and å for concatenation.Formally, we addto thetermsyntaxthefollowing rule,
for every characteræ [   :

Γ WXJ : C
Γ W�
���)���&æ ; J : C

Thereareother, equivalent,syntacticpossibilities,e.g.in CBV wecouldlet commandshavetype
1, asin ML. But weprefercommandsto beprefixes.This is for thesakeof consistency between
CBN, CBV, CBPVandtheJump-With-Argumentlanguagediscussedin Chap.8.

2.5 The Principles Of Call-By-Value and Call-By-Name

The first consequenceof addingeffects is that, by contrastwith pure 	&%'������( , the order of
evaluationmatters. Given a closedterm of type %'����� , the output dependson the evaluation
order. For someeffectstheanswertoo will dependon theevaluationorder, but for outputthat
is not thecase.The two evaluationorderswe will look at areCBV andCBN. We describethe
principlesof thesetwo paradigms.

Firstly, in bothCBV andCBN, wedonotevaluateunder 	 . Thusa 	 -abstractionis terminal,
in thesensethatit requiresno furtherevaluation.

Having decidednot to evaluateunder 	 , we havenumerouschoicesstill to make.

1. To evaluatetheterm �����&:¤%��¤J¥� ` , dowe

(a) evaluateJ to F andthenevaluatè¿» F0¼�:�½ , or

(b) leave J alone,andjustevaluatèE» Jh¼�:�½ ?
2. To evaluatea term J of sumtype,how fardowe proceed?Do we

(a) evaluateJ to ��'�mF or )���&F , whereF is terminal,or

(b) evaluateJ to ��'�¤` or �����` , where ` maynotbeterminal?

3. To evaluatean applicationsuchas J ‘ ` , we certainly needto evaluate ` , giving say
	':��;ç . Besidesthis,dowe

(a) evaluateJ to F (eitherbeforeor afterevaluating ` ) andthenevaluateçÃ» F�¼�:�½ , or
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(b) leave J alone,andjust evaluateçÃ»ÀJj¼�:"½ ?
In fact, there is one fundamentalquestionwhoseanswerwill determinehow we answer

questions(1)–(3): what may we substitutefor an identifier? At oneextreme,we allow only a
terminaltermto replaceanidentifier—thisdefinestheCBV paradigm.At theotherextreme,we
allow only a totally unevaluatedtermto replaceanidentifier—thisdefinestheCBN paradigm.

To eachof questions(1)–(3), CBV requiresus to answer(a) andCBN requiresus to an-
swer(b). In thecaseof questions(1) and(3), this is clearbecausesubstitutionis involved. For
question(2), it requiressomeexplanation.Considera termsuchas


�£�J·���bM���'�m:��©`yN�����&7��©` � Q
To evaluatethiswemustfirst evaluateJ . SupposeweevaluateJ to ��'�¤J¥� . In CBN wemust
notproceedto evaluateJ � , becausewewantto substituteit for : in ` , soit mustbecompletely
unevaluated.In CBV we mustevaluateJ � to a terminalterm F , sothatwe cansubstituteF for
: in ` .

In conclusion,weemphasizethefollowing point:

TheessentialdifferencebetweenCBV andCBN is not (asis oftenthought)the
way thatapplicationis evaluated;ratherit is whatanidentifiermaybeboundto.

Notice that within the CBV paradigm,we have the choiceof whether, whenevaluatingan
applicationJ ‘ ` , weevaluateJ beforè or viceversa.In fact,solongasweareconsistent,the
semantictheoryis essentiallyunaffected.Arbitrarily, we stipulatethatwe evaluatetheoperand
J beforetheoperator̀ .

2.6 Call-By-Value

2.6.1 Operational Semantics

In CBV aclosedtermwhich is terminalis calledaclosedvalue. Thesearegivenby

I :: > ����n�� � � �����"� � )���&I � ����PI � 	':��©J
Every closedterm J prints a string of charactersè andthenproducesa closedvalue I . We
write JÉé\è@N�I . This is definedinductively in Fig. 2.2.

Proposition1 For every J thereis a uniqueè@N�I suchthat JÉé\è@N�I . ê
Theproof is similar to thatof Prop.9.

2.6.2 Denotational Semanticsfor 
���)���
Definition 1 � Thefollowing CBV termsarecalledvalues:

I :: > : � ����n'� � � ������� � )���¤I � )���PI � 	�:��©J
(This generalizesthenotionof “closedvalue” wehave alreadyused.)

� All CBV termsarecalledproducers. (This is because,whenevaluated,they producea
value.)

ê
Noticethatatermis avalueiff everyclosedsubstitutioninstance(substitutingonly closedvalues)
is a closedvalue.

We now describeandexplain a denotationalsemanticsfor theCBV printing language.The
key principleis that



32 Chapter2. Call-By-ValueandCall-By-Name

JÉéÃè@N�I `E»=Il¼�:"½�é\è � N�ë
�����&:¤%��¤J¥�6`�é\è¥åºè � N�ë

����n'�0é 1 NO���"n�� � �����"��é 1 N � �������
Jìé�è@N�����n�� `�é�è � N�I

 � J§�"���6�P`í�����"�3` � é\è¥åºè � N�I
JÉé\è@N � �����"� ` � é\è � N�I

 � JR�"��� �P`¨�����"�3` � é�è¥åºè � N�I
JÉéÃè@N�I

)���3JÉéÃè@N���'�&I
JÉé\è@N�I

)����JÉé\è@N������I
Jìé�è@N�)���¤I `¿»=Ix¼�:�½6é\è � N�ë


�£XJa���&M")���m:��;`yN�����3:��©` � Q?é\è¥åºè � N�ë
Jìé�è@N�)����I ` � »ÀIx¼�:"½�é\è � N�ë


"£XJµ���&M")���m:��©`yN�����¤:��;` � Qîé\è¥å�è � N�ë

	':��©Jïé 1 N�	':��©J
JÉé\è@N�I `�é\è � N�	�:��©` � ` � »ÀIx¼�:"½�é\è � � N�ë

J ‘ `�é�è¥åºè � å�è � � N�ë
JÉé\è@N�I


���)���&æ ; JÉéÃægå�è@N�I

Figure2.2: Big-StepSemanticsfor CBV with 
�������

eachtype $ denotesa set » » $�½ ½ whoseelementsarethedenotationsof closedvalues
of type $ .

Thusthetype %������ denotesthe2-elementset M¸ª~«��® NO¯O°"± ²�® Q becausetherearetwo closedvaluesof
type %������ . Likewisethetype $-(-$m� denotes» » $�½ ½�(¿» » $�� ½ ½ becausea closedvalueof type $-(-$��
mustbeeitherof the form ��'�XI , where I is a closedvalueof type $ , or of the form ����ÃI ,
where I is aclosedvalueof type $m� . Weshallcometo $D� C presently.

Given a closedvalue I of type $ , we write » »=I¤½ ½ð/�ñ�ò for the elementof » » $�½ ½ that it denotes.
GivenaclosedproducerJ of type $ , we recallthat J printsastringof charactersè [  \ä and
thenproducesa closedvalue I of type $ . So J will denoteanelement» »ÀJó½ ½^ô�õ;öe÷ of  \äø#³» » $�½ ½ .
Thusaclosedvalue I will have two denotations» »=I¤½ ½ /�ñ�ò and » »=I¤½ ½ ô�õ=öe÷ relatedby

» »ÀI¤½ ½ ôùõ;öe÷ >hS 1 N~» »=I3½ ½ /�ñ�ò V
A closedvalueof type $Á� C is of the form 	':��©J . This, whenappliedto a closedvalue

of type $ givesa closedproducerof type C . So $�� C denotes» » $�½ ½��ÉSú \äø#û» » C ½ ½^V . It is true
that the syntaxappearsto allow us to apply 	�:��©J to any producer̀ of type $ , not just to a
value.But ` will beevaluatedbeforeit interactswith 	�:��©J , so 	�:��;J is really only appliedto
thevaluethat ` produces.

Givenacontext Γ >ü: 0 : $ 0 N������6NO:�ý Ë 1 : $�ý Ë 1, anenvironment(list of bindingsfor identifiers)
associatesto each :"� a closedvalue of type $�� . So the environmentdenotesan elementof
» » $ 0 ½ ½'#Ãþ�þ�þ #Æ» » $�ý Ë 1 ½ ½ , andwewrite » » Γ ½ ½ for this set.

GivenavalueΓ W / I : C , weseethat I , togetherwith anenvironment,gives(by substitution)
aclosedvalueof type C . So I denotesa function » »=I¤½ ½�/�ñ�ò from » »Γ ½ ½ to » » C ½ ½ .

Given a producerΓ W < J : C , we seethat J , togetherwith an environment,gives (by
substitution)a closedproducerof type C . So J denotesa function » » Jó½ ½Uôùõ;öe÷ from » »Γ ½ ½ to  \ä?#
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» » C ½ ½ .
Generalizingwhatwe saw for closedvalues,anarbitraryvalue I will have two denotations

» »ÀI¤½ ½ /�ñ�ò and » »=I¤½ ½ ôùõ;öe÷ relatedby

» »=I¤½ ½ ô�õ=öe÷vÿ >hS 1 N~» »=I3½ ½ /�ñ�ò ÿ V
for eachenvironmentÿ .

In summary, thedenotationalsemanticsis organizedasfollows.

� A type $ denotesaset » » $�½ ½ .
� A context : 0 : $ 0 N������6N�: ý Ë 1 : $ ý Ë 1 denotestheset » » $ 0 ½ ½'#Ãþ�þ�þ�#Æ» » $ ý Ë 1 ½ ½ .
� A valueΓ W�I : C denotesa function » »=I¤½ ½ /�ñ�ò : » »Γ ½ ½�.��ï» » C ½ ½
� A termΓ W�J : C denotesa function » » Jó½ ½Uôùõ;öe÷ : » » Γ ½ ½�.��¨ �äø#Æ» » C ½ ½
Thedenotationsof typesis givenby

» » %'������½ ½ > M¸ª~« �®6NO¯O°"± ²�®�Q
» » $-(y$ � ½ ½ > » » $�½ ½¸(¿» » $ � ½ ½
» » $E� C ½ ½ > » » $�½ ½�� Sú  ä #Æ» » C ½ ½UV

Thedenotationsof values—someexampleclauses:

» » :"½ ½ /�ñ�ò S ÿ N�:&È� � N ÿ � V]> �
» » ���"n���½ ½ /�ñ�ò ÿ > ª~« �®

» »Å)���¤I&½ ½ /�ñ�ò ÿ > ��� ±"» »=I¤½ ½ /�ñ�ò ÿ
» »=	�:��©Jj½ ½ /�ñ�ò ÿ > 	 � ��» »ÀJó½ ½ ôùõ;öe÷ S ÿ NO:&È� � V

Thedenotationsof producers—someexampleclauses:

» » :�½ ½ ôùõ;öe÷ S ÿ N�:&È� � N ÿ � V§> S 1 N � V
» » ���"n���½ ½ ô�õ;öe÷¬ÿ > S 1 NOª~«��®)V
» »Å��'�3Jó½ ½ ôùõ;öe÷ > S^è@N ��� ±���V where » » Jó½ ½ ôùõ;öe÷~ÿ >hS^è@N���V

» »© � J§�"���6�P`í�����"�3` � ½ ½ ÿ >
� SUè¥å�è � N	��V if » »ÀJó½ ½^ô�õ=öe÷ ÿ >jSUè@NUª¬«��®)V and » » `û½ ½Uôùõ;öe÷ ÿ >óS^è � N	��V

SUè¥å�è � N	��V if » »ÀJó½ ½^ô�õ=öe÷ ÿ >jSUè@NO¯O°"± ²�®)V and » »À` � ½ ½^ô�õ=öe÷ ÿ >hSUè � N���V
» »=	':��©Jj½ ½ ô�õ;öe÷¬ÿ > S 1 N�	 � ��» » J¥½ ½ ôùõ;öe÷ S ÿ NO:&È� � V�V
» »ÀJ ‘ `Æ½ ½ ô�õ;öe÷¬ÿ > S^è¥åºè � åºè � � N	
&V where » »ÀJó½ ½ ô�õ;öe÷~ÿ >hSUè@N���V

and » »À`³½ ½ ôùõ;öe÷¬ÿ >hSUè � N��ºV and � ‘ �X>hS^è � � N	
&V

Noticehow stronglytheseclausesresemblethecorrespondingclausesof Fig. 2.2.

Proposition2 (soundness)If Jìé�è@N�I then » »ÀJó½ ½^ô�õ;öe÷?>hSUè@Ne» »ÀI¤½ ½ð/�ñ�òÀV ê

Corollary 3 (by Prop.1) For any closedgroundproducer(i.e. producerof groundtype) J , we
have JÉé\è@NO
��'��4"n�����L if f » »ÀJó½ ½">óS^è@N�L¶V . ê
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2.6.3 Scott Semantics

Thereadermaybefamiliar with Scottsemanticsfor CBV. This hasappearedin two forms:

1. in theolderform, typesdenotepointedcpos,producersdenotestrict functionsandvalues
denotestrict,bottom-reflectingfunctions;

2. in the more recentform, due to Plotkin [Plo85], typesdenote(unpointed)cpos,values
denotetotal functionsandproducersdenotepartialfunctions.

Although thesetwo semanticsare equivalent, (2) is more natural,and it agreeswith the key
principleof ourprintingsemantics:theelementsof » » $�½ ½ aredenotationsof closedvaluesof type
$ . We outline the Scottsemanticsin form (2)2 to make apparentits similarity to the printing
semantics.

Definition 2 1. A cpo S�-N��mV is a posetwith joinsof all directedsubsets.

2. We write Cpo for thecategoryof cposandcontinuousfunctions.
ê

Thesemanticsis organizedasfollows.

� A type $ denotesa cpo » » $�½ ½ . Our intentionis thata closedvalueof type $ will denotean
elementof » » $�½ ½ .

� A context Γ >D$ 0 N������6N�$�ý Ë 1 denotesthecpo » » Γ ½ ½�>¥» » $ 0 ½ ½�#Zþ�þ�þ�#û» » $�ý Ë 1½ ½ . Intuitively, this
is thesetof environmentsfor Γ, becauseanidentifiercanbeboundonly to aclosedvalue.

� For a value Γ WûI : $ , we seethat given an environmentwe obtain (by substitution)a
closedvalue.So I denotesacontinuousfunction » »ÀI¤½ ½ /�ñ�ò from » »Γ ½ ½ to » » $�½ ½ .

� For a producerΓ WÃJ : $ , we seethat,givenanenvironment,we obtain(by substitution)
a closedproducer, which eitherdivergesor producesa valueof type $ . So J denotesa
continuousfunction » »ÀJó½ ½Uôùõ;öe÷ from » »Γ ½ ½ to » » $�½ ½�� .

Thesemanticsof typesis givenasfollows:

� %������ denotestheflat 2-elementcpo Mvª¬«��® NO¯O°"± ²�®�Q , becausea closedvalueof type %'����� is
either ����n'� or

� ������� .
� $-(y$m� denotesthedisjoint unionof » » $�½ ½ and » » $��;½ ½ .

� $¿� C denotesthecpoof continuousfunctionsfrom » » $�½ ½ to » » C ½ ½ � , becauseaclosedvalue
of type $t� C is of the form 	':��©J , andthis, whenappliedto a closedvalueof type $
gives(by substitution)aclosedproducerof type C .

Weomit thesemanticsof terms.

2.6.4 The Monad Approach

We briefly mentiona categoricalviewpoint onCBV dueto Moggi [Mog91]. Readersunfamiliar
with thisviewpointor with categorytheorymayomit thissection—afull treatmentof themonad
approachwill begivenin Chap.12.

Supposewehaveacategory � with finite products(suitablecoproductsarealsorequiredbut
we leave this aside)andastrongmonadF . Then,assumingsufficientexponentsin � , weobtain

2We make theslight modificationof usingtotal functionsto lifted cposinsteadof partialfunctions.
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aCBV model:aCBV valuedenotesamorphismof � , andaCBV producerdenotesamorphism
of theKleisli category ��� .

Both of our denotationalmodelsareinstancesof this situation. For theprinting semantics,� is Setand F is thestrongmonad  ä #¦. (Moggi’s “interactive output” monad).For thecpo
semantics,� is Cpo (thecategoryof cposandcontinuousfunctions)and F is thelifting monad.

2.6.5 Observational Equivalence

Definition 3 A context �3» ½ is a term with zero or moreoccurrencesof a hole » ½ . If �m» ½ is of
groundtypewesayit is a groundcontext. ê
Definition 4 Giventwo termsΓ W�J¥N�J � : C , wesaythat

1. J���� õ;ö�� 2 ÷ J � whenfor all groundcontexts �3» ½ , �3» J¥½6é\è@N�� if f �m»ÀJ¥�=½�é\è@N�� ;
2. J�� ñ 2���� � ô"! J � whenfor all contexts �m» ½ of any type, �m»ÀJó½)éPè@N�I for someI if f �3» J � ½�é

è@N�I for someI
ê

Proposition4 Thetwo relations� � õ;ö�� 2 ÷ and � ñ 2���� � ô�! arethesame. ê
This is animportantfeatureof CBV: it doesnot matterwhetherwe allow observationat ground
typeor every type.

Cor. 3 impliesthattermswith thesamedenotatonareobservationallyequivalent.

2.6.6 Coarse-Grain CBV vs. Fine-Grain CBV

Theform of CBV wehave lookedat is calledcoarse-grain CBV. It suffersfrom two problems.

1. Ourdecisionto evaluateoperandbeforeoperatorwasarbitrary.

2. A value I hastwo denotations:» »ÀI¤½ ½ð/�ñ�ò and » »=I¤½ ½^ô�õ=öe÷ .
We caneliminatetheseproblemsby presentinga morerefinedcalculuscalledfine-grain CBV
in which (partially basedon [Mog91]) we make a syntacticdistinctionbetweenvaluesandpro-
ducers.This calculusis moresuitablefor formulatinganequationaltheory. ForalthoughMoggi
in [Mog88] provideda theoryfor coarse-grainCBV, which hecalled“ 	'< -calculus”,this theory
wasnotpurelyequationalbut requiredanadditionalpredicateto assertthata termis avalue.

We will not trouble to study fine-grainCBV in this chapter, becausein the next chapter
we will presentCBPV, which is even morefine-grain. A treatmentof fine-grainCBV andits
equationaltheoryis givenin theAppendix.

2.7 Call-By-Name

2.7.1 Operational Semantics

In CBN thefollowing termsareterminal:

F :: > ����n'� � � ������� � ����¤J � �����J � 	':��©J
Every closedterm J printsa stringof charactersandterminatesat a terminalterm F . We write
JÉé\è@NOF . This is definedinductively in Fig. 2.3.

Proposition5 For every J thereis a uniqueè@N�F suchthat JÉé\è@NOF . ê
Theproof is similar to thatof Prop.9.
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`E» Jj¼�:�½ éÃè@NOF
�����¤:&%'�&J¥� `�é\è@N�F

���"n���é 1 N�����n'� � �����"��é 1 N � �������
JÉé\è@NO����n'� `�é\è � N�F

 � J]����� �P`¨�����"�3` � é\è¥å�è � N�F
JÉé\è@N � �����"� ` � é\è � N�F

 � J§����� �P`¨�����"�3` � é\è¥å�è � NOF

����¤Jïé 1 N�)���3J ����bJÉé 1 N������J
Jïé\è@N���'�¤J � `E»ÀJ � ¼�:�½�é\è � N�F


"£�J·���&M"��'�m:��©`ûN�����&:��©` � Qîé\è¥åºè � NOF
JÉé\è@N������J � ` � »ÀJ � ¼�:�½�é\è � NOF


"£XJµ���&M�����m:��©`ûN�����¤:��;` � Qîé\è¥åºè � N�F

	':��;Jïé 1 N�	�:��;J
`�é\è@N�	':��;` � ` � »ÀJj¼�:"½�é�è � N�F

J ‘ `�é\è¥åºè � N�F
JÉé�è@N�F


�������&æ ; JÉéÃæTåºè@NOF

Figure2.3: Big-StepSemanticsfor CBN with 
�������

2.7.2 Observational Equivalence

Thedenotationalsemanticsfor CBN is moresubtlethanthat for CBV, sowe first look at obser-
vationalequivalences.

Definition 5 A context �3» ½ is a term with zero or moreoccurrencesof a hole » ½ . If �3» ½ is of
groundtypewesayit is a groundcontext. ê
Definition 6 Giventwo termsΓ W�J¥N�J¥� : C , wesaythat

1. J���� õ;ö�� 2 ÷ J � whenfor all groundcontexts �3» ½ , �3» J¥½6é\è@N�� if f �m»ÀJ¥�=½�é\è@N�� ;
2. J#� ñ 2����$� ô�! J � whenfor all contexts �3» ½ of any type, �m»ÀJó½�éPè@N�F for someF if f �m»ÀJ � ½�é

è@N�F for someF .

ê
By contrastwith Prop.4 wehave thefollowing.

Proposition6 Therelation � ñ 2���� � ô�! is strictly finer than � � õ;ö�� 2 ÷ . ê
Perhapsthesimplestexampleof thispropositionis


���)���¦c~���������Tc ; 	�:��©J%� � õ;ö&� 2 ÷ 	':���S�
���)���Zc~�'�������Tc ; J_V (2.4)

Obviously the trivial context » ½ , which is not ground,distinguishesthe two sides. An intuitive
explanation(not a rigorousproof) of (2.4) is that, insidea groundCBN term, the only way to
causeasubtermof type $D� C to beevaluatedis to applyit.
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If weusedivergenceratherthanprinting, theanalogousexampleis theequivalence

4��5'����!'�'��� õ;ö�� 2 ÷ 	':��=4��5'����!'�
This generalCBN phenomenoncanbedescribedas“effectscommutewith 	 ”. Variousauthors
studyingCBN languageswith only groundtypesandfunctiontypeshave exploited it by allow-
ing certainfeaturesat groundtypeonly, asthecorrespondingfeaturesat function typearethen
definable:erraticchoice[HA80], controleffects[Lai97] andconditionalbranching[Plo77].

For both printing anddivergence(indeedfor all effects),we have, for similar reasons,the
A -law for functions:any term J of type $D� C canbeexpanded

J(��� õ=ö�� 2 ÷ 	':���S^: ‘ JKV (2.5)

where: is not in thecontext Γ of J .

2.7.3 CBN vs. Lazy

Definition 7 � We usetheterm“CBN” (equations,modelsetc.) to referto theCBN opera-
tional semanticstogetherwith ��� õ;ö�� 2 ÷ .� Weusetheterm“lazy” (equations,modelsetc.) to referto theCBN operationalsemantics
togetherwith � ñ 2���� � ô"! . ê

Thusin a CBN modelthe A -law (2.5)mustbevalidated,whereasin a lazy model(2.5)mustnot
bevalidated.

Our usageof “lazy” follows [Abr90, Ong88]. However, the terminologyin the literatureis
not consistent,andthereadershouldbewarethefollowing.

1. “Lazy” is widely usedto describecall-by-need.

2. “Call-by-name”is sometimesusedto mean(oursenseof) “lazy”, especiallyin thecontin-
uationliterature[HD97, Plo76] andthemonadliterature[Mog91].

3. In theuntyped	 -calculusliterature,thephrase“call-by-name”is usedwith a slightly dif-
ferentmeaningfrom ours,andnecessarilyso becausethereis no groundtype—thereis
just onetypeandit is a functiontype. In orderfor (2.5) to hold despiteobservationat this
type,a differentoperationalsemanticsis used:reductioncontinuesto headnormal form
[Wad76].

Thelazy paradigmis treatedin AppendixA. We seetherethatit is subsumedin CBV, soits
denotationalsemanticsis straightforward.

By contrast,in the CBN paradigmmuchof the big-stepsemanticsis not observable. For
example,the two sidesof (2.4) have differentoperationalbehaviour, yet thatdifferencecannot
be observed. So a denotationalsemantics,in order to validate(2.4), mustconcealpart of the
big-stepsemantics.For this reason,theCBN paradigmis moresubtlethanCBV.

2.7.4 Denotational Semanticsfor 
���)���
Definition 8 1. An   -set S�-Nùå V consistsof a set  togetherwith a function å from  K#)

to  . Wecall  thecarrier and å thestructure.

2. An elementof S*-N�å V is anelementof  .

3. A functionfrom a set ë to S�-N�å�V is a functionfrom ë to  .
ê
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EachCBN type $ denotesan   -set » » $�½ ½�>hS*-N�å V . Our intentionis thata closedterm J of type
$ will thendenotean element » »ÀJó½ ½ of S�-Nùå V , and 
�������¦æ ; J will denoteæÖåx» » J¥½ ½ . Thus å
providesa way of “absorbing”the effect into  . Given an   -set S*-N�å�V we canextend å to a
function from   ä #+ to  in the evident way—wecall the extension å too. This extension
allowsusto interpret
���)���¤è ; J directly.

Herearesomewaysof constructing  -sets.

Definition 9 1. For any set  , the free   -seton  hascarrier  �äø#, andwe set ægå?SUè@N � V
to be SUægå�è@N � V .

2. For an � [ � -indexed family of   -sets S* � Nùå V , we definethe   -set∏ �^�)� S� � N�å�V to have
carrier∏ �^��� �� andstructuregivenpointwise:ˆ- ‘ SUægå.�TVT>EæTå?S -̂ ‘ �ºV .

3. For any set  and   -set S	/îN�å V , we definethe   -set G�ìS	/lNùå V to have carrier Ê�0/
andstructuregivenpointwise: � ‘ SOæTå1�ºVT>EægåøS � ‘ �ºV .

ê
Thesemanticsof typesis asfollows:

� %������ denotesthefree   -seton M¸ª~« �® N�¯U°"± ²�® Q . This is becauseany closedtermof type %������
printsastringandthenterminatesas ����n'� or

� ������� , andthisbehaviour is observable.

� If » » $�½ ½�>¥S�-Nùå V and » » $��;½ ½'>¥S�-�úN�å�V then $�(�$�� denotesthe free   -seton  (2-� . This
is becauseany closedterm of this type prints a string andthenterminatesas ��'�ÃJ or
�����J , andthis behaviour is observable.

� If » » $�½ ½�>¥S*-N�å�V and » » C ½ ½�> S�/lNùå V then $�� C denotes¾�ìS	/îN�å�V . This is becauseany
closedtermof thistypeis equivalentto some	':��©J , andprefixingwith a 
������� command
is thengivenby (2.4).

Given a context : 0 : $ 0 N������6N�:�ý Ë 1 : $�ý Ë 1, an environmentconsistsof a sequenceof closed
terms J 0 N������6N J ý Ë 1. Writing S� � Nùå V for » » $ � ½ ½ , this environmentdenotesan elementof  0 #
þ�þ�þ #3�ý Ë 1 Wesaythatthecontext denotesthisset.(Thereis no needto retainthestructure.)

Givena termΓ W�J : C , from any environmentwe obtain(by substitution)a closedtermof
type C . So J will denotea functionfrom » » Γ ½ ½ to » » C ½ ½ .

Semanticsof terms—someexampleclauses:

» » :�½ ½�S ÿ NO:3È� � N ÿ � V]> �
» »=�����¤:¤%��¤J¥� `û½ ½ > » » Jó½ ½�S ÿ NO:3È�É» »À`³½ ½ ÿ V

» » ���"n���½ ½ ÿ > S 1 NOª~« �®)V
» »Å � J]����� �P`¨�����"�3` � ½ ½ >

� è¥åî» » `û½ ½ ÿ if » »ÀJó½ ½ ÿ >hSUè@NUª¬«��®¸V
è¥åî» » `y�=½ ½ ÿ if » »ÀJó½ ½ ÿ >hSUè@NO¯O°"± ²�®¸V

» »Å)���3Jh½ ½ ÿ > S 1 N ��� ±"» »ÀJó½ ½ ÿ V
» » 
"£�Jµ���&M���'�m:��©`ûN�)���¤7��©` � Q¸½ ½ >

� è¥åî» » `û½ ½�S ÿ N�:3È�54�V if » »ÀJó½ ½ ÿ >hS^è@N ��� ±64�V
è¥åî» » `y�=½ ½�S ÿ N�:¤È�54"��V if » »ÀJó½ ½ ÿ >jSUè@N ��� «74"��V

» »À	':��;Jh½ ½ > 	 � �^» »ÀJó½ ½�S ÿ N�:mÈ� � V
» »ÀJ ‘ `Æ½ ½ > S�» »ÀJó½ ½ ÿ V ‘ S�» »À`³½ ½ ÿ V

» » 
�������&æ ; Jh½ ½ ÿ > æTåî» » Jó½ ½ ÿ
Proposition7 (soundness)If Jìé�è@N�F then » »ÀJó½ ½�>¿è¥å?» » F�½ ½ . ê
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Corollary 8 (byProp.5)Forany closedgroundterm J (termof groundtype), J ébè@NU
����"4"n��"�øL
if f » » J¥½ ½�>hSUè@NOL´V . Hencetermswith thesamedenotationareobservationallyequivalent. ê

Noticethesequencingof effectsin thesemanticsof  � and 
"£ . This is characteristicof CBN:
pattern-matchingis whatfinally causesevaluationto happen.

We emphasizethatwe have not usedany notionof “homomorphism”between  -sets.But,
for usein Sect.4.7andPart III, wedefinethisnotionhere.

Definition 10 1. A homomorphismfrom S�-Nùå V to S�/lN�å�V is a function � � 8�9
such

that �âSUæ´å � V´>Áæ¶å:�âS � V . If � is a bijection, then �gË 1 too is a homomorphism,sowe say
that � is an isomorphism.

2. We cangeneralizethis: a homomorphismfrom S*-N�å�V to S	/îN�å�V over a setΓ is a function

Γ #, � 8 / suchthat �âS ÿ N�ægå � VT>¿ægå.�âS ÿ N � V .
ê

2.7.5 Scott Semantics

Thereadermaybefamiliar with Scottsemanticsfor CBN, wheretypesdenotepointedcposand
termsdenotecontinuousfunctions.Werecallthissemanticshere,to makeapparentits similarity
to theprinting semantics.

Definition 11 A cpo is pointedif f it hasa leastelement,which we call ; . We usecppoasan
abbreviation for “pointedcpo”. ê
EachCBN type $ denotesa cppo. Our intentionis thata closedterm J of type $ will denote
anelementof  , andif it divergesthenit will denote; . (A convergenttermalsomaydenote; .) Thus ; providesaway of “absorbing”theeffect into $ .

Werecallsomefamiliarwaysof constructingcppos:

1. For a cpo  , its lift  � consistsof  togetherwith an additionalelement; , which is
below all theelementsof  .

2. For an � [ � -indexedfamily of cpposS����N��&N�;bV theproductof this family ∏ �^�)� S�X��N��&N�;bV
is theset∏ ����� �� , orderedpointwise.Its leastelementis givenpointwiseˆ- ‘ ;D><; .

3. Given a cpo S�-N=�3V anda cppo S	/lN=�bN�;bV the exponent S*-N��mVâ�§S	/îN��bN�;bV is the setof
continuousfunctionsfrom S�-N��mV to S	/îN��mV , orderedpointwise.Its leastelementis given
pointwise: ‘ ;B>>; .

Thesemanticsof typesis givenasfollows:

� %������ denotesthe lift of thecpo Mvª¬«��® NO¯O°"± ²�®�Q . This is becausea closedtermof type %������
eitherdivergesor terminatesas ����n'� or

� �����"� , andthisbehaviour is observable.

� If $ denotesS*-N��bN�;bV and $ � denotesS� � N��bN�;bV then $�(�$ � denotesthe lift of thecpo
S�-N��mV�(¿S� � N��mV . (“CBN sumdenoteslifted sum.”) This is becauseevery closedtermof
this typeeitherdivergesor terminatesas )����J or )���XJ , andthis behaviour is observ-
able.

� If $ denotesS*-N��bN�;bV and C denotesS	/îN��&N�;bV then $¿� C denotesS�-N=�3V�� S�/lN=�bN�;&V .
This is becauseevery closedterm J of this type is equivalentto some 	':��©` , andif J
divergesthenit is equivalentto 	�:��;4��5�����!�� .
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Given a context : 0 : $ 0 N������6N�:�ý Ë 1 : $�ý Ë 1, an environmentconsistsof a sequenceof closed
terms J 0 N������6N�Jüý Ë 1. Writing S�X��N��&N�;bV for » » $���½ ½ , this environmentdenotesanelementof the
cpo S* 0 N��3V¶#Ãþ�þ�þ�#¦S� ý Ë 1 N=�3V . Wesaythatthecontext denotesthis cpo.

Givena termΓ W�J : C , from any environmentwe obtain(by substitution)a closedtermof
type C . So J will denotea continuousfunction from » »Γ ½ ½ to » » C ½ ½ . We omit the semanticsof
terms.

We emphasizethatwe have not usedany notionof “strict function” betweencppos.But, for
usein Sect.4.7andPart III, we definethisnotionhere.

Definition 12 1. A strict continuousfunction from a cppo  to a cppo / is a continuous

function � � 8?9
suchthat �ÖS@;&V´>A; . If � is a bijection, then �gË 1 too is a strict

continuousfunction,sowesaythat � is an isomorphism.

2. More generally, a strict continuousfunctionfrom S�-Nùå V to S�/lN�å�V over a setΓ is a contin-

uousfunctionΓ #3 � 8 / suchthat �âS ÿ N�;bVT>>; .
ê

2.7.6 Algebras and Plain Maps

We continuethe categorical discussionof Sect.2.6.4. Again, this sectionmay be omittedby
readersunfamiliarwith category theory.

Thetwo denotationalmodelsof CBN thatwehaveseenarebothcartesianclosedcategories:

� Theprinting semanticsfor CBN is thecartesianclosedcategory in which anobjectis an
  -set S�-Nùå V andamorphismfrom S�-N�å�V to S�/lN�å�V is a functionfrom  to / .

� Thecposemanticsfor CBN is thecartesianclosedcategoryof cpposandcontinuousfunc-
tions.

In fact,every modelfor CBN mustbea cartesianclosedcategory, asit mustvalidatethe , - and
A -laws for functions.

Thesetwo cartesianclosedcategoriesareinstancesof a generalconstruction.Suppose,as
in Sect.2.6.4,that we have a cartesiancategory � with a strongmonad F . Thenwe form the
category3 of “algebrasandplainmaps”,in whichanobjectis a F -algebraS�-N Ç�V andamorphism
from S�-N Ç�V to S�/lN@BTV is any � -morphismfrom  to / . Assumingsufficientexponentsin � (we
will make thisprecisein Def. 97), this categorymustbecartesianclosed[Sim92].

To seethatour two modelsareinstancesof this,noticethat

� analgebrafor the   ä #Z. monadonSet is preciselyan   -set;

� analgebrafor thelifting monadon Cpo is preciselyacppo.

Weemphasizethatin thecategoryof algebrasandplainmaps,anobjectis analgebraS�-N Ç�V ,
not just a � -object  on which thereexists a strucuremap Ç . Although this latter definition
wouldgiveacartesianclosedcategoryequivalentto ours,it wouldnotgiveasemanticsof CBN.
To seethis, look at thesemanticsfor 
"£ : it usesthespecificstructureÇ . In summary,

a CBV typedenotesanobjectof � ; aCBN typedenotesa F -algebra.

We arenot claimingthateverymodelof CBN arisesfrom a monadin this way, just that the
printingmodelandtheScottmodeldo.

3Thiscategory canbeseenastheco-Kleisli category for thecomonadC on theEilenberg-Moorecategory DFE .
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2.8 Comparing CBV and CBN

BecauseCBN satisfiesthe , -law and A -law for functions,it is sometimessuggestedthatCBN is
“mathematicallybetterbehavedbut practicallylessuseful” thanCBV. While theclaimaboutthe
practicalinferiority of CBN is valid, theclaim aboutits mathematicalsuperiorityis notvalid.

For althoughtheCBN functiontypeis mathematicallysuperiorto theCBV functiontype,the
CBN sumtype(andbooleantype) is inferior to theCBV sumtype. We saw that in theprinting
semanticsthe CBV sumsimply denotesthe sumof sets,while the CBN sumdenotesa more
complex constructionon   -sets. Similarly, in the Scottsemantics,the sumof cposis a much
simpler constructionthan the lifted sum of cppos. In particular, the CBV sum is associative
whereastheCBN sumis not.

This situationis seennot just in denotationalsemanticsbut alsoin equations.Considerthe
following equivalence—aspecialcaseof the A -law for %'����� . If J hasa freeidentifier q : %������
then

J§>t � q&�"��� �PJd» ����n'�"¼�q"½'�������¤Jd» � �����"��¼ q�½
holdsin CBV but not in CBN. It holdsin CBV becauseq canbeboundonly to a value, ���"n�� or� ������� . It fails in CBN becauseq canbeboundto a termsuchas 
�������¦c~�'�������Tc ; ���"n�� .

Thus,theperceptionof CBN’ssuperiorityis actuallydueto thefactthatfunctiontypeshave
beenconsideredmore important,and hencereceived more attention,than sum typesor even
groundtypes.

A consequenceof this bias(towardsfunctiontypesandtowardsCBN) hasbeenthepromo-
tion of cartesianclosedcategoriesasa significantstructure,in the semanticsof programming
languagesandevenin thesemanticsof intuitionistic logic. Thelatteris especiallyinappropriate,
becausethe type theoryto which intuitionistic logic correspondsis effect-freeratherthanCBN
or CBV, soits modelsmustbebicartesianclosedcategories.
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Chapter 3

Call-By-Push-Value: A SubsumingParadigm

3.1 Intr oduction

3.1.1 Aims Of Chapter

In thischapterwepresenttheCBPVlanguageandits operationalanddenotationalsemanticsfor
ourexampleeffectsof printinganddivergence,andweshow how it containsbothCBV andCBN.
Operationalsemanticsis presentedin two forms: thefamiliarbig-stepform andtheCK-machine
of [FF86].

Wewill introducethefollowing vocabulary, all of whichwill beusedin subsequentchapters:

� value,computation,terminalcomputation;

� valuetype,computationtype;

� thunk,forcinga thunk;

� configuration,inside,outside;

� sequencedcomputation,producer, consumer.

Wesuggestthefollowing slogansandmnemonics.

� A valueis, acomputationdoes.

� � typesarethUnk types,� typesareproducertypes.

� For cpos, � meansnUthing, � means“liFt”.

3.1.2 CBV And CBN Lead To CBPV

Becausewehaveusedprintingratherthandivergenceasourleadingexampleof aneffect,ourex-
plorationof CBV andCBN leadsusnaturallyto thetypesof CBPV. As weexplainedin Sect.2.2,
in theprintingsemantics,aCBV typedenotesasetwhereasaCBN typedenotesan   -set.Thus
we will needtwo disjoint classesof type in the subsuminglanguage:typesdenotingsetsand
typesdenoting  -sets.Thesearepreciselythevaluetypesandcomputationtypes(respectively)
of CBPV. Furthermore,the subsuminglanguageshouldprovide type constructorscorrespond-
ing to the variouswayswe have seenof constructing  -sets,andCBPV indeeddoesthis. For
example,

� �b$ denotesthefree   -seton » » $�½ ½
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� � C denotesthecarrierof » » C ½ ½ .
Inventingthe term calculusof the subsuminglanguageis not aseasyasthe types,but we

canobtainhelpfulguidelinesby recallingequationalfactsaboutCBV andCBN andtheinformal
reasonsfor them.

� In CBV, the A -law for sumtypes(andbooleantype)holdsbecauseidentifiersareboundto
values.

� In CBN, the A -law for function typesholdsbecausea termof function typecanbemade
to evaluateonly by applyingit.

Wewould likeoursubsuminglanguageto havebothof theseproperties,andindeedCBPVdoes.

3.2 Syntax

Werecallthatthetypesof CBPV aregivenby

$ :: > � C � ∑ ����� $�� � 1 � $B#P$
C :: > �b$ � ∏ �^�)� C � � $D� C

whereeachset � of tagsis finite. (Wewill alsobeconcernedwith infinitelywideCBPVin which
� may be countablyinfinite—seeSect.5.1 for more discussion.)We will often write ˆ- for a
particularelementof � . Weusuallyomit terms,equationsetc.for thetype1, becauseit is just the
nullaryanalogueof # .

Sinceidentifierscanbe boundonly to values,they musthave valuetype. So we have the
following:

Definition 13 A context Γ is a finite sequenceof identifierswith valuetypes : 0 : $ 0 N�������N�: ý Ë 1 :
$�ý Ë 1. Sometimeswe omit theidentifiersandwrite Γ asa list of valuetypes. ê

Thecalculushastwo kindsof judgement

Γ W < J : C Γ W / I : $
for computationsandvaluesrespectively. We emphasizethat, in eachcase,only value types
appearon the left of W . The termsof basic(i.e. effect-freeCBPV) aredefinedby Fig. 3.1. We
will freely addwhateversyntaxis requiredfor thevariouscomputationaleffectsthatwe look at.

Definition 14 1. A produceris acomputationof type �&$ .

2. A groundtypeis a typeof theform ∑ ����� 1 (suchas %������m> 1 ( 1).

3. A groundvalueis avalueof groundtype.

4. A groundproduceris acomputationof type �b$ , where$ is agroundtype.
Wewrite ����n�� and

� �����"� for theclosedvaluesof type %'�����î> 1 ( 1and  � IÄ����� ��JÉ�������xJ¥�
for thecorresponding
"£ construct. ê

NoticethatCBPVhastwo formsof product.In theterminologyof Sect.2.3.2,theproductof
valuetypesis a pattern-match productwhereastheproductof computationtypesis a projection
product. Thereasonwe do not have a construct9´I where I hastype $Á#X$�� is that theCBPV
operationalsemantics(presentedin Sect.3.3) exploits the fact that valuesdo not needto be
evaluated. So we cannotallow a complex value suchas 9lS^����n'��N � �������"V , which needsto be
evaluatedto ���"n�� . Complex valuesarediscussedfully in Chap.4.
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Γ NO: : $�N Γ � W / : : $
Γ W / I : $ Γ NO: : $DW < J : C

Γ W < �����&:¤%'�bIø�6J : C
Γ W / I : $

Γ W < 
����"4"n��"�¤I : �&$
Γ W < J : �&$ Γ N�: : $DW < ` : C

Γ W < J§���3:�� ` : C
Γ W < J : C

Γ W / �"��n���oPJ : � C
Γ W / I : � C

Γ W < � �������&I : C
Γ W / I : $ ˆG

Γ W / S ˆ- N�IPV : ∑ �^�)� $��
Γ W / I : ∑ �^�)� $�� þ�þ�þ Γ NO: : $���W < JÌ� : C þ�þ�þ

Γ W < 
"£�Ió���&M"������N�SU��NO:'V~�;Jü��N������ÅQ : C
Γ W / I : $ Γ W / I � : $ �

Γ W / S I?N�I � V : $�#P$ �
Γ W / I : $�#P$ � Γ NO: : $�N�7 : $ � W < J : C

Γ W < 
"£�Ió���PSU:�N�7�V~�©J : C
þ�þ�þ Γ W < J � : C � þ�þ�þ

Γ W < 	TM������6NO���©Jü��N������ÅQ : ∏ �^�)� C �
Γ W < J : ∏ �^�)� C �

Γ W < ˆ- ‘ J : C ˆG
Γ N�: : $DW < J : C

Γ W < 	':��;J : $D� C
Γ W / I : $ Γ W < J : $B� C

Γ W < I ‘ J : C

Figure3.1: Termsof BasicLanguage

3.3 Operational SemanticsWithout Effects

Although at this stagewe give the languagewithout effects,we take carethat the definitions,
propositionsandproofscaneasilybeadaptedto variouseffectswherepossible.

3.3.1 Big-StepSemantics

Thefollowing closedcomputationsareterminal:

F :: > 
��'��4"n����3I � 	ºM"�����6N����;Jü��N������¹Q � 	':��©J
Wewrite HJI for thesetof closedcomputationsof type C , KLI for thesetof terminalcompu-

tationsof type C , and MON for thesetof closedvaluesof type $ .
Thebig-stepsemanticsis givenin Fig. 3.2.

Proposition9 For every closedcomputationJ , thereis a uniqueterminalcomputationF such
that JÉé\F . ê

Proof(in thestyleof [Tai67]) Wedefine,bymutualinductionovertypes,threefamiliesof subsets:

for each$ , «ú®QP / N2R M N
for eachC , «ú®QP � I R KLI
for eachC , «ú®QP < I R HSI

Thesedefinitionof thesesubsetsproceedsasfollows:
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Jd»=Il¼�:"½�é�F
�����&:¤%��&Iø�6JÉé\F


����"4"n��"�¤IBéX
��'��4"n��"�¤I
Jïé\
��'��4"n����¤I `¿»=Ix¼�:�½�é�F

J§�'�m:�� `ué�F
Jìé\F

� �6���"������n���o�JÉé\F
J ˆG »ÀIx¼�:�½�é\F


"£ÆS ˆ- N�IPVÖ���bM"�����6N�SU��NO:'V~�;Jü��N������ÅQlé�F
JÂ»ÀIx¼�:�N�I � ¼�7"½�é\F


"£ÆS IøN�I � VÖ���PSU:�N�7'Ve�©J é\F

	ºM"�����6N����;Jü��N������¹QîéZ	TM"�����6N����;JÌ��N������¹Q
JïéÆ	ºM"�����6N����©`b��N������¹Q ` ˆG é�F

ˆ- ‘ Jìé�F

	':��;JÉéZ	':��;J
JìéZ	':��©` `E»ÀIx¼�:"½�é\F

I ‘ JÉé\F
Notethateachof theserulesis of theform

J 0 é\F 0 þ�þ�þaJUT Ë 1 é\FFT Ë 1

JÉé�F (3.1)

for someV�W 0.

Figure3.2: Big-StepSemanticsfor CBPV
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����n���o�J [ «�®6P / X I if f J [ «ú®QP < I
S ˆ- N�I�V [ «ú®QP /∑ �^��� $ � if f I [ «ú®QP / N ˆY
S I?N�I&��V [ «ú®QP / NJZ[N]\ if f I [ «ú®QP / N and Ib� [ «ú®QP / NF\

��'��4"n��"�3I [ «ú®6P � ^ N if f I [ «ú®QP / N
	TM"�����6NO���©J � N������ÅQ [ «ú®QP �∏ ����� C � if f J � [ «�®6P < C � for all � [ �
	':��;J [ «�®6P �N`_ I if f Jd»=Il¼�:�½ [ «ú®6P < I for all I [ «ú®QP / N
J [ «ú®QP < I if f JÉé\F for uniqueF , andfurthermoreF [ «ú®QP � I

Noticethatif F [ KLI , then F [ «�®6P < I if f F [ «ú®QP � I .
Finally we show that for any computation$ 0 N������6N $�ý Ë 1 W < J : C , if ë-� [ «�®6P / Nba for �ø>

0 N������6N�LP. 1 then JÂ» .".'. �ë � ¼�: � ½ [ «ú®QP < I ; andsimilarly for any value $ 0 N������6N�$ ý Ë 1 W / I : $ . This is
shown by mutualinductionon J and I , andgivestherequiredresult. ê

3.3.2 CK-Machine

TheCK-machineis a generalform of operationalsemanticsthatcanbeusedfor CBV andCBN
as well as for CBPV. It was introducedin [FF86] as a simplification of Landin’s SECD ma-
chine[Lan64], andtherearemany similar machines[Bie98, Kri85, SR98].At any point in time,
themachinehasconfigurationJ¥N�c when J (the inside) is the termwe areevaluatingand c
(theoutside) is astack1. Thereis noneedfor anenvironmentor for closures,becausesubstitution
is used.

Themachineis summarizedin Fig.3.3.To understandtheCK-machine,just think abouthow
wemight implementthebig-steprulesusingastack.

Supposefor examplethatwe areevaluating J§�'�m:��6` . Thebig-stepsemanticstells usthat
wemustfirst evaluateJ . Soweput thecontext » ½��'��:�� ` ontothestack,becauseatpresentwe
do not needit. Later, having evaluatedJ to 
��'��4"n��"�XI , we canremove » ½��'��:���` from the
stackandproceedto evaluatèE»ÀIx¼�:"½ , asthebig-stepsemanticssuggests.

As anotherexample,supposewe areevaluating I ‘ J . Thebig-stepsemanticstells us that
wemustfirst evaluateJ . Soweput theoperand2 I ontothestack,becauseatpresentwedonot
needit. Later, having evaluatedJ to 	':��©` , we canremove theoperandI from thestackand
proceedto evaluatèE»ÀIx¼�:�½ , asthebig-stepsemanticssuggests.

To evaluatea closedcomputationJ , we startwith theconfigurationJ¥NU�º�� andfollow the
transitionsin Fig. 3.3 until we reacha configurationF0NO���� for a terminalcomputationF . We
shall seein Sect.3.3.4that this will happenpreciselywhen J·éÆF . The outside �º6� is often
referredto asthe top-leveloutside.

Noticethat

� thebehaviour of I ‘ J is to push I andthenevaluateJ
� thebehaviour of 	�:��©J is to pop I andthenevaluateJÂ»ÀIx¼�:�½

Fromthebig-stepruleswe have thusrecoveredthepush/popreadingdescribedin Sect.1.5.1.

1Readersfamiliarwith similarconceptsin aCBV settingmayfind theusageof “outside”confusing,soweexplain
asfollows. Whatwe call anoutsideis roughlywhatFelleisencalledanevaluationcontext. We usetheterminology
currentoutsideratherthancurrentcontinuationbecausein CBPV(unlikeCBV) notall outsidesarecontinuations:for
example,theoutsided :: e is a pair, nota continuation.We look at continuationsemanticsin detail in Sect.6.4.4.

2If we wantedour usageto bestrictly consistent,we would put thecontext d ‘
Ú à

ratherthanjust d ontothestack,
but this is unnecessarilycomplicated.
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Initial Configuration

J �º��
Transitions

�����&:¤%��&Iø��J cf JÂ»ÀIx¼�:�½ c
JR���m:�� ` cf J » ½��'�m:�� ` :: c

��'��4"n��"�¤I » ½��'�m:�� ` :: cf `E»=Il¼�:"½ c
� �����"������n���o�J cf J c

"£³S ˆ- N�IPVÖ���&M"������N�SU��NO:'V~�;J � N������¹Q cf J ˆG »=Il¼�:"½ c

"£³S�I?N�I � VÖ���PSU:�N�7'Ve�©J cf JÂ»ÀIx¼�:�N�I � ¼�7�½ c
ˆ- ‘ J cf J ˆ- :: c
	TM"�����6N����;JÌ��N������¹Q ˆ- :: cf J ˆG c
I ‘ J cf J I :: c
	':��;J I :: cf JÂ»ÀIx¼�:�½ c

Terminal Configurations


��'��4"n��"�¤I �º��
	TM"�����6N����;JÌ��N������¹Q �º��
	':��;J �º��

Figure3.3: CK-MachineFor CBPV



48 Chapter3. Call-By-Push-Value: A SubsumingParadigm

3.3.3 Typing the CK-Machine

If we executetheCK-machinefrom aninitial configuration,theneachconfigurationJ¥N�c that
we reachhas2 typesassociatedwith it:

� thetype C of J ;

� thetype g of theinitial computation.

We saythat J¥N�c is a closed3 configuration of type g andthat c is anclosedoutsidefrom C
to g . It is clear that we canform a category whoseobjectsarecomputationtypesandwhose
morphismsareoutsides;compositionis givenby concatenation.

We write W.hi c : C to meanthat c is a closedoutsidefrom C to g ; in other words, it
accompaniesan insideof type C in the courseof evaluatinga computationof type g . More
generally, we canincludefree identifiersΓ andwe thenwrite Γ W hi c : C . (This will beuseful
in Sect.3.3.5.)Thetyping rulesfor this judgementaregivenin Fig. 3.4. Wecanthensay

Definition 15 A Γ-configurationof type g consistsof

� a computationtype C ;

� a pair J N@c whereΓ W < J : C andΓ W hi c : C .

ê

Γ W hi ���� : g Γ N�: : $DW < J : C Γ W hi c : C
Γ W hi » ½��'�m:�� J :: c : �b$

Γ W hi c : C ˆG
Γ W hi ˆ- :: c : ∏ �^�)� C �

Γ W / I : $ Γ W hi c : C
Γ W hi I :: c : $D� C

Figure3.4: Typing Outsides

Proposition10 (deterministic subject reduction) For everyclosedconfigurationJ¥N@c of typeg , preciselyoneof thefollowing holds.

1. J N@c is not terminal,and J¥N@c f `ûN�j for unique `ûN�j . `yN@j is a closedconfiguration
of type g .

2. J N@c is terminal,andtheredoesnotexist `yN@j suchthat J¥N�c f `yN@j .

ê
To completetheCK-machinesemantics,we write f ä for thetransitive closureof f . More

technically:

Definition 16 Wedefineinductively therelation f ä onclosedconfigurations:

J¥N@c f ä J¥N�c J � N�c � f ä `yN�j S�J¥N�c f J¥��N@c-��VJ¥N�c f ä `yN@j
ê

3Sincewe have definedoperationalsemanticsfor closedcomputationsonly, all configurationsthat ariseduring
executionareclosed.However, this will not be the casein Sect.3.3.5,wherewe presentoperationalsemanticsfor
non-closedcomputations.
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By analogywith Prop.9, wecannow formulatethefollowing.

Proposition11 For every closedconfiguration J N@c there is a uniqueterminal F suchthat
J¥N�c f ä F0NO���� , andthereis no infinite sequenceof transitionsfrom J¥N�c . ê
Wedefertheproofof this to Sect.8.6.

Definition 17 (complementaryto Def. 14(1))A consumeris anoutsidefrom a type �&$ to any
type. ê
Suchanoutside“consumes”thevaluethata producerproduces.For example, » ½����3:��6` :: c is
aconsumer.

3.3.4 AgreementOf Big-Stepand CK-Machine Semantics

Thesoleaimof this sectionis to prove

Proposition12 For closedcomputationsJ NOF of type C , thefollowing areequivalent:

1. Jìé�F ;

2. J N@c f ägF0N�c for all outsidesc suchthat W hi c : C for someg ;

3. J NU�º6� f ägF�NU�º6� .

ê
(1) k (2) is a straightforwardinduction. (2) k (3) is trivial. To prove (3)k (1) we first definea
mappingfrom configurationsto computations.

Definition 18 GivenaclosedconfigurationJ¥N�c of type g wedefineW < J � c : g by induction
on c :

J � �º�� > J
J � S�» ½��'�m:��6` :: c@V]> S�J§���m:�� `�V � c

J � S ˆ- :: c@V]> S ˆ- ‘ J_V � c
J � S�I :: c@V]> S I ‘ JKV � c

ê
Lemma 13 For all J and ` of type C , if, for all F , JìéÃF implies `uéÃF , then,for every c
suchthat W hi c : C for someg , J � c�é\F implies ` � cué\F . ê
Proof Inducton c . ê
Lemma 14 If J¥N�c f ägF�NU�º�� then J � cué\F . ê
Proof We inducton theantecedent.As anexampleclause,supposethat theantecedentis given
by


��'�"4�n����¤I?Ne» ½��'�m:��6` :: c f `E»ÀIx¼�:�½ N@c f ä F�NU�º6�
We know by the inductive hypothesisthat S�`E»ÀIx¼�:�½UV � c¨éÆF , so by Lemma13 we know that
S^
��'��4"n����3Ij���m:�� `�V � c�éÃF . ê

Prop.12((3)k (1)) is animmediateconsequenceof Lemma14.
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3.3.5 Operational SemanticsFor Non-ClosedComputations

We have presentedbig-stepandCK-machinesemanticsfor closedcomputationsonly. We now
show how to extendthemto non-closedcomputationson a fixedcontext Γ. This extensionwill
be advantageousin Chap.6, especiallywhenwe look at control effects,becausewe will then
wantto treattheoutside���� asa freeidentifier. Theonly difficulty is whena computationtries
to forceor pattern-matcha freeidentifier:we mustthenterminateexecution.

Big-StepSemantics

Wewantto definearelation J é�F whereΓ W < J : C andΓ W < F : C . Werequireabiggerclass
of terminalcomputationsthanin Sect.3.3.1:

F :: > 
��'��4"n����3I � 	ºM"�����6N����;Jü��N������¹Q � 	':��;J
� � �����"�mq � 
�£�qP���bM"�����6NO���©Jü��N������ÅQ � 
"£�qP���PSU:�NO7'Ve�©J

Wemustaddto Fig. 3.2rulesfor theadditionalterminalcomputations:

� �6���"�mq�é � �6���"�mq


�£�qP���&M"�����6N����©Jü��N������¹Qîé�
"£�q����bM������6N����;JÌ��N������¹Q


"£Xq����PS^:�N�7�V~�;J
CK-Machine

Theonlychangerequiredto theCK-machinedescribedin Sect.3.3.2is thatweuseΓ-configurations
ratherthanclosedconfigurations,andsowe requireabiggerclassof terminalconfigurations:


��'��4"n����3I �º6�
	ºM"�����6N����©J � N������¹Q �º6�
	�:��;J �º6�� �����"�mq c

�£�qP���&M"�����6N����;Jü��N������¹Q c

�£�qP���PSU:�NO7'Ve�©J c

3.4 Operational Semanticsfor lbm1npoFq
Wenow addprinting: moreprecisely, we addto thesyntaxof CBPV thetyping rule

Γ W < J : C
Γ W < 
���)���&æ ; J : C

andwemustadapttheoperationalsemanticsaccordingly.

3.4.1 Big-StepSemanticsfor 
�������
Sincewe have addedonly onetermconstructorto thebasiclanguage,we might expectthatwe
needonly addonerule to Fig. 3.2. However, this is clearlynot possible:whereasfor thebasic
languagethe big-steprelationhasthe form Jµé³F , it now hasthe form J·é³è@N�F . It seems
thereforethatwemustpresentthebig-stepsemanticsfrom scratch.
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Fortunatelythis is not thecase.Wesimply replaceeachrule in Fig. 3.2of theform (3.1)by

J 0 éÃè 0 N�F 0 þ�þ�þµJUT Ë 1 é\èrT Ë 1 NOFFT Ë 1

JÉé\è 0 åÖ�����eåºèrT Ë 1 NOF
Thenwe addthebig-steprule

Jïé\è@N�F

�������&æ ; JÉéÃæTåºè@NOF

Proposition15 For every computationJ , thereexistsuniqueè@N�F suchthat JÉé\è@NOF . ê
Theproof is easilyadaptedfrom theproofof Prop.9.

3.4.2 CK-Machine For 
�������
In Fig. 3.3a transitionhastheform

J c f J � c � (3.2)

Whenweadd 
������� to thelanguage,wewanta transitionto have theform

J c f è J � c-�
for someè [  \ä . We thereforereplaceeachtransition(3.2) in Fig. 3.3by

J c f 1 J � c-�
andweaddthetransition


�������&æ ; J c f æ J c
WereplaceDef. 16by thefollowing.

Definition 19 Wedefinetherelation f ä , whoseform is J¥N�c f ä è@N�J¥�úN@c-� inductively:

J N@c f ä 1 N�J¥N�c J � N�c � f ä LâN�`yN@j S�J¥N@c f è@N J � N�c � VJ¥N�c f ä è¥åºLâN�`ûN�j
ê

Wecanstateandproveanaloguesof all theresultsin Sect.3.3.3–3.3.2.In particularwe have

Proposition16 JÉé\è@N�F if f J¥NO�º6� f ä è@N�F0NO�º6� . ê

3.5 Observational Equivalence

As with CBV andCBN, wewantto defineanotionof observationalequivalence.

Definition 20 1. A groundcontext isaclosedgroundproducerwith zeroor moreoccurrences
of aholewhichmight beacomputationor avalue.

2. GiventwocomputationsΓ W < J¥N�` : C , wesaythat Js�@` whenfor everygroundcontext�3» ½ we have that �3» Jó½�é\F if f �3» `û½�é\F (for every F ). We similarly define � for values.
ê

We modify this to suit theeffect beingconsidered.For printing (without divergence)we say
that J(�E` whenfor everygroundcontext �m» ½ , wehave that �m»ÀJó½6é�è@N�F if f �3» `û½6é\è@NOF (for
every F ).



52 Chapter3. Call-By-Push-Value: A SubsumingParadigm

3.6 Denotational Semantics

In the printing semantics,a valuetype (andhencea context) denotesa set,anda computation
typedenotesan   -set.Thesemanticsof typesis givenby

» »;� C ½ ½ > thecarrierof » » C ½ ½
» »∑ �^�)� $��^½ ½ > ∑ �^�)� » » $���½ ½
» » $B#P$ � ½ ½ > » » $�½ ½'#Æ» » $ � ½ ½

» » �&$�½ ½ > thefree   -seton » » $�½ ½
» »∏�^��� C � ½ ½ > ∏ �^�)� » » C � ½ ½
» » $E� C ½ ½ > » » $�½ ½��É» » C ½ ½

Similarly wedefinethedenotationof acontext Γ: if Γ is thesequence$ 0 N������6N $ ý Ë 1, thenweset
» »Γ ½ ½ to betheset » » $ 0 ½ ½�#Zþ�þ�þ�#Æ» » $�ý Ë 1 ½ ½ .

Next we definethesemanticsof terms.A valueΓ W�/îI : $ denotesa function » »ÀI¤½ ½ from the
set » »Γ ½ ½ to theset » » $�½ ½ , anda computationΓ W < J : C denotesa functionfrom theset » » Γ ½ ½ to the
carrierof the   -set » » C ½ ½ . Herearesomeexampleclauses:

» » 
��'��4"n��"�3I&½ ½ ÿ > S 1 Ne» »=I3½ ½ ÿ V
» » J]�'�m:�� `û½ ½ ÿ > è¥å?» » `û½ ½�S ÿ N�:3È�t4�V where » »ÀJó½ ½ ÿ >hSUè@N�4�V
» » ����n���o�Jó½ ½ ÿ > » »ÀJó½ ½ ÿ
» » � �6�����¤I&½ ½ ÿ > » »=I¤½ ½ ÿ

» »=	�:��;Jh½ ½ ÿ > 	 � ��» » J¥½ ½�S ÿ NO:mÈ� � V
» »=I ‘ Jó½ ½ ÿ > S�» »ÀI¤½ ½ ÿ V ‘ S�» » J¥½ ½ ÿ V

» » 
���)���¤è ; Jó½ ½ ÿ > è¥åøS�» »ÀJó½ ½ ÿ V
In theScottsemantics,a valuetypedenotesa cpoanda computationtypedenotesa pointed

cpo.Someexampleclauses:

» »;� C ½ ½ > » » C ½ ½
» »À�&$�½ ½ > lift of » » $�½ ½

» » $E� C ½ ½ > » » $�½ ½��ï» » C ½ ½
Like a value type, a context denotesa cpo, given by # . Then a value Γ W / I : $ denotesa
continuousfunction » »ÀI¤½ ½ from thecpo » »Γ ½ ½ to thecpo » » $�½ ½ , andacomputationΓ W < J : C denotes
acontinuousfunctionfrom thecpo » »Γ ½ ½ to thepointedcpo » » C ½ ½ .

Notice that, in both printing and Scott semantics,the constructs�"��n���o and
� �6���"� are

invisible in thesensethat

» » �"��n���obJó½ ½ > » »ÀJó½ ½
» » � �6���"�3I&½ ½ > » »=I¤½ ½

In the Scottsemantics,� too is invisible, because» »;� C ½ ½�>_» » C ½ ½ . By contrast,in many of the
semanticsin Chap.6 ����n���o ,

� �����"� and � areall visible.

Proposition17 (Soundnessof DenotationalSemantics) Forany closedcomputationJ , if J é
è@N�F then » »ÀJó½ ½">¿è¥åî» » F�½ ½ . ê
Corollary 18 (by Prop.9) For any closedgroundproducerJ , we have JìéÃè@NU
��'��4"n��"�3L if f
» » Jó½ ½�>jSUè@N�L¶V . Hencetermswith thesamedenotationareobservationallyequivalent. ê
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If wearedealingwith non-closedcomputationsasin Sect.3.3.5,thenProp.17extendsto

Proposition19 For any computationΓ W < J : C andany environmentÿ [ » » Γ ½ ½ if J�éPè@NOF then
» » Jó½ ½ ÿ >¿è¥åøS�» » F0½ ½ ÿ V . ê

3.7 SubsumingCBV and CBN

We give translationsfrom the small fragmentsof CBV and CBN describedin Chap.2. The
full translationsandtheir technicalproperties(adequacy, full abstractionetc.) aregiven in Ap-
pendixA.

If thereaderbearsin mindthedenotationalsemanticsof CBV andCBN, thetranslationsinto
CBPVareobvious.

3.7.1 From CBV to CBPV

Thebig differencebetweenCBV andCBPV is that in CBV 	':��;J is a valuewhereasin CBPV
	':��©J is acomputation.Thus 	�: in CBV decomposesinto ����n���oP	': in CBPV.

More generally, a CBV function from $ to C is, from a CBPV perspective, a thunk of
a computationthat popsa value of type $ and producesa value of type C . So we have a
decompositionof � CBV into CBPV givenby

$D� CBV C >Á�XSO$E� � C V (3.3)

It is importantto seethatthis decompositionrespectsbothof our denotationalsemanticsi.e. the
two sidesof (3.3)have thesamedenotation.This is essentialif thetranslationis to beregarded
assubsumptive.

� In theprinting semantics,$�� � C denotesan   -setwhosecarrieris thesetof functions
from » » $�½ ½ to   ä #³» » C ½ ½ . Sothethunktype �XSO$D� � C V denotesthis set,asdoes$B� CBV

C .

� In the Scottsemantics$h� � C denotesthe cppoof continuousfunctionsfrom » » $�½ ½ to
» » C ½ ½ � . Sothethunktype ��SU$D�¢� C V denotesthiscpo,asdoes$D� CBV C .

Thetranslationfrom CBV to CBPV is presentedin Fig. 3.5. Justasa CBV value I hastwo
denotations» »=I¤½ ½ /�ñ�ò and » »=I¤½ ½ ôùõ;öe÷ , soit hastwo translationsI /�ñ�ò and I ôùõ;öe÷ relatedby

I ô�õ;öe÷ >Ä
��'��4"n��"�¤I /�ñ�ò
in theCBPV equationaltheoryof Chap.4.

As we explainedfor � CBV, thetranslationpreservesdenotationalsemantics.Thus,for both
printingandScottsemantics,we have thefollowing:

Proposition20 1. For any CBV type $ , » » $�½ ½ CBV >ó» » $�/�½ ½ CBPV.

2. For any CBV valueΓ W\I : $ , » »ÀI¤½ ½�/�ñ�òCBV >ó» »=I¤/�ñ�ò ½ ½ CBPV.

3. For any CBV producerΓ WXJ : $ , » » J¥½ ½ ôùõ;öe÷CBV >ó» » JKô�õ;öe÷~½ ½ CBPV.
ê

That the translationrespectsoperationalsemantics(to a certaindegreeof intensionality)is
provedin AppendixA.
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g g / (a valuetype)
%'����� %������ i.e. 1 ( 1
$y( C $�/º( C /
$E� C �XSO$�/?�¢� C /¸V

$ 0 N������6N $ ý Ë 1 W�I : g $ /0 N������6N�$ /ý Ë 1 W / I /�ñ�ò : g /
: :

���"n�� ���"n��� ������� � �����"�
��'�&I )���&I /�ñ�ò
����PI )���PI¤/�ñ�ò
	':��©J �"��n���oP	':��;JKô�õ;öe÷

$ 0 N������6N $ ý Ë 1 W�J : g $ /0 N������6N $ /ý Ë 1 W < J ô�õ;öe÷ : �3g /
: 
��'��4"n��"��:

�����&:¤%��¤J¥� ` J ôùõ;öe÷ �'�m:�� ` ôùõ;öe÷
����n'� 
��'��4"n���������n'�� �����"� 
��'�"4�n���� � �����"�

 � J§���'�6�P`í�������¤` � JKôùõ;öe÷l�'�3q��� � q¤���'�6��`�ôùõ;öe÷��������¤` � ô�õ=öe÷
)���¤J J ô�õ;öe÷ ���¤q��)
��'��4"n��"��)���3q
)����J JKô�õ;öe÷l���¤q��)
��'��4"n��"��)���bq


"£XJµ���bM")����:��;`yN�)���¤:��;` � Q JKô�õ=öe÷x�'�3q���
�£�qP���&M���'�m:��©`�ô�õ=öe÷6N�����&:��©` � ôùõ;öe÷ Q
	�:��;J 
����"4�n��"���"��n���o�	�:��;J_ôùõ;öe÷
J ‘ ` J ôùõ;öe÷ ���3:�� ` ô�õ=öe÷ �'� � ��: ‘ S � �����"� � V


�������bæ ; J 
�������bæ ; JKôùõ;öe÷

Figure3.5: Translationof CBV types,valuesandproducers
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3.7.2 From CBN to CBPV

Thetranslationfrom CBN to CBPV is motivatedasfollows.

� Identifiers in CBN are boundto unevaluatedterms,so we regard them (from a CBPV
perspective)asboundto thunks.

� Similarly, tuple-componentsandoperandsin CBN areunevaluatedterms,so we regard
themasthunks.

� Consequently, identifiers,tuple-componentsandoperandsall havetypeof theform � C —a
thunktype.

We thushaveadecompositionof � CBN into CBPV.

$ � CBN C >hS��3$ Vg� C (3.4)

It is importantto seethatthisdecompositionrespectsbothof ourdenotationalsemanticsi.e.both
sidesof (3.4) have the samedenotation.This is essentialif the translationis to be regardedas
subsumptive.

� In the printing semantics,if $ denotesthe   -set S�-Nùå V and C denotesthe   -set S	/lNùå V
then �3$ denotestheset  and S��¤$ Vg� C denotesí� S�/lN�å�V , asdoes$ � CBN C .

� In theScottsemantics,S��¤$ V¶� C denotesthecppoof continuousfunctionsfrom » » $ ½ ½ to
» » C ½ ½ , asdoes$ � CBN C .

Similarly we havedecompositions

%'����� CBN > �3%������
$ ( CBN C > �\S�S��¤$ V�(ÄS�� C V�V

It is easily seenthat thesealso respectdenotationalsemantics,e.g. the Scott semanticsfor
�\S�S��¤$ V�(¿S�� C V�V is thelifted sumof » » $ ½ ½ and » » C ½ ½ .

As weexplainedfor � CBN , thetranslationpreservesdenotationalsemantics.Thus,for both
printingandScottsemantics,we have thefollowing:

Proposition21 1. For any CBN type $ , » » $�½ ½ CBN >ó» » $ 2 ½ ½ CBPV.

2. For any CBN termΓ WXJ : $ , » »ÀJó½ ½ CBN >h» » J 2 ½ ½ CBPV.
ê

Thatthetranslationrespectsoperationalsemantics(to acertaindegreeof intensionality)is proved
in AppendixA.

3.8 CBPV As A Metalanguage

We canuseCBPV not just asanobjectlanguagebut asa metalanguage.Whenwe do this, we
have to specifywhichCBPVmodelthemetalanguageis referringto. For example,whentalking
abouttheprinting model,we use �&$ to refer to thefree   -seton theset $ , and � C to refer to
thecarrierof the   -set C .

Anotherexampleis theScottmodel.

� If $ is a cpowewrite �&$ for its lift, acppo.

� If 4 [ $ wewrite u6«�vwP�yx¸®O4 for thecorrespondingelementof �b$ .
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g g�2 (a computationtype)
%������ �3%������ i.e. �\S 1 ( 1V
$y( C �\S��3$ 2 (@� C 2 V
$E� C S��3$ 2 Vg� C 2

$ 0 N������6N�$ ý Ë 1 W�J : g �3$&20 N������6Nù�¤$¤2ý Ë 1 W < JK2 : g�2
: � �����"��:

�����&:¤%'�&J¥� ` ���6�&:&%��m�"��n���o�J_2�� JK2
����n'� 
��'��4"n���������n'�� �����"� 
��'�"4�n���� � �����"�

 � J§�"���6��`¨�����"�3`y� JK2?���3q��� � q&�"���6��`�2x�����"�3`y� 2
)���¤J 
��'��4"n����b����m�"��n���o�J 2


�£XJa���&M")���m:��;`yN�����3:��©` � Q J 2 ���3q��)
�£XqP���&M")���m:��;` 2 N�����¤:��;` � 2 Q
	�:��©J 	':��;JK2
` ‘ J SU����n���o�` 2 V ‘ J 2


�������bæ ; J 
���)���&æ ; J 2

Figure3.6: Translationof CBN typesandterms

� If z [ �&$ and � is a function from $ to a cppo C , we write z�ª{v � �]�âS � V to mean ; ifz?>>; and �âS�4�V if zø>|u6«�vwP�yx¸®O4 .

� If C is acppo,wewrite � C to meanthecpo C .

� If z [ C we write ª�}" ��~ z for z regardedasanelementof � C .

� If 4 [ � C we write ¯*v�«�xv®�4 for 4 regardedasanelementof C .

It mayseemsuperfluousto write � , ª�}" ��~
and ¯�v�«�x¸® whenreferringto theScottmodel,because

they areinvisible. But theadvantageof doingso is thateverythingwe write in this notationis
meaningfulnot just in theScottmodelbut in any CBPVmodel.

3.9 Useful Syntactic Sugar

3.9.1 Pattern-Matching

It is convenientto extendall constructsthatbind identifiersto allow pattern-matching.We give
someexamples.

sugar unsugared
J§�'��M"�����6N�SU��NO:'V~�;`b��N������ùQ J§���¤q��)
�£�qP���bM"�����6N�SU��NO:'V~�;`b��N������¹Q
	´S^:�N�7�V~�;J 	�q���S^
�£PqP����S^:�N�7�V~�;J_V

"£XJµ���PS�rºN�SU:�NO7'V�V~�©` 
"£XJµ���PS�rºN�q�V~�úS^
�£Pq����PS^:�N�7�V~�;`�V

We usesuchabbreviations only informally, as it would be complicatedto give a precise,
generaldescription.
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3.9.2 Commands

It is sometimesconvenientto haveacomputationtype ����£�£ of commandssuchas 
�������&æ , with
thefollowing rules:

Γ W < ��oº�
 : ����£�£
Γ W < J : �"��£�£ Γ W < ` : C

Γ W < J ; ` : C

Γ W < 
���)���&æ : ����£�£
It isalsousefultohaveacomputationtype ��������£�£ of non-returningcommands(e.g. 4��5'�6��!�� ,

�����'�6��� ), with thefollowing rule:

Γ W < J : �����"��£�£
Γ W < �"�������"� I J : C

Bothcanberegardedassugar:

sugar unsugared
�"��£�£ � 1
��oº)
 
��'��4"n����PS V
J ; ` J]�'�XS V~� `

���)���&æ 
���)���&æ ; 
��'�"4�n�����S V
��������£�£ � 0
�"���6����� I J J]�'��M�Q

In ordertogivetheCK-machinerulefor �"���������lJ , weprovideadummyoutside�'��5�����n��"��4
for non-returningcommands.Themachinerule is then

�"���6�����3J c
J ����5����"n��"��4

Thetyping rule for ����5����"n��"��4 is

Γ W hi ����5����"n��"��4 : �����"��£�£
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Chapter 4

Complex Valuesand the CBPV Equational Theory

4.1 Intr oduction

In this chapterwe build the CBPV equationaltheoryandlook at its main properties.In order
for the equationaltheoryto have reasonablemathematicalproperties(in particular, categorical
semantics),we needto add in Sect.4.2 someextra termscalledcomplex values, althoughwe
show in Sect.4.6thatthey canbeeliminatedto someextent.

As in Sect.2.3.4,we will look at thereversiblederivationspresentin theequationaltheory.
We will usethesederivationsto constructisomorphismsbetweentypes,andconvert typesby
isomorphisminto canonicalform.

Finally, wewill look at therelationshipsbetweentheCBPVequationaltheoryandeffect-free
equationaltheories.

4.2 Complex Values

Supposewe want to form a value : : %'�����bW�/î���6�Ã: : %������ . This seemsreasonable:it makes
sensedenotationally, andanaturalwayto codeit is  � :3����� � � �����"�������"�0����n�� . But theCBPV
syntaxasdefinedin Fig. 3.1 will not allow this, becausethe rulesallow pattern-matchinginto
computationsonly, not into values.(Recallfrom Sect.3.2 that  � is thepattern-matchconstruct
for %'�����m> 1 ( 1.) A similar problemariseswith valuessuchas r0( 5 and :�(û7 , which we used
in ourexampleprogramin Sect.1.5.2.

For anotherexample—andonewhich which will be indispensablewhenwe cometo equa-
tional/ categorical issues,becauseit givesusa cartesiancategory of values—tryto form a value
: : %������¤#��'���&W�/ø9g: : %������ . Again, this makessensedenotationally, anda naturalway to code
it is 
�£�:P���PSU7�N q�Ve�)7 . But this too involvespattern-matchinginto avalue.

All theseareexamplesof complex values. We incorporatetheminto theCBPV languageby
addingtherules

Γ W / I : $ Γ N�: : $DW / ë : C
Γ W / �����&:¤%��&I?�6ë : C

Γ W / I : ∑ �^�)� $�� þ�þ�þ Γ N�: : $���W�/?ë�� : C þ�þ�þ
Γ W / 
"£�Ió���bM"�����6N�SU��NO:'V~�©ë-��N������¹Q : C

Γ W / I : $�#P$ � Γ NO: : $PN�7 : $ � W / ë : C
Γ W / 
�£�I¥���PSU:�N�7'Ve�Åë : C
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All theserulesmake sensein every denotationalmodel,and,aswe mentionedabove, they are
indispensablewhenwe studyequational/categorical issues.The readermay thereforewonder:
why did wenot includetheserulesfrom theoutset?Theansweris thatexcludingcomplex values
keepstheoperationalsemanticssimple:bothourbig-stepandourmachinesemanticsexploit the
factthatvaluesdonotneedto beevaluated.Furthermore,therangeof thetransformsfrom CBN
and(coarse-grain)CBV into CBPV doesnot involvecomplex values.

It wouldcertainlybepossibleto extendtheoperationalsemanticsto includecomplex values,
but at thecostof canonicity. Wewouldhave to makeanarbitrarydecisionasto whento evaluate
complex values. Sincethe evaluationof complex valuescausesno effects, the decisionhas
no semanticsignificance.We will thereforecontinueto excludecomplex valueswhentreating
operationalissues,but otherwisewewill includethem.

We shallseein Sect.4.6 thatcomplex valuesaddno expressivepower to computationsor to
closedvalues,becauseacomputationor closedvaluecontainingcomplex valuescanbeconverted
into onewithout. For example,
����"4�n��"�\Sù � :X�"��� � � �������P�������b����n��"V canbeconvertedinto
 � :&���'�6�¤
��'��4"n��"������n��¤�����"��
����"4"n��"� � �����"� .

4.3 Equations

In Sect.3.1 we lookedat equationalpropertiesof CBV andCBN, andthe informal reasonsfor
them:

� In CBV, the A -law for sumtypes(andbooleantype)holdsbecauseidentifiersareboundto
values.

� In CBN, the A -law for function typesholdsbecausea termof function typecanbemade
to evaluateonly by applyingit.

We stipulatedthata subsuminglanguageshouldhave bothof theseproperties.We cannow
seethatCBPV indeedmeetstheserequirements.

� Identifiersareboundto values,sothe A -laws for sumtypesholds.

� A term of function type can be madeto evaluateonly by applying it, so the A -law for
functiontypesholds.

Theequationalissueis moreimmediatelyapparentfrom a denotationalperspective,whetherwe
look at theprintingsemanticsor theScottsemantics:

� In CBPV, » » $-(y$ � ½ ½ is preciselythedisjointunionof » » $�½ ½ and » » $ � ½ ½ —likein CBV but unlike
in CBN.

� In CBPV » » $�½ ½��ï» » C ½ ½ is preciselythesetof functions(or thecpoof continuousfunctions)
from » » $�½ ½ to » » C ½ ½ —like in CBN but unlike in CBV.

We thusformulateanequationaltheoryfor CBPV (with complex values),given in Fig 4.1.
J , ` and ç rangeover computations,while I and ë rangeover values.

The equationsfor 
������� and 4��5'�6��!�� are of coursespecificto our exampleeffects, but
therearedirectly analogousequationsfor many othereffects.Thesequencingequationswill be
usedin Prop.24, andthroughoutPart III. We call this theory(without the 
���)��� and 4��5�����!'�
equations)theCBPVequationaltheory.

For bothprintingandScottmodelswehave(asaconsequenceof asubstitutionlemma,which
weomit)

Proposition22 Provablyequaltermshave thesamedenotation. ê
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, -laws
���6�&:&%��&Iø�6J > Jd»ÀIx¼�:"½
���6�&:&%��&Iø��ë > ë}»=Il¼�:�½

S�
����"4"n��"�3I�VT�'�m:�� J > Jd»ÀIx¼�:"½� �6�����m�"��n���oPJ > J

�£³S ˆ- N�I�V´���&M������6NeS^��N�:�V~�©Jü� N������¹Q > J ˆG »=Ix¼�:�½

�£ÆS ˆ- N�I�V´���bM������6NeSU��N�:'Ve�Åë-��N������¹Q > ë ˆG »=Il¼�:�½


�£ÆS I?N�Ib��V´���PSU:�N�7�V~�©J > Jd»ÀIx¼�:�N�I&��¼�7�½

"£ÆS I?N�I � VÖ����SU:�N�7�V~�Åë > ë}»ÀIx¼�:�N�I � ¼�7�½

ˆ- ‘ 	ºM"�����6N����©Jü��N������ÅQ > J ˆG
I ‘ 	�:��;J > Jd»ÀIx¼�:"½

A -laws
J > J§���m:���
��'��4"n�����:
I > ����n���o � �6���"�¤I

Jd»ÀIx¼ q�½ > 
�£�I¥���&M"�����6NeS^��N�:�V~�;JÂ»¹SU��NO:'V�¼ q"½�N������ÀQ
ë}»ÀIx¼ q�½ > 
"£�I¥���&M"�����6NeS^��N�:�V~�©ëd»¹SU��NO:'V�¼ q"½�N������=Q
Jd»ÀIx¼ q�½ > 
"£�Ió���PS^:�N�7�V~�;JÂ»¹SU:�N�7'V�¼ q�½
ë}»ÀIx¼ q�½ > 
�£\Ió����S^:�N�7�V~�©ëd»¹SU:�N�7'V�¼ q�½

J > 	TM������6N����À� ‘ J¥N������©Q
J > 	�:���S^: ‘ J_V

sequencinglaws
S�J]�'�m:�� `�VT�'�m7��6ç > J§���3:���S�`d���m7�� çPV

J§���3:��6	ºM"�����6N����©`b��N������ÅQ > 	ºM"�����6N�����S�J]���m:�� `b� VeN������ÅQ
J§�'�m:��6	'7��©` > 	�7��úS�J]�'�m:�� `�V


������� laws
S^
�������&æ ; JKVT�'�3:�� ` > 
�������bæ ; SOJ§���3:�� `�V


�������&æ ; 	TM������6N����;JÌ��N������¹Q > 	TM������6N����úS^
�������&æ ; JKVeN������ÅQ

�������bæ ; 	�:��;J > 	':���S^
���)���¤æ ; JKV

4��5'����!'� laws
4��5'����!'�����m:�� ` > 4��5�����!��

4��5'����!'� > 	ºM"�����6N����=4��5'����!'��N������¹Q
4��5'����!'� > 	':��;4��5'�6��!��

Figure4.1: CBPVequations,usingconventionsof Sect.1.4.2
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4.4 CK-Machine Illuminates � Equations

Werecallfrom Sect.1.5.2andSect.3.3.2that 	': and I ‘ canbereadascommands:

� 	': means“pop : ”;

� I ‘ means“push I ”.

Thisreadingilluminatesmany equationsinvolving � (aswell astheanalogousequationsinvolv-
ing ∏). Herearesomeexamples.

1. Considertheequation


���)���¦c~���������Tc ; 	�:��©J]>B	':��úS^
�������Zc~���������Tc ; JKV (4.1)

In theCK-machinereading,theLHS means


������� ” �'������� ”;

�� 
b: ;
J

while theRHSmeans


�� 
b: ;

������� ” �'������� ”;
J

Provided the stackis non-empty(as it mustbe if the initial configurationwasground),
thesetwo behavioursarethesame,becausepoppingandprinting donot interfere.

2. In the , -law

I ‘ 	':��©J%�DJd»=Ix¼�:�½
theLHS means


�n�����I ;

'�6
b: ;
J

Thefirst two lineshave theeffect of binding : to I andleaving thestackunchanged,so
theoverall effect is to obey J with : boundto I .

3. In the A -law

J(�B	':���S^: ‘ JKV
theRHSmeans


'�6
b: ;

�n����b: ;
J

Assumingagain that thestackis non-empty, thefirst two lineshave theeffect of leaving
thestackunchangedandbinding : to thetop entryin thestack.But we areassumingthat
: is notusedin J , sothefirst two linescanberemoved.



62 Chapter4. Complex ValuesandtheCBPVEquationalTheory

4. Theanalogueof (4.1) for divergenceis

4��5'�6��!��'�B	�:��;4��5�����!��
TheRHSmeans


��6
b: ;
4��5�����!'�

Assumingagain thatthestackis non-empty, thisdiverges.

As anaside,wenoticethatall these4 equations,andthepush/popreadingthatexplainsthem,
hold in CBN aswell asin CBPV.

4.5 Reversible Derivations

Proposition23 TheCBPV equationaltheorypossessesthefollowing reversiblederivations,all
of whichpreservesubstitutionin Γ:

þ�þ�þ Γ N�$���W / C þ�þ�þ>�>�>'>�>'>�>'>�>'>�>'>'>�>
Γ N ∑ �^�)� $���W�/ C

þ�þ�þ Γ N�$���W < C þ�þ�þ>�>�>�>'>'>�>'>�>'>�>'>�>�>
Γ N ∑ �^�)� $���W < C

Γ N $�N $ � W / C>v>�>�>'>'>�>'>�>�>¬>
Γ N $�#P$ � W / C

Γ N�$PN $ � W < C>~>�>'>�>�>'>�>'>'>e>
Γ N�$�#P$ � W < C

Γ W / $ Γ W / $ �>�>�>�>'>�>'>�>'>�>'>'>
Γ W / $�#P$ �

Γ W < C> >�>�>'>�>�>
Γ W / � C

þ�þ�þ Γ W < C � þ�þ�þ>�>�>�>'>�>'>�>'>�>'>�>
Γ W < ∏ �^�)� C �

Γ N $DW < C>�>'>�>�>'>�>'>�>
Γ W < $D� C

ê
For example,thereversiblederivationfor � is givenby

� theoperationÇ : J§È� 	':��©J , which turnsacomputationΓ N�: : $DW < J : C into a compu-
tationΓ W < ` : $B� C

� theoperationÇ Ë 1 : `ÂÈ�G: ‘ ` , which turnsa computationΓ W < ` : $B� C into a compu-
tationΓ N�: : $DW < J : C

andit is clearthat theseoperationsareinverseup to provableequality, usingthe , - and A -laws
for � , andthatthey commutewith substitutionin Γ, aswe explainedin Sect.2.3.4.

Notice that theonly typeconstructorthatdoesnot possessa reversiblederivation is � . All
thebadnesspresentin theCBN sumtypeandin theCBV functiontypeis, in CBPV, concentrated
in � . For this reason,it is � thatmakesthecategoricalsemanticsof CBPV complicated.

Definition 21 A reversiblederivation Ç betweencomputationsis said to preserveprinting, to
preservedivergenceor to preservesequencingin Γ whentherespectiveequation

Ç�S�
���)���&æ ; JKVì> 
���)���&æ ; Ç�S�JKV
Ç�SU4��5�����!'��V]> 4��5�����!��

Ç�S�ç����¤q�� JKVì> ç��'�3q�� Ç�S�JKV ( q anidentifierin Γ)

is provable. ê
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We can make similar definitionsfor other effects. As with preservation of substitution,if Ç
preservesprinting/divergence/sequencingthensodoesÇ Ë 1.

Proposition24 Eachreversiblederivation betweencomputationslisted in Prop.23 preserves
printing,divergenceandsequencingin Γ. ê
For theaboveexampleof Ç : JRÈ� 	�:��©J this resultis givenby theequations

	':���S�
���)���¤æ ; JKV]> 
�������bæ ; 	�:�� J
	':��;4��5'�6��!'� > 4��5'�6��!'�

	':���S�çB�'�3q�� JKV]> çÁ���3q���	�:��;`
all of whichareincludedin Fig. 4.1.

In fact,if Ç preservessubstitutionandsequencingin Γ, thenit automaticallypreservesprint-
ing anddivergence,becauseof theprovableequations


���)���&æ ; J > S�
���)���&æ ; 
��'��4"n����PS V�VT����S�V~� J
4��5�����!�� > 4��5'�6��!�� ^ 0 �'��M�Q

As we statedin Sect.2.3.4,thesereversiblederivationsprovide importantinformationabout
thecategoricalstructureof theequationaltheory. We shallseethis in Part III.

4.6 Complex Valuesare Eliminable

Lemma 25 If Jì>¿` is provableand J and ` donotcontaincomplex valuesthen J#�¿` . ê
Proof This follows from Prop.22andCor. 18. ê

We arenow in a positionto seethat complex valuescanbe eliminatedfrom computations
andfrom closedvalues.

Proposition26 1. Thereis an effective procedurethat, given a computationΓ W < J : C ,
possiblycontainingcomplex values,returnsa computationΓ W < ˜J : C without complex
values,suchthat J§> ˜J is provable.

2. Thereis an effective procedurethat, given a closedvalue W / I : $ , possiblycontaining
complex values,returnsaclosedvalue W�/ ˜I : $ withoutcomplex values,suchthat It> ˜I
is provable.

ê
Proof

1. Wewill defineonesuchprocedure,andsimultaneously, for eachvalueΓ W / I : $ , possibly
containingcomplex values,andeachcomplex-value-freecomputationΓ N�5 : $ÁW < ` : C ,
we will definea complex-value-freecomputationΓ W < `¿»=Ix¼ ¼�5"½ : C suchthat `E»=Il¼ ¼�5�½�>
`E»=Il¼�5"½ is provable.

By mutualinductionon J and I , wedefine ˜J and `E»ÀIx¼ ¼�5�½ in Fig. 4.2andweprove the
equations

˜J§>DJ
`E»=Il¼ ¼�5�½ > `¿»=Ix¼�5�½
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2. For avalue $ 0 N������6N�$�ý Ë 1 W / I : $ possiblycontainingcomplex values,wewill define ˜I to
beafunctionthat,whenappliedto asequenceë 0 N������6N�ë-ý Ë 1 of complex-value-freeclosed
valuesW / ë � : $ � , returnsacomplex-value-freeclosedvalue ˜IÃS ë 0 N������6N�ë ý Ë 1 V suchthat

˜IZS�ë 0 N������6N�ë�ý Ë 1 Vg>BI¦» .�.�.6�ë���¼�:"��½
is provable.This is definedby inductionon I in Fig. 4.2.ThespecialcaseL\> 0 givesthe
desiredresult.

ê

I `E»=Il¼ ¼�5�½
: `E» :�¼�5"½
���6�&:&%'�&ëÌ�"� S ���6�&:&%'��rº� `E»;��¼ ¼�5"½UV¸»Àë¿¼ ¼�r�½
S ˆ- N�ë V S ���6�&5&%'�XS ˆ- NUr�V~� `�V¸»ÀëE¼ ¼�r�½

"£�ë·���&M"�����6N�SU��NO:'V~�¹� � N������ÅQ S^
"£�r����&M"�����6NeS^��N�:�V~�©`¿»©� � ¼ ¼�5�½�N������ÅQ Vv»=ë¿¼ ¼)r�½
S ëüN�ë � V S ���6�&5&%'�XS^rºNO:'Ve� `�V¸»=ë¿¼ ¼�r�½�»=ë � ¼ ¼�:�½

"£�ë·���PSU:�N�7�V~��� S^
"£�r����PSU:�NO7'Ve�©`E»;��¼ ¼�5"½UV¸»Àë¿¼ ¼�r�½
����n���oPJ `E» �"��n���o ˜JK¼�5"½

J ˜J
�����¤:&%��&ëü� ` S ���6�&:¤%���rº� ˜`�Vv»=ë¿¼ ¼)r�½

�£�ëµ���bM������6N�SU��NO:'Ve�©`b� N������¹Q S^
"£�r����&M������6N�SU��NO:'Ve� ˜`b��N������¹Q�V¸»=ë¿¼ ¼�r�½

�£�ëµ����S^:�N�7�V~�;` S^
"£�r����PS^:�N�7�V~� ˜`-V¸»ÀëE¼ ¼�r�½
	ºM"�����6NeS^��N�:�V~�©` � N������¹Q 	TM"�����6N�SU��NO:'V~� ˜` � N������¹Q
ˆ- ‘ ` ˆ- ‘ ˜`
	�:��©` 	':�� ˜`
I ‘ ` SU5 ‘ ˜`�V¸»ÀIx¼ ¼�5�½

��'�"4�n����¤I S^
����"4�n��"��5�V¸»=Il¼ ¼�5�½
`}�'�m:�� ç ˜`d�'�m:�� ˜ç� �������¤I S � �6������5'Vv»=Ix¼ ¼�5"½

�������&æ ; ` 
���)���&æ ; ˜`

I ˜IZS .=�ë���V
:�� ë-�
���6�&:&%��&ëü�"� ˜��S .=�ë-��N ˜ëuS .À�ë-� V�V
S ˆ- N�ë V S ˆ- N ˜ëuS .À�ë-��V�V

"£�ëµ���&M"������N�SU��NO:'Ve���¶��N������¹Q ˜� ˆG S .À�ë-��N�I � V where ˜ëuS .=�ë-��Vg>hS ˆ- N�I � V
S ëüN�ëó�¹V S ˜ë�S .=�ë � VeN ˜ë � S .=�ë � V�V

"£�ëµ���PSU:�N�7'Ve��� ˜��S .=�ë-��N�I � N�I � � V where ˜ëuS .À�ë���VT>hS I � N�I � � V
����n���o�J ����n���o ˜Jd» .".'. �ë-��¼�:���½

Figure4.2: Definitionsusedin proofof Prop.26

By choosingsomesuchprocedure,wecanextendtheoperationalsemanticsto includeground
producerswith complex values: if J is sucha producer, we saythat J·éûè@N�� if f ˜J·é³è@N�� .
Becauseof Lemma25, this relationdoesnotdependon thechoiceof procedure˜. .

We canadaptthe proof of Prop.26 to show that complex valuescanbe removed from a
context. So it is immaterialwhether, in our definition of observationalequivalence,we allow
contexts to containcomplex values.
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WecanextendProp,22andCor. 18asfollows, for theprinting language:

Proposition27 Provable equality implies denotationalequality, which implies observational
equivalence. ê
Thisadaptsto thevariouseffectsanddenotationalmodelswewill look at.

4.7 Syntactic Isomorphisms

4.7.1 Desired Examples

Wefrequentlywantto saythattwo CBPVtypesare“isomorphic”. Herearesomeexamples:

$D�ïS C ��g V(�> SU$�# C Vg��g (4.2)

�¤$ #\�3$ � �> �XSO$ Π $ � V (4.3)

(4.2) is thecurrying isomorphism.Operationally, this saysthatpoppingtwo operandssuc-
cessively is essentiallythesameaspoppinga pairof operands.

(4.3) saysthat a pair of thunkscanbe coalescedinto a singlethunk,of a computationthat
first popsabinarytagandproceedsaccordingly.

Theseisomorphismsare obviously valid in both the printing model and the Scott model.
For example,thereis a canonicalisomorphism(4.2)of   -sets(in thesenseof Def. 10(1))anda
canonicalisomorphism(4.3)of sets.Butwerequireasyntacticnotionof “isomorphism”between
two types.This is straightforwardfor valuetypesbut lesssofor computationtypes.

4.7.2 A Suitable Definition

Definition 22 1. An isomorphismbetweenvaluetypes$ and C is a reversiblederivation Ç
Γ W / $>6>'>�>6>
Γ W / C

that preservessubstitutionin Γ. (By the Yonedaembedding,we could alsocharacterize
an isomorphismasa pair of terms $hW�/�I : C and C W�/�ë : $ inverseup to provable
equality.)

2. An isomorphismbetweencomputationtypes$ and C is a reversiblederivation Ç
Γ W < $> >'>�> >
Γ W < C

thatpreservessubstitutionandsequencingin Γ.
ê

In Chap.15.1we will explain why we define(2) in this way. For themomentwe canprovide a
roughintuition by sayingthatpreservationof sequencing—which,aswesaidin Sect.4.5,implies
preservationof printinganddivergence–isanalogousto thestructurepreservationin Def. 10and
Def. 12. A reversiblederivationthatpreservessubstitutionbut notsequencingin Γ givesusonly
a syntacticisomorphismbetween�¤$ and � C . It is thereforeanalogousto a bijectionbetween
thecarriersof » » $ ½ ½ and » » C ½ ½ , ratherthanan   -setisomorphismbetween» » $ ½ ½ and » » C ½ ½ .

Wecannow show thattheexamplesaboveareinstancesof Def. 22.
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(4.2) canbegivenasthecompositereversiblederivation

Γ W < $D� S C ��g V>�>�>'>'>�>�>'>�>'>'>�>'>�>
Γ N $EW < C ��g>�>�>'>'>�>�>'>�>'>'>�>'>�>

Γ N�$PN C W < g>�>�>'>'>�>�>'>�>'>'>�>'>�>
Γ N�$�# C W < g>�>�>'>'>�>�>'>�>'>'>�>'>�>

Γ W < SO$�# C VT��g
whichpreservessubstitutionandsequencingin Γ becauseeachof its factorsdoes.

(4.3) canbegivenasthecompositereversiblederivation

Γ W / �3$ #Ã�3$ �>�>�>�>'>'>�>'>�>'>�>'>�>'>">
Γ W / �3$ Γ W / �¤$ �>�>�>�>'>'>�>'>�>'>�>'>�>'>">

Γ W < $ Γ W < $ �>�>�>�>'>'>�>'>�>'>�>'>�>'>">
Γ W < $ Π $ �>�>�>�>'>'>�>'>�>'>�>'>�>'>">

Γ W / ��SU$ Π $ � V
whichpreservessubstitutionin Γ becauseeachof its factorsdoes.

4.7.3 Type Canonical Forms

The readermay be familiar with the fact thatevery PCFtype is isomorphicto oneof the form
$ 0 � þ�þ�þ�� $�ý Ë 1 � C , where C is a groundtype. Thereis ananalogousresultfor CBPV. We
saythatCBPVtypesin thefollowing inductively definedclassesarecalledtypecanonicalforms:

$ :: > ∑ �^�)� � C �
C :: > ∏ �^�)� S�� C � �¢�&$�� V

Proposition28 Every CBPVtypeis isomorphicto a typecanonicalform. ê
This is easilyprovedby inductionover types.Wecanunderstandthis resultasfollows.

� Every closedvalue I is a tuple (moreaccurately, a hereditarytuple)of tagsandthunks.
All thetagscanbecoalescedinto a singletag,and(aswe explainedin Sect.4.7.1)all the
thunkscanbecoalescedinto asinglethunk.So I correspondsto a pair S ˆ- NO����n���obJ_V .

� Every A -expandedclosedcomputationJ popsseveral operandsand thenbehavesasa
producer. Eachof the operandsis either a tag or a value, and eachoperandwhich is
a value is a tuple (more accurately, a hereditarytuple) of tagsand thunks. So we can
coalesceall the operandsinto a single tag anda single thunk. Thus J correspondsto
	TM"�����6N����©	':��;`b��N������¹Q whereeach̀b� is aproducerandeach: hasthunktype.

� Every closedoutsidec consistsof severaloperandsfollowedby a consumer. Again, we
cancoalesceall theoperandsinto a singletaganda singlethunk. Thus c correspondsto
anoutsideˆ- :: S^����n���o�JKV :: j , where j is aconsumer.

4.8 Relationship With Effect-FreeLanguages

The effect-freeanalogueof CBPV is the # ∑∏ � -calculusshown in Fig. 4.3; essentiallythis
is the 	�%�������( -calculusof Sect.2.3 extendedwith both pattern-matchproductsandprojection
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Types

$ :: > 1 � $�#P$ � ∑ �^�)� $ � � ∏ ����� $ � � $D�¢$
whereeachset � is finite (or countable,for infinitelywide # ∑∏ � -calculus)

Terms

Γ N�: : $PN Γ � W�: : $
Γ W�J : $ Γ N�: : $DWX` : C

Γ W\�����&:&%'�¤J¥� ` : C
Γ WXJ : $ Γ W�J � : $ �

Γ W³S�J¥N J � V : $�#P$ �
Γ WXJ : $�#P$ � Γ NO: : $�N�7 : $ � W�` : C

Γ WP
"£XJµ���PSU:�NO7'Ve�©` : C
Γ W�J : $ ˆG

Γ W³S ˆ- N JKV : ∑ �^��� $��
Γ W�J : ∑ �^�)� $�� þ�þ�þ Γ N�: : $���W\`&� : C þ�þ�þ

Γ W�
"£�J·���&M"�����6NeS^��N�:�V~�©`&��N������¹Q : C
þ�þ�þ Γ W\Jü� : C �Eþ�þ�þ

Γ W�	TM"�����6N����;JÌ��N������¹Q : ∏ �^�)� C �
Γ W�J : ∏ �^��� C �

Γ W ˆ- ‘ J : C ˆG
Γ N�: : $DWXJ : C

Γ W\	':��©J : $D� C
Γ W\J : $ Γ W�` : $D� C

Γ W�J ‘ ` : C
Equations,using conventionsof Sect.1.4.2

, -laws
�����&:&%'�¤J¥� ` > `¿»ÀJj¼�:"½


�£³S�J¥N J � V´����S^:�NO7'V~�;` > `¿»ÀJj¼�:�N�J � ¼�7"½

"£ÆS ˆ- N�JKV¶���&M"�����6NeS^��N�:�V~�©` � N������¹Q > ` ˆG »ÀJj¼�:"½

ˆ- ‘ 	TM������6NO���©J � N������¹Q > J ˆG
J ‘ 	':��©` > `¿»ÀJj¼�:"½

A -laws
`E» Jh¼�q"½ > 
�£�Jµ����S^:�N�7�V~�;`E»�S^:�NO7'V�¼�q"½
`E» Jh¼�q"½ > 
"£XJa���&M"�����6NeS^��N�:�V~�;`E»�S^��N�:�V�¼�q"½ N������=Q

J > 	TM������6NO���=� ‘ J¥N������©Q
J > 	':���SU: ‘ JKV

Figure4.3: The # ∑∏ � -Calculus
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products.As this calculusis effect-free,it is not necessaryto have both kinds of product,just
convenient.

Weusetheterm“ # ∑-calculus”for thefragmentof thiscalculususingjust # and∑; similarly
“ # -calculus”andsoforth.

Theimportanttranslationsareshown thus:

# ∑∏ � -calculus

# ∑-calculus� value

fragment

8
CBPV

tri
via

liz
at

ion

�

CBPV+ 
�������

�
�

Weseetwo relationshipshere.

� # ∑-calculusis a fragmentof CBPV (calledthe valuefragment). The embeddingleaves
typesunchangedandtransformsa termΓ WXJ : $ into avalueΓ W / I : $ .

� We cancollapseeffect-freeCBPV into # ∑∏ � -calculususing the trivialization trans-
form, written . � õ . This transformdiscards� and � andleavesall othertypeconstructors
unchanged.It translatesa value Γ W�/mI : $ to a term Γ � õTWyI � õ : $ � õ , and translatesa
computationΓ W < J : C to a termΓ � õ WXJ�� õ : C � õ .

Consequently:

� every CBPV modelmustincludea modelfor # ∑-calculus(the valuecategory), suchas
Set, Cpo or SEAM (introducedin Sect.5.2);

� everymodelfor # ∑∏ � -calculus,suchasSet, givesamodelfor CBPV(a trivial model).
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Chapter 5

Recursionand Infinitely DeepCBPV

5.1 Intr oduction

This chapteris aboutthecomputationaleffect of divergence.Thereis little original work here;
we aresimply recallingandadaptingwell-known material,which is not specificto CBPV, for
usein subsequentchapters.

First,weaddrecursionto CBPV—bothrecursive termsandrecursive types—andlook at the
denotationalsemantics.Ratherthanusearbitrarycposandcpposaswe did in Chap.3, we re-
strict themodelto Scott-Ershov (SE)domainsandScott-Ershov-Abramsky-McCusker (SEAM)
predomains.Wedothisto makethepoint thatthecategoryin whichCBPVvaluesareinterpreted
doesnot needto becartesianclosed.(Anotherbenefit,aswe explain below following thetreat-
mentin e.g.[SHLG94], is that thenotionof S���N$�ºV -pair usedin thesemanticsof type recursion
hasa simplerepresentation.)The materialon denotationalsemanticsof type recursionwill be
usedfurtherin Sect.7.10,whenwe look at thedenotationalsemanticsof thunkstorage.

Secondly, welook ata languagefeaturethatis, in asense,equivalentto recursion—infinitely
deepsyntax.This meansthattheparsetreeof a termor typecanbeinfinitely deep,i.e. branches
canbeinfinitely long. Böhmtreesareawell-known exampleof suchterms.Ouronly subsequent
useof infinitely deepCBPV will beto statedefinabilityresultsfor gamesemanticsin Chap.9.

It is importantnot to confusethis infinitely deepsyntaxwith theweaker featureof infinitely
widesyntax, which is usedthroughoutthe thesis.The lattersimply meansthatwe allow types
∑ �^��� $ � and∏ ����� C � , where � is countablyinfinite. (Therefore,parsetreesof typesandterms
areinfinitely wide.) Infinitely wide syntaxdoesnot introducedivergenceinto thelanguage,and
all the CBPV semanticsin the thesiscaninterpretit. It provides,for example,an easyway of
giving a typeof naturalnumbers:as∑ �^�v� 1. We useit alsoasa metalanguagewhile describing
thepossibleworld semanticsin Chap.7.

It is easyto seethat oncewe allow infinitely deepsyntax,we canencodeinfinitely wide
syntax—forexample,the infinitely wide type ∑ ���¸� 1 canbe written asthe infinitely deeptype
1 (ÄS 1 (ÄS 1 (Ìþ�þ�þ V�V . In summary:

finitary
CBPV � infinitely wide

CBPV � infinitely deep
CBPV

We stressthat theserelationshipsapply equally to CBV or to CBN. However, the designphi-
losophy of CBPV is maximalist(“How much can we add to the languagewithout losing the
semantics?”),andthis perhapsmakesit morenaturalto considertheseextensionsfrom a CBPV
perspective thanfrom a CBV or CBN perspective.

Thereis a seriousproblemthatarisesfrom bothinfinitely wide andinfinitely deepsyntax—
non-computability.For example,whenwe define ���6� to be∑ �^�v� 1, every function � from � to
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� is definable,evenif � is notcomputable:

W < 	':��À
"£P:P���bM������O���À
����"4�n��"���ÖSU�ùVeN������ÅQ : ���6�&�¢�¤�'���
Consequentlyrealizabilitymodelsof CBPV (which we do not treatin this thesis)arenot mod-
els of eitherinfinitely wide CBPV or infinitely deepCBPV. This canprobablybe remediedby
restrictinginfinitely deepCBPV to “computableterms”and“effectively presentedtypes”,asis
donefor strategiesandarenasin gamesemantics(e.g.[HO94]). However, we have not investi-
gatedthis.

5.2 SE DomainsAnd SEAM Predomains

Wecancut down thecpomodelof CBPV in thefollowing way.

Definition 23 1. A (Scott-Ershov) Scott-Ershov (SE)domain is a countablybased,consis-
tently complete,algebraiccppo.

2. A Scott-Ershov-Abramsky-McCusker (SEAM)predomainis acpoisomorphicto oneof the
form ∑ �^�)� �� � , where� is countableandeach � is aSEdomain.

3. SEAM is thecategoryof SEAM predomainsandcontinuousfunctions.
ê

TheScottsemanticsfor CBPV (evenwith recursive types,aswe shall see)takesplaceentirely
within SE domainsand SEAM predomains. (Def. 23(2) is motivatedby Prop. 28 for value
types—cf.[AM98a].)

Noticethat
� a SEdomainis preciselyaSEAM predomainwith a leastelement;

� SEAM is notacartesianclosedcategory, becauseof thecountabilitycondition.For exam-
ple, � is a flat SEAM predomain,but �B��� is anuncountableflat cpoandhencenot a
SEAM predomain.

We recall thestandardrepresentationtheoryfor SEdomains[Plo83, SHLG94], andadaptit
for SEAM predomains:

Definition 24 1. A conditionaluppersemilattice(cusl)is aposetSO$�N��mV with aleastelement; , in whichevery consistent(i.e. upper-bounded)finite subsethasa leastupperbound.

2. A multi-cusl1 is a posetwhich is a disjoint unionof a family of cusls.

3. An idealof aposet SO$PN=�3V is a subset� R $ suchthat

� � is down-closedi.e. if � [ � and
9 � � then

9 [ � ;� every finite subsetof � hasanupperboundin � .

ê
Countablemulti-cuslsareequivalentto SEAM predomains,in thefollowing sense.

� Given a SEAM predomain� , the posetof compactelementsof � forms a countable
multi-cusl.

� Given a countablemulti-cusl $ , the posetof idealsof $ , orderedby inclusion, forms a
SEAM predomain.

� Theseoperationsareinverseup to posetisomorphism.

Similarly, SEdomainsareequivalentto countablecusls.
1Theterm“pre-cusl”hasalreadybeenused.
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5.3 Divergenceand Recursion

Althoughwe have alreadydescribedtheScottmodelof CBPV in Sect.3.6, themodelis rather
pointlessif we donotaddrecursionto thelanguage.Wenow look at thisaddition.

5.3.1 Divergent and Recursive Terms

Weaddto thebasicCBPV languagetheconstructs

Γ W < 4��5�����!'� : C
Γ N�: : � C W < J : C

Γ W < �T:��©J : C
While 4��5�����!�� is notstrictly necessary(e.g.it canbedesugaredas �T:�� � �������0: ) it is convenient
to includeit asaprimitive.

Weaddthebig-steprules

4��5'����!'��é�F
4��5'����!'��é�F

JÂ» ����n���o¤�T:��©Jj¼�:"½6é\F
�T:��©Jïé\F

Therule for 4��5'�6��!'� canof coursenever beapplied,so it is technicallydispensable.We have
includedit to reflect the operationalidea of divergence: to evaluate 4��5'����!'� , one evaluates
4��5'�6��!'� , andsoforth. Wesaythat J divergesif f theredoesnotexist F suchthat JïéXF . (This
definitionis acceptableonly in a deterministicsetting.)

To theCK-machinewe addtransitions:

4��5�����!'� cf 4��5�����!'� c
�T:��©J cf JÂ» ����n���o¤�T:��©Jj¼�:"½5c

Proposition29 Let J bea closedcomputation.

SoundnessIf Jïé\F then » »ÀJó½ ½�>ó» » F�½ ½ .
Adequacy If J divergesthen » »ÀJó½ ½">>; .

ê
Proof(in thestyleof [Tai67]) Soundnessis straightforward.For adequacy, we define,by mutual
inductionover types,threefamiliesof relations:

for each$ , � / N between» » $�½ ½ and M N ;
for eachC , � � I between» » C ½ ½ and K I ;
for eachC , � < I between» » C ½ ½ and H I ;

Thedefinitionof theserelationsproceedsasfollows:4,�0/ X I ����n���o�J if f ¯�v�«�x¸®O4,� < I J4,� /∑ �^�)� $ � S ˆ- N�IPV if f 4&>hS ˆ- N@zvV for somezO� / N ˆY I4,� / NSZ[NF\ S IøN�Ib��V if f 4&>hS	z�N�z���V for somezO� / N I and ze��� / NF\ Ib�
zO���^ N 
��'�"4�n����¤I if f zø>>; or zø>|u6«�vwP�yx¸®O4 for some4,� / N I��� �∏ �^�)� C � 	TM"�����6NO���©Jü��N������ÅQ if f ˆ- [ � impliesˆ- ‘ ��� < I a J ˆG��� �NL_ I 	�:��;J if f 4,�0/ N I implies 4 ‘ ��� < I Jd»=Ix¼�:�½
zO� < I J if f zø>>; or, for someF , Jìé�F and z�� � I F

Notice that for terminal F , z'� < I F if f z����I F . We prove by mutual inductionover typesthe
following:
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� For eachvalue I [ MON theset My4 [ » » $�½ ½ : 4+� / N I\Q is admissible(closedunderdirected
joins).

� 2 If 4,� / N I and 4"�w� / N I and u «�v�P'�xv®O4,�<u «�v�P'�xv®�4"� then 43��4"� .
� For eachterminal computationF [ K I the set Myz [ » » C ½ ½ : z?� � I F&Q is admissibleand

contains; .

� For eachcomputationJ [ H I theset Myz [ » » C ½ ½ : zO� < I J�Q is admissibleandcontains; .

Finally we show that for any computation$ 0 N������6N $ ý Ë 1 W < J : C , if 4 � � / Nba ë � for �?>
0 N������6N�L¤. 1 then » »ÀJó½ ½ . .'.�.��:���È�t4"�7� < I Jd» .".�. �ë-��¼�:"��½ ; andsimilarly for any value $ 0 N������6N�$�ý Ë 1 W�/ÖI : $ .
This is shown by mutualinductionon J and I , andgivestherequiredresult. ê
Corollary 30 For any closedgroundproducerJ , wehave J é¤
��'��4"n��"�?L if f » »ÀJó½ ½�>�u «�v�P'�xv®TL ,
and J divergesiff » »ÀJó½ ½�><; . Hencetermswith thesamedenotationareobservationallyequiv-
alent. ê

5.3.2 Type Recursion

Both valuetypesandcomputationtypescanbe definedrecursively, so we extendthe type ex-
pressionsasfollows:

$ :: > þ�þ�þ � � � �T���;$
C :: > þ�þ�þ � � � �T� � C (5.1)

Herearesomeexamplesof CBPVrecursive types:

�T���úS 1 (³%'�����m#��'V thetypeof finite listsof booleans
�T� �©�\S 1 (³%������3#\�3� V thetypeof (finite or infinite) lazy listsof booleans

Noticeagain theflexibility of CBPV; it candescribebotheagerandlazy recursive types.
Thereis a syntacticdifferencebetweenthetwo kindsof recursive type:

Γ W / I : $X» �T���;$&¼���½
Γ W / � ����4�I : �T���;$

Γ W / I : �T�î$ Γ N�: : $X» �T���;$&¼���½�W < J : C
Γ W < 
"£�Ió��� � ���"43:��;J : C

Γ W < J : C » �T� � C ¼�� ½
Γ W < � ����4bJ : �T� � C

Γ W < J : �T� � C
Γ W < n�� � ����4bJ : C » �T� � C ¼�� ½

Thereasonwe do not have a constructn�� � ���"4�I ,where I hastype �T���=$ , is that this is a
complex value, in thesenseof Sect.4.2,and(aswe explainedthere)we excludecomplex values
in orderto keeptheoperationalsemanticscanonical.For all non-operationalpurposes,however,
weaddthecomplex valuerule

Γ W / I : �T�î$ Γ N�: : $�» �T���;$¤¼��"½�W / ë : C
Γ W / 
"£�Ió��� � ���"43:��©ë : C

2Thisclauseis usedin proving theadmissibilitypropertyfor �J� , but it is notreallynecessarybecausein theScott
modelwe immediatelyhave a strongerresult: �&���Q�y�"�� J¡�¢r�&� �6�����{ S¡ Ý implies ¡�¢�¡ Ý . However, we includethis
clauseheresothattheadequacy proofgeneralizesto othermodelswherethestrongerresultis not valid.
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—enablingusto define n�� � ���"4�I as 
"£ZI ��� � ���"4b:��À: —andtheequations(usingtheconven-
tionsof Sect.1.4.2)

S�,øV n�� � ���"4 � ����4bJ > J
S�,øV 
�£ � ���"4bI¥��� � ���"4¤:��©ë > ë}»=Il¼�:"½
S�,øV 
�£ � ���"4�Ió��� � ���"43:��;J > JÂ»ÀIx¼�:�½
SUA'V J > � ���"4mn�� � ���"4&J
SUA'V ë}»ÀIx¼ q�½ > 
�£�Ió��� � ����4¤:��Åë}» � ���"4m:�¼ q"½
SUA'V Jd»=Ix¼�q"½ > 
�£\Ió��� � ����4¤:��©Jd» � ���"4m:�¼ q"½

J§�'�m:�� � ���"4&` > � ����4\S�J§���m:�� `�V
4��5'�6��!�� > � ����4&4��5'�6��!��


���)���&æ ; � ����4b` > � ���"4\S^
���)���&æ ; `�V
(The last two areof courseeffect-specific—althoughdivergenceis necessarilypossiblein the
presenceof typerecursion—but thereareanalogousequationsfor eacheffect.) We canthenre-
movecomplex valuesfrom computationsandclosedvaluesasin Prop.26,andwehavesyntactic
isomorphisms

�T���=$ �> $�» �T���=$&¼��"½
�T� � C �> C » �T� � C ¼�� ½

For big-stepoperationalsemantics,wefirst extendtheclassof terminalcomputations

F :: > þ�þ�þ � � ���"4&J
andthenaddthefollowing rules:

Jd»=Ix¼�:�½6é\F

�£ � ���"4�Ió��� � ���"43:��;JÉé�F

� ����4bJÉé � ����4bJ
JÉé\F

n�� � ���"4 � ����4bJÉé�F
To theCK-machinesemanticswe add

n�� � ����4 � ����4bJ cf J c

"£ � ����4�Ió��� � ����4¤:��;J cf Jd»=Ix¼�:�½ c

5.3.3 Denotational Semanticsfor Type Recursion

The denotationalsemanticsfor recursive typesare obtainedusing a generaltheory described
in [SP82].

Definition 25 Let � bea poset-enrichedcategory.

An S���N$�TV -pair from $ to C consistsof morphisms

$ � 8£ � C
suchthat � ; �P> � P¤N and� ; �¥� � P I . � is calledanembeddingand� is calledaprojection—
they determineeachother. We write � !ùô for thecategory with thesameobjectsas � , and
S���N¦�ºV -pairsasmorphisms.
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1.2. Let � be a directeddiagramin � !ùô i.e. a functor from a directedposet§ , regardedasa
smallcategory, to �J!ùô . A coconefrom � consistsof anobject I (thevertex) togetherwith,
for eacḧ [ § , an S	��N¦�ºV -pair S	�Q©6N¦�]©�V from �ª¨ to I , suchthat

for ¨3�«¨ �
�ª¨ ��¨�¨"�`8 �ª¨ �

I¬ ®�¯�° ±@²
³ ° ±
´µ�¶ · ¸ ¹ · º » commutes.

Suchacoconeis anO-colimit when ¼
© �Q½ S�� © ; � © Vg> � P�¾ (5.2)

ê
Many propertiesof O-colimitsaregivenin [SP82].

Definition 26 An enriched-compactcategory � is a Cpo-enrichedcategory with the following
properties.

� Eachhom-cpo��SO$PN C V hasa leastelement; .

� Compositionis bi-strict. ; ; ¿ > ;� ; ; > ;
� � hasa zero object i.e. an object which is both initial and terminal. (Becauseof bi-

strictness,justoneof thesepropertiesis sufficient.)

� Every countabledirecteddiagramof S	��N¦�ºV -pairshasanO-colimit.

ê
(Thefirst 2 conditionscouldbeexpressedby sayingthat � is enrichedin themonoidalcategory
S CppoÀ � õ$Á < � N�ÂbV of cpposandstrict continuousfunctionswith smashproduct.) Every enriched-
compactcategory � is algebraically compact[Fre91] andso every locally continuousfunctor
from �SÃ�Ä´#Å� to � hasacanonicalfixpoint (up to isomorphism).

To giveexamplesof enriched-compactcategories,weusethefollowing.

Definition 27 (basedon [AM98a]) Let $ and C beSEAM predomains.A partial-on-minimals

continuousfunctionfrom $ to C is apartialcontinuousfunction $ � Æ C suchthat � is
definedon � if f � is definedon theleastelementbelow � . ê
Noticethatif $Ç�> ∑ �^�)� �� � to C �> ∑È ��É �Ê/ È then � canbespecifiedby

� a partialfunction � ¿ Æ%Ë
� for each� [ P¤v7Ì�¿ , acontinuousfunctionfrom �� � to ��/ ÍQÎ ��Ï .
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Wewill write SEAM ôùñ�õ ��Ð Á 2 for thecategoryof SEAM predomainsandpartial-on-minimalscon-
tinuousfunctionsandwewill write SEÀ � õ$Á < � for thecategoryof SEdomainsandstrict continuous
functions.Thesearethecategoriesin whichwewill interpretrecursivevaluetypesandrecursive
computationtypes,respectively. Noticethatanisomorphismin SEAM ôùñ�õ ��Ð Á 2 is preciselyaniso-
morphismof SEAM predomains,while an isomorphismin SEÀ � õ$Á < � is preciselyanisomorphism
of SEdomains.

Usingtherepresentationtheorypresentedin Sect.5.2,we cangiveasimplecharacterization
of S���N$�TV -pairsin thesetwo categories.

Proposition31 [SHLG94]

1. Let $ and C be the multi-cuslsof compactelementsof SEAM predomains and / .
An S���N¦�ºV pair from  to / in SEAM ôùñùõ �*Ð Á 2 is given by an injection � from $ to C that
preservesandreflects � , minimality, inconsistency andjoins. In particular, it providesan
injectionfrom theminimal elementsof $ (equivalently, of  ) to theminimal elementsof

C (equivalently, of / ).

2. Let $ and C be the cuslsof compactelementsof SE domains and / . An S	��N¦�ºV pair
from  to / in SEÀ � õ$Á < � is givenby aninjectionfrom $ to C thatpreservesandreflects� ,; , inconsistency andjoins.

ê
Proof

(1) Given S���N¦�ºV we noticethat � is total andinjective andpreservescompactness,sodefine � to
be the restrictionof � to the compactelements.Conversely, given � we define � to take� [  to ÑÓÒ �QN1Ô ÒÖÕ7×��~S	4�V and � to take

9 [ / to ÑÓÒ �ÖN.Ô � ÎØÒ Ï ÕÚÙF4 if MÖ4 [ $ � �~S	4�VÛ� 9 Q is non-
empty—otherwise� is undefinedat

9
. It is easyto checkthattheseconstructionshave the

correctpropertiesandareinverse.
Note If S	��N¦�ºV is constructedfrom � in this way then the composite� ; � takes

9 [ / toÑÓÒ �ÖN.Ô � ÎØÒ Ï ÕÚÙ��~S	4�V if MÖ4 [ $ � �~S	4�VÜ� 9 Q is non-empty—otherwise� ; � is undefinedat
9
.

(2) Similar.

ê
Proposition32 1. SEAM ôùñ�õ ��Ð Á 2 is anenriched-compactcategory.

2. SEÀ � õ$Á < � is anenriched-compactcategory.

3. A productof enriched-compactcategoriesis anenriched-compactcategory.

4. If Ý is a small Cpo-enrichedcategory and � is an enriched-compactcategory, then the
category » ÝTN=�â½ of locally continuousfunctorsis anenriched-compactcategory.

ê
Proof

(1) TheemptySEAM predomain0 is initial andhenceazeroobject.Givenacountabledirected
diagram� of S	��N¦�ºV -pairs,weuseProp.31(1)to obtainadiagramof countablemulti-cusls

$�¨ andinjections$�¨ � ©"© \ 8 $�¨ � andconstructthecolimit of thisasacountablemulti-

cusl g with injections $�¨ �@© 8 g . ( g is constructedasa quotientof the disjoint
unionof theposetsM�$'©6QÖ© �Q½ , just likecolimits in Set.) We let I betheSEAM predomain
correspondingto g . To prove (5.2), it is sufficient to prove it for compactelementsof I .
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If æ is suchacompactelement(i.e. æ [ g ), then,by theconstructionof g , æ is in therange
of � © for sufficiently large ¨ . For such ¨ , thenotein theproof of Prop.31(1) shows that�F© ; �Q© takes 4 to 4 . HenceÑ © �6½ S �]© ; �Q©�V takes 4 to 4 .

(2) The 1-elementSE domain1 is terminalandhencea zeroobject. The O-colimits arecon-
structedasfor (1).

(3) Trivial.

(4) Suppose� is a countabledirecteddiagramin » ÝTN{�ø½ !ùô . For each� [ Ý , we obtaina diagram��� in �S!ùô . We taketheO-colimit of this; it hasvertex Ib� and,for eacḧ [ § , amorphism

S�� © � N¦� © � V from � © � to Ib� . For any Ý -morphism� � 8�Þ
wedefinethe � -morphism

I�� I)� 8 I Þ
to be Ñ © �6½ S �]© � ; �)©�ß ; �Q© È V . It is easyto show that this makes S	�Q© � N¦�]© � V

naturalin � andthat I is alocally continuousfunctor. Wethushaveacocone;theO-colimit
propertyis immediatefrom theO-colimit propertyat each� .

ê
To interpretrecursive types,we needto extendthe type constructorsto locally continuous

functorsbetweenthesecategories.

Proposition33 � � extendscanonicallyto a locally continuousfunctor from SEÀ � õ$Á < � to
SEAM ôùñùõ ��Ð Á 2 .� ∑ �^��� extendscanonicallytoalocally continuousfunctorfromSEAM �

ô�ñ�õ �*Ð Á 2 toSEAM ôùñùõ ��Ð Á 2 .� # extendscanonicallyto a locally continuousfunctorfrom SEAM ôùñùõ ��Ð Á 2 # SEAM ôùñ�õ ��Ð Á 2
to SEAM ôùñùõ ��Ð Á 2 .� � extendscanonicallyto a locally continuousfunctorfrom SEAM ôùñùõ ��Ð Á 2 to SEÀ � õ$Á < � .� ∏ �^��� extendscanonicallyto a locally continuousfunctorfrom SE�À � õ Á < � to SEÀ � õ$Á < � .� � extendscanonicallyto a locally continuousfunctor from SEAM Ã*Äô�ñ�õ �*Ð Á 2 # SEÀ � õ$Á < � to
SEÀ � õ$Á < � . ê

UsingProp.33 togetherwith Prop.32wecaninterpret

� a value type $ with è free value type identifiersand L free value type identifiersby a
locally continuousfunctor

S SEAM Ã�Äôùñùõ �*Ð Á 2 # SEAM ôùñùõ �*Ð Á 2 V@àB#ÆS SEÀ � õ$Á < � öeô # SEÀ � õ$Á < � V ý 8
SEAM ôùñùõ ��Ð Á 2

� a computationtype C with è freevaluetype identifiersand L freevaluetype identifiers
by a locally continuousfunctor

S SEAM Ã�Äôùñ�õ ��Ð Á 2 # SEAM ôùñùõ �*Ð Á 2 V@à�#¦S SEÀ � õ$Á < � ö~ô # SEÀ � õ$Á < � V ý 8
SEÀ � õ$Á < �

In particular, a closedvalue type denotesa SEAM predomainanda closedcomputationtype
denotesaSEdomain.Wehave isomorphisms

» » �T���;$0½ ½��> » » $X» �T���=$&¼���½Å½ ½
» » �T� � C ½ ½��> » » C » �T� � C ¼�� ½ð½ ½

We thusobtaina semanticsfor CBPV with recursive types. It is obviously sound. To prove
adequacy, weusePitts’ methods[Pit96], whichwork for any enriched-compactcategory.
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5.4 Infinitely DeepTerms

5.4.1 Syntax

We now want to allow thebranchesof a term’s parsetreeto be infinite branches,asin a Böhm
tree. However, this is not alwaysacceptable.To seethis, considerthefollowing infinitely deep
terms:

1.

...

W / ����n���o � �6���"������n���oü����� : � C
W < � �����"������n���o � �6���"������n���o@����� : C
W / ����n���o � �6���"������n���o � �6���"������n���oü����� : � C
W < � �����"������n���o � �����"������n���o � �6���"������n���o@����� : C

This is acceptable.It is adivergentcomputationandhenceshoulddenote; .

2.

W / ����n'� : %������
W / ����n'� : %������

...

: 0 : %'������N�: 1 : %�������W < ���6�&: 2 %��3����n'���Ö����� : C
: 0 : %�������W < ���6�&: 1 %��m���"n����������&: 2 %'�m���"n����Ö����� : C

W < ���6�&: 0 %��3����n'���������&: 1 %'�m���"n��������6�&: 2 %��m����n'���´����� : C
This is acceptable.It is adivergentcomputationandhenceshoulddenote; .

3. This exampleusestherulesfor complex values.

W / ���"n�� : %'�����
W / ����n'� : %������

...

: 0 : %'������N�: 1 : %������mW / �����&: 2 %��m���"n����Ö����� : %������
: 0 : %������mW / �����&: 1 %��m���"n����������&: 2 %��m���"n����Ö����� : %'�����

W / �����&: 0 %��m���"n����������&: 1 %'�m���"n��������6�&: 2 %��m����n����Ö����� : %������
This is notacceptable.As aclosedbooleanvalue,it shoulddenoteeitherª¬«��® or ¯O°"± ²�® —but
it diverges.

4.

W / ����n�� : %'�����
W / ���"n�� : %������

...

W / � ���"4�SU���"n���N�������V : �L-�úS^%'�����m#3@V
W / � ����4\S^���"n���N � ���"4�SU����n���N�������V�V : �L-��S^%'�����3#3@V

W / � ����4\SU���"n���N � ���"4�SU���"n���N � ���"4�SU���"n���N������ V�V�V : �L-��S�%������3#3@V
This is not acceptable.It shoulddenotean elementof » » �T����S�%������m#���V ½ ½ —but this is the
emptycpo.

Eachof thesetreeshasa single infinite branch. We needa conditionon branchesthat is
satisfiedby (1)–(2)but notby (3)–(4).Thecorrectrequirementis asfollows.
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Definition 28 An infinitely deepparse-treefor a term is acceptablewhenit hasno branchthat
is, from somepoint upwards,aninfinite branchconsistingonly of value-formingrules. ê
Westressthatit is quiteacceptablefor abranchto containinfinitely many value-formingrules—
thishappensin (1).

The branchconditionin Def. 28 appearsinelegant. A moreabstractcharacterizationusing
inductionandcoinductionis given in Sect.5.6. Anotherapproachusingcposis to definean
infinitely deepterm to be an ideal of finitely deepterms,usingthe partial order á which is the
leastcompatible(i.e.preservedby all termconstructors)relationonfinitely deeptermssuchthat
4��5'�6��!'�.áâJ for every J .

5.4.2 Scott Semantics

Thecpomodelfor CBPV with recursionextendsto a semanticsfor CBPV with acceptablein-
finitely deepterms.Weneedthefollowing notion:

Definition 29 We say that Jâápã 2 ` (“ J is a finite approximantof ` ”) when J is finitely
deepand ` is obtainedby replacingevery occurrenceof 4��5'�6��!'� in J by a computation.
More abstractly, we candefine á ã 2 to betheleastbinaryrelationbetweentermssuchthat á ã 2 is
compatible(i.e. closedunderall termconstructors)and 4��5'�6��!'�.á ã 2 ` for all ` . ê
For every finitely deepterm J we defineits interpretation» »ÀJó½ ½ ã 2 in theusualway. Then,for
every term J , we defineits interpretation » »ÀJó½ ½ Á 2�ä to be å�æèç{é�ê�ë�» » Jó½ ½ . It is clear that the set
M�» »ÀJó½ ½ : Jtá ã 2 `@Q is directed—theconditionon branchesensuresits nonemptiness—sothejoin
mustexist. Furthermore,if J is finitely deepthen » »ÀJó½ ½ Á 2�äº> » »ÀJó½ ½ ã 2 , so » »©.�½ ½ Á 2�ä is anextension
of » »©.�½ ½ ã 2 .

Finally, we needto adaptthe adequacy proof in Sect.3.8 to includeinfinitely deepterms.
We definethevariousrelationsandprove their admissibilityjust aswe did there.We thenprove
that for any computation$ 0 N������6N $�ý Ë 1 W < J�á ã 2 ` : C , if 4��1�0/ N`a ë-� for �´> 0 N������6N�LX. 1 then

» » Jó½ ½ .�.'.'.��: � È�54 � � < I `E» .".'. �ë � ¼�: � ½ ; andsimilarly for any values$ 0 N������6N $ ý Ë 1 W / �ìápã 2 I : $ . This is
shown by mutual inductionon J and � . By admissibility, we seethat » » J¥½ ½.� < I J for any
closedcomputationJ , andthisgivesthedesiredresult.

5.5 Infinitely DeepTypes

5.5.1 Syntax

Having extendedCBPV with infinitely deepterms,we proceedto allow a type’s parse-treeto
have infinite branches.Fortunatelyherethereis no needfor restrictionson branches:any parse
treewith finite or infinite branchesis acceptable.

For example,wehavea valuetype

%������¤#¦S�%������3#¦S^%'�����m#Zþ�þ�þ V�V
This is theunwindingof �T����S�%������m#��'V . Thereis no closedvalueof this typebecauseaputative
termsuchas SU���"n���NeS^����n'��NeS^���"n���N�������V�V�V wouldviolatethebranchrestrictionon terms.

5.5.2 Scott Semantics

Justas in Sect.5.4 we extendedthe semanticsfor recursionto a semanticsfor infinitely deep
terms,we can extend the cpo semanticsfor type recursionto a semanticsfor infinitely deep
types.Wesaythat $íá ã 2 C when $ is afinitely deeptypeand C is obtainedfrom $ by replacing
someoccurrencesof 0 with a value type and someoccurrencesof 1Π (the computationtype
which is theproductof theemptyfamily) with a computationtype. We first define » »©.�½ ½ ã 2 , the
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semanticsof finitely deeptypes.Thenwe define » » C ½ ½ Á 2�ä is definedto betheO-colimit of » » $�½ ½ ã 2
overall $rá ã 2 C , usingthefactthatthesetof finite approximantsof C is directedandcountable.
Soundnessis trivial andadequacy is provedasfor recursive types.

Weobtainisomorphismssuchas

» » $�½ ½ Á 2�ä �> » » $�½ ½ ã 2 ( $ finitely deep)

» » C ½ ½ Á 2�ä �> » » C ½ ½ ã 2 ( C finitely deep)

» » $�#P$ � ½ ½ Á 2�ä �> » » $�½ ½ Á 2�ä #Æ» » $ � ½ ½ Á 2�ä
» »©� C ½ ½ Á 2�ä �> �\» » C ½ ½ Á 2�ä

It would be desirablefor theseisomorphismsto be identities,but in the cpo model they are
not. If it werepossibleto make theminto identities,thenit would alsobepossibleto make the
isomorphisms

» » �T���;$0½ ½ Á 2�ä �> » » $�» �T���;$¤¼��"½¹½ ½ Á 2�ä
» » �L � C ½ ½ ã 2 �> » » C » �L � C ¼�:"½�½ ½ Á 2�ä

into identities,andthis is clearlynotpossiblein thecpomodelbecauseof theAxiom of Founda-
tion. By contrast,in modelssuchasinformationsystems[Sco82],precusls[SHLG94],games[McC96]
and non-well-foundedcpos(replacingthe Axiom of Foundationby the Anti-FoundationAx-
iom [Acz88]) all theseisomorphismscanbemadeinto identities—weomit details.

5.6 The Inducti ve/Coinductive Formulation of Infinitely DeepSyntax

Thebranchconditiononinfinitely deeptermsappearsinelegant. In thissection(whichthereader
mayomit asit is notusedin theremainderof thethesis)wegiveamoreabstractcharacterization
of infinitely deepsyntax.Wewrite

��î °"± ª	ïwu6®v² for thesetof valuetypes;

� x6v7Ì3u¸ª�ï�u�®¬² for thesetof computationtypes;

� x6v � ª�®&ð�ª�² for thesetof contexts;

��î °"± ªù®6«�Ìm² for theobjectin thecategory Set< ö 2�� !	ñ � À Z /�ñ�ò � � ô�! À suchthat î °�± ª�®6«�Ì�² Γ Ô N is theset
of valuesΓ W�/?I : $ ;

� x6v7Ì3u¸ª�®6«�Ì�² for theobjectin thecategory Set< ö 2�� !�ñ � À Z < ö Ð ô � � ô�! À suchthat x6vÚÌ,u¸ª�® «�Ìm² Γ Ô I is
thesetof computationsΓ W < J : C .

We discussonly thecaseof countabletagsets,but ananalogousdiscussionappliesto finite tag
sets.

To seetheissues,considerfirst thedefinitionof (infinitely wide) CBPVtypes:

$ :: > � C � ∑ ����� $�� � 1 � $B#P$
C :: > �b$ � ∏ �^�)� C � � $D� C

where� mustbecountable.This definesanendofunctoron Set # Setgivenby:

S�-N�/XVgÈ� S	/Ì( ∑ � countable � ( 1 (ò 2 N� ( ∑ � countable/ � (ìó/XV
Thereadermayworry thattakinga sumover all countablesetsis problematic.But thereare

two straightforwardsolutions.

� We cantake thesumover all countablesmallsets,relative to a Grothendieckuniverse.
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� Lessdrastically, we cantake thesumover all initial segmentsof � . This requiresusto fix
bijectionsthat allow us to regard the setof suchsegmentsasclosedunderfinite product
andcountablesum(indexedover aninitial segmentof � ).

Thussizeis notaseriousproblem,andwe will notaddressit further.
For finitely deepsyntax,thedefinitionof typesis inductivei.e.thepair S î °"± ª	ïwu6®v²¬N@x�v7Ì3u)ª	ïwu6®v²�V

is thecarrierof aninitial algebrafor this endofunctor. Whenwe allow infinitely deeptypes,the
definition of typesbecomescoinductivei.e. S î °"± ª�ï�u�®¬²vN�x6vÚÌ,u¸ª�ï�u�®¬²eV is the carrierof a terminal
coalgebrafor thisendofunctor.

The definition of CBPV terms given in Fig. 3.1 similarly describesan endofunctor3 on
Set< ö 2�� !	ñ � À Z /�ñ�ò � � ô"! À # Set< ö 2�� !	ñ � À Z < ö Ð ô � � ô"! À . It mustbeof theform S���N�ô�V where

� � : Set< ö 2�� !	ñ � À Z /�ñ�ò � � ô�! À # Set< ö 2�� !�ñ � À Z < ö Ð ô � � ô�! À .�� Set< ö 2�� !	ñ � À Z /�ñ�ò � � ô�! À
� ô : Set< ö 2�� !	ñ � À Z /�ñ�ò � � ô�! À # Set< ö 2�� !	ñ � À Z < ö Ð ô � � ô�! À .�� Set< ö 2�� !	ñ � À Z < ö Ð ô � � ô"! À

but we will notwrite � and ô explicitly.
We seethat S î °�± ª�®6«�Ì�²vN@x�v7Ì3u)ªù®6«�Ìm²�V is the carrierof an initial algebrafor this endofunctor.

But whenwe allow infinitely deepterms,it is not the casethat S î °"± ªù®6«�Ì�²vN@x6vÚÌ,u¸ª�® «�Ìm²�V is the
carrierof a terminalcoalgebrafor this endofunctor, becauseof thebranchcondition. However,
S î °"± ª�® «�Ìm²vN�x6v7Ì3u¸ª�®6«�Ì�²eV is certainlyafixpoint of theendofunctorin thesensethatî °"± ª�® «�Ìm²��> �\S î °�± ª�®6«�Ì�²vN@x�v7Ì3u)ªù®6«�Ìm²�Vx6vÚÌ,u¸ª�® «�Ìm²�� > ô\S î °"± ª�® «�Ìm²¬N@x�v7Ì3u)ªù®6«�Ìm²eV

How can we characterizethis fixpoint? Clearly we require somekind of mixed induc-
tive/coinductive definition: valuesare inductively defined,computationsarecoinductively de-
fined. But the coinductive part mustbe (looselyspeaking)on the outside,becauseotherwise
we will excludeinfinite branchesthatcontaininfinitely many value-formingrules,andwe have
alreadyseenthatthis is too restrictive.

To expressthis,wewrite �T� for initial algebraand õ�� for terminalcoalgebra.

Proposition34 Wehave thefollowing descriptionof infinitely deepterms:x6v7Ì3u¸ª�®6«�Ì�²ö�> õ�÷���ô\SU�T���©�\SU��N�÷'VeN�÷�Vî °"± ªù®6«�Ìm²ö�> �T���;�\SU��N�x6vÚÌ,u¸ª�® «@Ì�²�V
ê

This is provedby giving anexplicit representationof thefunction÷bÈ�Ê�T���\S^��N�÷�V
Weomit details.

5.7 Relationship BetweenRecursionand Infinitely DeepSyntax

Wesaidin Sect.5.1 thatrecursionandinfinitely deepsyntaxare,in asense,equivalent.Wenow
explain thissense,in avery informalway, usingexamples.

Any recursioncanbe unwoundinfinitely often. For example,if we take the recursive type
�T���úS 1 (��'V , this canbe unwoundto give 1 (-�T����S 1 (���V , thenunwoundagain to give 1 (DS 1 (
�T:��úS 1 (Æ�'V�V , andsoforth. Ultimately, weobtaintheinfinitely deeptype1 (üS 1 (üS 1 (�þ�þ�þ�V�V . Thus
if we haveasemanticsfor infinitely deepsyntax,it providesa semanticsfor recursiontoo.

3We glossover issuesof identifierbinding.See[FPD99]for a fuller discussion.
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On the other hand, if we have an infinitely deepterm or type, it can be expressedusing
a countablecollectionof simultaneouslyrecursive definitions. For example,take the infinitely
deeptype $D> 0 (ÄS 1 (ÄS 2 (¿S�þ�þ�þ V�V�V . We namethesubexpressionsof thisasfollows:

$ 0 > 0 (ÄS 1 (ÄS 2 (üþ�þ�þ V�V
$ 1 > 1 (ÄS 2 (ÄS 3 (üþ�þ�þ V�V
$ 2 > 2 (ÄS 3 (ÄS 4 (üþ�þ�þ V�V

Now we candefinethesetypesby mutualrecursion:

$ 0 > 0 (y$ 1

$ 1 > 1 (y$ 2

$ 2 > 2 (y$ 3

Thusany semanticsfor recursionthatcaninterpretcountablesimultaneousrecursionsgivesusa
semanticsfor infinitely deepsyntax.

Sometimesit is easierto work with recursion,sometimeswith infinitely deepsyntax. One
advantageof theformer is that,by allowing only finitely deepsyntax,we have a clearnotionof
compositionalsemantics. Finitely deepsyntaxis aninitial algebrafor anendofunctor, andacom-
positionalsemanticsis onespecifiedby anotheralgebrafor this endofunctor—theinterpretation
is thengiven by the uniquealgebrahomomorphismfrom the syntaxto this algebra[GTW79].
By contrast,it is not clear in what sensethe semanticsfor infinitely deepCBPV that we have
consideredcanbesaidto becompositional.
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Chapter 6

Simple Models Of CBPV

6.1 Intr oduction

Thegoalof Part II is to advancethefollowing claim.

Whenever we arestudyingeffectful higher-orderlanguages(andrememberthat
meredivergencemakesa language“effectful”), thesemanticprimitivesaregivenby
CBPV. It is thereforeagoodchoicefor our languageof study.

While this is certainlya radicalclaim, we assemble,throughoutPart II, extensive evidencefor
it. In a wide rangeof fields,we seefirstly that CBPV semanticsis simplerthanthe traditional
CBV andCBN semantics,andsecondlythat thesetraditionalsemanticscanberecoveredfrom
theCBPVsemantics—sowedo not loseoutby shiftingour focusto CBPV.

Admittedly, we encounterexceptions,wherea CBV modeldoesnot decomposenaturally
into CBPV: Theseexceptionsare

� themodelfor erraticchoicewith theconstraintthatchoicemustbefinite (Sect.6.5.3);

� thepossibleworldsmodelfor cell generationwith theconstraintof “parametricityin ini-
tializations”(Sect.7.9).

Eachof theseis aconstrainedvariantof asimplerCBV modelthatdoesdecomposeinto aCBPV
model,sowe do not considerthemto bea majorobjectionto our claim. A ratherdifferentcase
is theCBV modelfor inputbasedonMoggi’s inputmonad[Mog91].

We have alreadyseenthedecompositioninto CBPV for printing anddivergence,aswell as
for operationalsemantics,in Chap.3. In this chapterwe look at global store,control effects,
erraticchoiceanderrors,andat variouscombinationsof theseeffects. This rangeof “simple
models”is basedon [Mog91], althoughwe do not treatMoggi’s exampleof “interactive input”.
Weomit alsotheextremelysubtlecombinationof erraticchoiceanddivergence.

We first look at semanticsof values,in Sect.6.2,asthis is commonto all themodelsin the
chapter. Thenwe devoteonesectionto eacheffect; thesesectionscanbereadindependentlyof
eachother.

As thesemanticsof valuesis straightforward,thedifficulty lies in thesemanticsof compu-
tations.To invent it, therearetwo usefulheuristicsthatcanbeapplied.Oneis to take a known
CBV (or CBN) modelandlook for adecomposition.

� For example,considerthe traditionalglobal storeinterpretationof $t� CBV C viz. ø��
S�» » $�½ ½�� S�øy#¦» » C ½ ½UV�V . We immediatelyseethedecompositioninto �XSO$¿�¢� C V ; it appears
that � will denoteøy��. , that � will denote� , andthat � will denoteø�#Z. . Thusthe
CBPV typeconstructorshave simplerinterpretationsthan � CBV .
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� As anotherexample,considerthe traditionalcontinuationsemanticsfor $t� CBV C viz.
S�» » $�½ ½�#¦S�» » C ½ ½6�tù � ²eV�VT�tù � ² . We immediatelyseethedecompositioninto ��SU$D� � C V ;
it appearsthat � and � will bothdenote.ü�úù � ² , and � will denote# . Again theCBPV
typeconstructorshavesimplerinterpretationsthan � CBV.

� For bothof theseexamples,therearecorrespondingCBN semanticspresentedin the lit-
erature: $ � CBN C is interpretedin [O’H93] as S@øÄ�µ» » $ ½ ½UV?�a» » C ½ ½ (for global store)
andin [SR98] as S�» » $ ½ ½���ù � ²eVâ#y» » C ½ ½ . Eachof thesemakesapparentthedecomposition
of $ � CBN C into S��¤$ VÖ� C . Again, thesemanticsof theCBPV typeconstructorsare
simpler. In fact the CBN semanticslooks quite strange;CBPV thusprovidesa rational
reconstructionfor it.

Theotherheuristic,whichweshallusein thischapter, is to guessin advancetheform of the
soundnesstheoremandproceedfrom there,usingthereversiblederivationsof Sect.4.5.

6.2 Semanticsof Values

Wedescribethesemanticsof valuesat theoutset,becauseit is straightforwardandit is thesame
acrossthedifferentmodelsin thechapter. We will considermodelsusingsetsandmodelsusing
cpos.In all of thesetmodels,

� avaluetypedenotesaset;

� in particular, ∑ ����� $�� denotestheset∑ ����� » » $���½ ½ and $�#P$�� denotestheset » » $�½ ½'#Æ» » $m� ½ ½ ;
� acontext $ 0 N������6N�$�ý Ë 1 denotestheset » » $ 0 ½ ½'#Ãþ�þ�þ�#Æ» » $�ý Ë 1 ½ ½ ;
� avalueΓ W�/?I : $ denotesa functionfrom » »Γ ½ ½ to » » $�½ ½ .

Similarly, in thecpomodels,

� avaluetypedenotesacpo;

� in particular, ∑ ����� $�� denotesthecpo∑ �^�)� » » $���½ ½ and $B#P$ � denotesthecpo » » $�½ ½�#Æ» » $ � ½ ½ ;
� acontext $ 0 N������6N�$�ý Ë 1 denotesthecpo » » $ 0 ½ ½�#Zþ�þ�þ�#Æ» » $�ý Ë 1 ½ ½ ;
� avalueΓ W / I : $ denotesacontinuousfunctionfrom » » Γ ½ ½ to » » $�½ ½ .

6.3 Global Store

6.3.1 The Language

We take thesimplestpossiblecaseof global store: we supposethereis just onecell �"����� that
storesa valueof groundtype∑ ����û 1, written ø for short.

We thusaddto thebasicCBPV languageconstructsfor assignmentandreading:

Γ W < J : C S�ü [ øîV
Γ W < ������� : >>ü ; J : C

Γ N�: : øûW < J : C
Γ W < ������4��������³����:�� J : C

(Wecontinueourpracticeof treatingcommandsasprefixes.)
For big-stepsemantics,we definea relationof the form ü6N J éìüv��N�F , where ü6N�üv� [ ø . We

often write ü as xv®6±;±�È� I , meaning“ x¸® ±;± containsthe value I ”. To define é , we replaceeach
rule in Fig. 3.2of theform (3.1)byü 0 N J 0 éíü 1 N�F 0 þ�þ�þýü�T Ë 1 N J«T Ë 1 éªü�T NOFFT Ë 1ü 0 N�Jïéíü�T N�F



86 Chapter6. SimpleModelsOf CBPV

andaddtherules

S	xv®6±;±�È� ë VeN�JÉéíü6NOF
S	xv®6±;±�È� I�V~NeS��"����� : >Bë ; JKV�éíü6N�F S�x¸®6±=±�È� I�VeN�Jd»=Il¼�:"½6éíü6N�F

S�x¸®6±=±�È� I�VeNeS^�'����4P�"�����³����:�� JKV�éªü6N�F
Proposition35 For every ü [ ø andclosedcomputationJ , thereexistsunique ü � N�F suchthatü6N�Jïéíüv��N�F . ê
This is proved similarly to Prop.9. We canalsoadaptthe CK-machineto this computational
effect,but we omit this.

Weadaptthedefinitionof observationalequivalence.

Definition 30 Given two computationsΓ W < J¥N ` : C , we say Jþ�j` whenfor any ground
context �m» ½ andany ü [ ø , we haveü6N=�m»ÀJó½6éíü � NO
����"4�n��"��L if f ü6N=�m»À`³½�éíü � NU
��'��4"n��"��L
Similarly for two valuesΓ W / IøN�ë : $ . ê

6.3.2 Denotational Semantics

We seeka denotationalsemanticsfor the languagedescribedin Sect.6.3.1. Sincethereis no
divergence,weuseasetmodel.Thesemanticsof valuesis givenin Sect.6.2—thedifficulty lies
in theinterpretationof computations.

While logically we shouldpresentthesemanticsfirst, andthenstatethesoundnesstheorem,
this makes the interpretationof type constructorsappearunintuitive. So we will proceedin
reverseorder. We will statefirst the soundnesstheoremthat we are aiming to achieve, even
thoughit is not yetmeaningful,andusethis to motivatethesemantics.

Weexpectthesoundnessresultto look like this:

Proposition36 (soundness)For every closedcomputationJ , if ü6N J é«ü � NOF then » »ÀJó½ ½*ü¤>
» » F0½ ½�ü � . ê
If we areusingnon-closedcomputations,asin Sect.3.3.5,thenthe soundnessresultwill look
like this:

Proposition37 For every computationΓ W < J : C andevery environment ÿ [ » »Γ ½ ½ , if ü6N J·éü � N�F then » »ÀJó½ ½�S@ü6N ÿ V�>ó» » F0½ ½�S@ü � N ÿ V ê
In Prop.37,themeaningof acomputationΓ W < J : C takesbothstoreü [ ø andenvironment

ÿ [ » » Γ ½ ½ asarguments.For thisto bemeaningful,J mustdenoteafunctionfrom øÆ#\» »Γ ½ ½ to some
set—wecall this set » » C ½ ½ .

Thusa computationtypewill denotea set. We mustnext decidehow to interprettypecon-
structors.

To find theinterpretationsfor �xN ∏ N�� , weusethereversiblederivationsof Prop.23:

� Sincewehave thereversiblederivation

Γ W < C> >�>'>�>'>�>
Γ W / � C

weseethata functionfrom » »Γ ½ ½ to » »;� C ½ ½ shouldcorrespondto a functionfrom ø-#³» » Γ ½ ½ to
» » C ½ ½ . This suggeststhatweset » »©� C ½ ½ to be øy�ï» » C ½ ½ .
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∏ Sincewehave thereversiblederivation

þ�þ�þ Γ W < C � þ�þ�þ>�>�>�>'>�>'>�>'>'>�>�>
Γ W < ∏ �^��� C �

weseethatafunctionfrom ø¦#�» » Γ ½ ½ to » »∏ �^�)� C � ½ ½ shouldcorrespondto afamilyof functions
in which the � th functionis from ø�#³» »Γ ½ ½ to » » C � ½ ½ . This suggeststhatwe set » »∏ ����� C � ½ ½ to
be∏ ����� » » C � ½ ½ .

� Sincewehave thereversiblederivation

Γ N $EW < C> >�>�>'>�>�>'>�>
Γ W < $D� C

we seethat a function from ø@#-» » Γ ½ ½ to » » $E� C ½ ½ shouldcorrespondto a function fromø�#¦S�» »Γ ½ ½�#³» » $�½ ½UV to » » C ½ ½ . This suggeststhatweset » » $E� C ½ ½ to be » » $�½ ½��É» » C ½ ½ .
For � , thereis no reversiblederivation. But it is clearthata producerΓ W < J : �&$ should

denotea function from øÌ#-» »Γ ½ ½ to øÌ#-» » $�½ ½ , becauseif we run J in a particularstate ü and
environmentÿ weobtainastoreüv� —whichis observable—andavalueof type $ . Thusafunction
from ø�#y» »Γ ½ ½ to » »À�&$�½ ½ correspondsto a function from ø@#y» » Γ ½ ½ to ø@#û» » $�½ ½ . This suggeststhat
weset » » �&$�½ ½ to be ø�#Æ» » $�½ ½ .

Thesemanticsof termsis straightforward.Herearesomeexampleclauses:

» » 
��'�"4�n����3I&½ ½�S�ü6N ÿ Vì> S�ü6N~» »=I¤½ ½ ÿ V
» » J§���m:�� `û½ ½�S�ü6N ÿ Vì> » »À`³½ ½�S�ü � NeS ÿ N�:&È�t4�V�V where » » Jó½ ½�S�ü6N ÿ V�>hS@ü � N�4�V

» » �"��n���obJó½ ½ ÿ > 	Fü6��S�» »ÀJó½ ½�S@ü6N ÿ V�V
» » � �����"�3I&½ ½�S�ü6N ÿ Vì> ü ‘ S�» »=I3½ ½ ÿ V

» »=	':��©Jj½ ½�S�ü6N ÿ Vì> 	 � �úS�» »ÀJó½ ½�S@ü6NeS ÿ NO:mÈ� � V�V�V
» »©������� : >DI ; Jó½ ½�S	xv®6±;±�È�Ê��N ÿ Vì> » »ÀJó½ ½�S	xv®6±;±�È�ï» »ÀI¤½ ½ ÿ N ÿ V

» » �'���"4P�������³����:�� Jó½ ½�S	xv®6±;±�È�Ê��N ÿ Vì> » »ÀJó½ ½�S	xv®6±;±�È�Ê��N�S ÿ N�:&È�Ê�ùV�V
It is easyto proveProp.36.

Corollary 38 (by Prop.35) If J is a groundproducer, then ü6N J]éòü � NO
��'��4"n����&L if f » »ÀJó½ ½�üx>
S@ü � N�L¶V . Hencetermswith thesamedenotationareobservationallyequivalent. ê
It is alsoeasyto show thatprovablyequaltermshavethesamedenotationi.e. themodelvalidates
theCBPV equations.

Noticethesemanticsof CBV functions:

» » $E� CBV C ½ ½�>h» »;��SU$E� � C V�½ ½�>>øy� S�» » $�½ ½�� S@ø-#Æ» » C ½ ½UV�V
As we saidin Sect.6.1,this is thetraditionalCBV semanticsfor globalstore.

6.3.3 Combining Global Store With Other Effects

Themodelfor globalstorein Sect.6.3.2generalizes.If wehaveany CBPVmodel,wecanobtain
from it amodelfor globalstore.

As an example,considerthe printing model for CBPV. We seeka model for global store
togetherwith 
���)��� . Thebig-stepsemanticswill have the form ü6N JRé¦è@N�üv��N�F —we omit the
details,whicharestraightforward.

Thedenotationalsemanticsfor globalstorewith 
������� is organizedasfollows:
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� a valuetype(andhenceacontext) denotesa set;

� a computationtypedenotesan   -set;

� a valueΓ W�/?I : $ denotesa functionfrom » »Γ ½ ½ to » » $�½ ½ ;
� a computationΓ W < J : C denotesa functionfrom ø-#Æ» »Γ ½ ½ to » » C ½ ½ .
We useCBPV asa metalanguagedescribingthe printing model,asexplainedin Sect.3.8.

For example,wewrite �&$ for thefree   -seton theset $ , andwewrite � C for thecarrierof the
  -set C . With thisnotation,thesemanticsof typesis givenby

» »;� C ½ ½ > �XS@øû�ï» » C ½ ½^V » » �b$�½ ½ > �\S@ø-#Æ» » $�½ ½^V
» »∑ �^�)� $��^½ ½ > ∑ �^�)� » » $���½ ½ » »∏ ����� C � ½ ½ > ∏ �^��� » » C � ½ ½
» » $�#P$m�=½ ½ > » » $�½ ½'#Æ» » $m� ½ ½ » » $E� C ½ ½ > » » $�½ ½��ï» » C ½ ½

Semanticsof terms:someexampleclauses

» » 
����"4�n��"�mI&½ ½�S@ü6N ÿ Vì> u «�v�P'�xv®¤S@ü6Ne» »ÀI¤½ ½ ÿ V
» » J§�'�m:�� `û½ ½�S@ü6N ÿ Vì> » »ÀJó½ ½�S@ü6N ÿ V�ª{vXS@ü � N@4�V~��» »À`û½ ½�S�ü � NeS ÿ NO:&È�t4�V�V

» » �"��n���obJó½ ½ ÿ > ª�}� ��~ 	bü6�úS�» »ÀJó½ ½�S@ü6N ÿ V�V
» » � �����"�3I&½ ½�S@ü6N ÿ Vì> ü ‘ ¯*v�«�xv®¤S�» »=I3½ ½ ÿ V

» »=	�:��;Jh½ ½�S@ü6N ÿ Vì> 	 � �úS�» » Jó½ ½�S�ü6NeS ÿ NO:mÈ� � V�V�V
» »©������� : >BI ; Jó½ ½�S	xv®6±;±�È�Ê��N ÿ V]> » »ÀJó½ ½�S��"������È�É» »=I¤½ ½ ÿ N ÿ V

» » �'���"4P�������³����:�� Jó½ ½�S	xv®6±;±�È�Ê��N ÿ V]> » »ÀJó½ ½�S	x¸® ±;±�È�Ê��N ÿ N�:&È�Ê�ùV
» » 
���)���¤æ ; Jó½ ½�S@ü6N ÿ Vì> æTå?S�» »ÀJó½ ½�S@ü6N ÿ V�V

Proposition39 (soundness)If ü6N�JÉé�è@N�ü � N�F then » »ÀJó½ ½*ü?>¿è¥å?S�» » F0½ ½*ü�V . ê
Corollary 40 (by theanalogueof Prop.35)If J isagroundproducer, then ü6N�J é&è@N�üv��NU
��'��4"n��"�?L
if f » » J¥½ ½�ü?>hSUè@N�ü � NOL´V . Hencetermswith thesamedenotationareobservationallyequivalent. ê
It is alsoeasyto show thatprovablyequaltermshavethesamedenotationi.e. themodelvalidates
theCBPVequations.

In a similar way, we canobtaina modelfor global storewith recursion.The semanticsof
typesand termsare as above except that we now understandthe metalinguistic � , � etc. as
referringto theScottmodelratherthantheprintingmodel.

6.4 Control Effects

6.4.1 ���6������� and ���'�6��!'�������
For ourexplanationof controleffects,we will usetheCK-machineonly, notbig-stepsemantics.
The way that big-stepsemanticsis structuredmakes it unsuitablefor a languagewith control
effects.

Weexplain thebasicideaof controleffectsbeforediscussingtypingrules.Weaddto CBPV1

two commands���6�������0: and ���'�6��!���������c .
1TheCBV controloperators(asin ML) aretranslatedinto CBPV asfollows:ÿ�� Ó¸Ð � as � Ø �S�×¬ÒeÐ ÿ�ÿ ��� Î as

×¬Ò�Ð ÿ�� Ø ��� ÎÐ�ÑvÔ ��� Î Û
as

Î_Ð � ��� Û Ð ��� �
	 ÿ Ñ Ù Ó � Ò ÿ�� Ø � ; � Ô ��� Õ ÿ Ò �

Wehaveto usetheterminology“currentoutside”ratherthan“currentcontinuation”(thephraseusedin CBV) because
in CBPVnot everyoutsideis a continuation.
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� �������"���0: means“let : bethecurrentoutside”.

� ����� ��!����"����c means“changethecurrentoutsideto c ”.

Thuswehave two additionalmachinetransitions

�������"���0:�� J cf JÂ» c³¼�:"½ c
����� ��!����"����c ; J jf J c

Weillustratetheseconstructswith anexampleprogram:

���6�h7j%��m����n���o (
	':��
���'�6��!'�������E:lw
	�q��

����"4�n��"� 3 (yqz k| �ø�


���)���}ce���������ºc�w
�������"�����îk
(
| 	¥n0k
����n��â�
�â�� ��������7z ���Á5���


��'��4"n����B5���{z
z ����r0k

����"4�n��"�Drx( 5

� By the time we reachthe line ���6���"���Á� , we have printed �'������� andthecurrentoutside
consistsof anoperand7 togetherwith the �'��r consumer(i.e. theconsumerthatbegins
on theline �'��r��� ), so � is boundto thisoutside.

� By thetimeweforce 7 thecurrentconsistsof operands� and ����n�� andthe ���Á5 consumer.

� Whenwe force 7 , we pop the top operand,which is � , andbind : to it. We now change
thecurrentoutsideto � .

� We popthetopoperand,which is 7 (again)andbind q to it.

� We produce10 to thecurrentconsumerwhich is the ����r consumer. Hencewe produce
15.

Noticehow thestackdisciplinehasbeencompletelylost; in theabsenceof thecontroleffectswe
would expect

� �������Á7 to producea valueto the ���Á5 consumer, but we have used �����6��!'���"���
to overridethis.

Whenworkingwith controleffects,we will

1. usetheCK-machineon non-closedconfigurations

2. regard �º6� asa freeidentifier(whosetypewill begivenin thenext section).
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Theadvantageof (2) is that it makesfor a smoothertreatmentof typesanddenotationalseman-
tics. Theadvantageof (1) is thatit makes(2) possible.

Thelist of terminalconfigurationsis thenasfollows:


����"4�n��"�3I q
	TM������6N����;JÌ��N������¹Q q
	':��©J q� �6�����3q c

"£�q����&M"�����6N����;Jü��N������¹Q c

"£�q����PSU:�NO7'Ve�©J c

Here q canbeany freeidentifier, including �º6� .

6.4.2 Typing

In Chap.3 outsideswereregardedasa separatesyntacticcategory, but now they will bevalues.
For every computationtype C , we introducea valuetype ��� C ; an outsidethat accompanies
insidesof type C is deemedto beavalueof type ��� C .

Thusthetwo classesof typesarenow givenby

$ :: > � C � ∑ �^��� $ � � 1 � $B#�$ � ��� C
C :: > �&$ � ∏ �^�)� C � � $B� C

andweaddtherulesfor ���6���"��� and ����� ��!����"��� :

Γ NO: : ��� C W < J : C
Γ W < �������"���0:�� J : C

Γ W / c : ��� C Γ W < J : C
Γ W < ����� ��!����"����c ; J : C �

Noticethat �����6��!'���"���Óc ; J canbegivenany type,like 4��5�����!�� . It is a non-returningcom-
mandin thesenseof Sect.3.9.2.

It shouldbe clearthat we no longerneedthe judgementΓ W.hi c : C , becausewe cannow
write this asΓ NO�º6� : ���Êg W / c : ��� C . We replacethetyping rulesin Fig. 3.4—andtherule in
Sect.3.9.2for thedummyoutside���65'�6��n����"4 —by thefollowing:

Γ N�: : $DW < J : C Γ W / c : ��� C
Γ W / » ½����3:�� J :: c : ���m�&$ Γ W / ����5����"n��"��4 : ���0�����"��£�£

Γ W / c : ��� C ˆG
Γ W / ˆ- :: c : ��� ∏ ����� C �

Γ W / I : $ Γ W / c : ��� C
Γ W / I :: c : ���PSU$D� C V

Def. 15 is replacedby

Definition 31 A Γ-configurationconsistsof

� a computationtype C ;

� a pair J N@c whereΓ W < J : C andΓ W / c : ��� C .

ê
ThusaΓ-configurationof type C in thesenseof Def. 15 is a (Γ NU�º6� : ��� C )-configurationin the
senseof Def. 31.

All theresultsof Sect.3.3.3adapt.In particularwe have

Proposition41 (deterministic subject reduction) (cf. Prop.10)For everyΓ-configurationJ¥N@c ,
preciselyoneof thefollowing holds.
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1. J N@c is not terminal,and J¥N�c f `yN@j for unique `yN�j . `ûN�j is a Γ-configuration.

2. J N@c is terminal,andtheredoesnotexist `yN@j suchthat J¥N�c f `yN@j .

ê
Proposition42 (cf. Prop.11) For every Γ configuration J N@c thereis a uniqueterminal Γ-
configuratioǹûN�j suchthat J¥N�c f äT`yN@j , andthereis no infinite sequenceof transitionsfrom
J¥N�c . ê
Wedefertheproofof this to Sect.8.6.

6.4.3 Observational Equivalence

In thepresenceof controleffects,we replaceDef. 20(2)by

Definition 32 Given two computationsΓ W < J¥N ` : C , we say Jþ�j` whenfor any ground
context W < �m» ½ : ∑ ����� 1 we have�3» Jó½ NO���� f ä 
����"4"n��"��LâNO���� if f �m»À`û½�NO���� f ä 
����"4�n��"��LâNO����
Similarly for valuesΓ W�/?I?N�ë : $ . ê
Since �3» J¥½ and �m»À`³½ arerequiredto beclosed(by thedefinitionof groundcontext), they cannot
contain�º6� .

6.4.4 Denotational Semantics

Weseekadenotationalsemanticsfor thelanguagedescribedin Sect.6.4.1.For reasonsweshall
seebelow, thissemanticsis calledacontinuationsemantics. Sincethereis nodivergence,weuse
asetmodel.Thesemanticsof valuesis givenin Sect.6.2—thedifficulty lies in theinterpretation
of computations.

As in Sect.6.3.2,we will statefirst the soundnesstheoremthat we areaiming to achieve,
eventhoughit is not yetmeaningful,andusethis to motivatethesemantics.

Proposition43 (soundness)Supposethat J¥N�c f `yN@j where

Γ W < J : C Γ W / c : ��� C
Γ W < ` : g Γ W / j : ����g

Then,for any environmentÿ [ » »Γ ½ ½ ,
» »ÀJó½ ½�S ÿ N~» » cy½ ½ ÿ V�>ó» »À`³½ ½�S ÿ N~» » jø½ ½ ÿ V (6.1)

ê
Notice the similarity betweenthis statementand Prop.37. There,a computationJ can

changethe store,so » »ÀJó½ ½ takesstoreasan argument. Here,a computationJ canchangeits
outside,so » »ÀJó½ ½ takesits outsideasanargument.

In Prop.43,weknow that » » cy½ ½ ÿ [ » »=��� C ½ ½ . So » »ÀJó½ ½ mustbeafunctionfrom » » Γ ½ ½�#Ã» »À��� C ½ ½ to
someset;similarly, » »À`³½ ½ mustbea functionfrom » »Γ ½ ½'#³» »À����g ½ ½ to thesameset.This set,which
we call ù � ² (the “set of answers”)cannotdependon the type of J , becauseJ and ` have
differenttypes.It is anarbitrarysetwhich remainsfixedthroughoutthedenotationalsemantics.

We proceedto the semanticsof types,which is given in Fig. 6.1(1). At first sight, these
equationslooks strange,but they make senseoncewe know that whenever we see » » C ½ ½ , for a
computationtype C , we shouldmentally replaceit with » »À��� C ½ ½ . To put it anotherway, the
semanticbrackets » »Å.�½ ½ for computationtypescontaina “hidden” ��� . To explain the semantics
of types,we first look at someequationswhich do not requireany mentalreplacement(because
they donotmentiondenotationsof computationtypes)andsomake senseimmediately.
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1. Official presentation—compositional

Valuestypes Computationtypes
» »©� C ½ ½ > » » C ½ ½�� ù � ² » » �&$�½ ½ > » » $�½ ½�� ù � ²

» »∑�^��� $��^½ ½ > ∑ ����� » » $���½ ½ » »∏�^��� C � ½ ½ > ∑ �^�)� » » C � ½ ½
» » $�#P$��;½ ½ > » » $�½ ½�#Æ» » $��À½ ½ » » $D� C ½ ½ > » » $�½ ½'#Æ» » C ½ ½
» »=��� C ½ ½ > » » C ½ ½

2. Intuitivepresentation—notcompositional

Valuetypes
» »©� C ½ ½ > » »=��� C ½ ½�� ù � ² » »=�����&$m½ ½ > » » $�½ ½�� ù � ²

» »∑ �^�)� $���½ ½ > ∑ ����� » » $���½ ½ » »À��� ∏ ����� C � ½ ½ > ∑ �^��� » »=��� C � ½ ½
» » $�#P$ � ½ ½ > » » $�½ ½'#Æ» » $ � ½ ½ » »À����SO$D� C V�½ ½ > » » $�½ ½'#Æ» »À��� C ½ ½

Computationtypes
» » C ½ ½ > » »=��� C ½ ½

Figure6.1: Semanticsof types—two equivalentpresentations

� » »=���PSU$D� C V ½ ½º>�» » $�½ ½�#-» »À��� C ½ ½ follows from the fact that a closedoutsidefor $ó� C
consistsof aclosedvalueof type $ togetherwith aclosedoutsidefor C .

� » »∏ �^�)� C � ½ ½�> ∑ �^�)� » » C � ½ ½ follows from the reversiblederivation for ∏, but moreobviously
from thefactthataclosedoutsidefor ∏ ����� C � consistsof a tagˆ- [ � togetherwith aclosed
outsidefor C ˆG .

� » »=���m�&$�½ ½�>¥» » $�½ ½��tù � ² is plausible,becausea consumerof $ -valuestakesan $ -valueto
ananswer.

� » »©� C ½ ½�>ó» »=��� C ½ ½��tù � ² follows from thereversiblederivationfor � .

Now theseequations,togetherwith the standardequationsof ∑ and # , completelydetermine
the semanticsof valuetypes. In otherwords,thereis a uniquefunction » »Å.�½ ½ from valuetypes
to setsthatsatisfiesthem.But this functionis not givencompositionally. Therefore,in Fig. 6.1,
we write » » C ½ ½ asshorthandfor » »À��� C ½ ½ , for thesolereasonthatthis enablesusto rearrangethese
equationsinto acompositionalsemantics.

We cannow saythata computationΓ W < J : C denotesa functionfrom » »Γ ½ ½�#³» » C ½ ½ to ù � ² .
Herearesomeexampleclausesfor semanticsof terms:

» » 
����"4"n��"�mI&½ ½�S ÿ N���Vì> S�» »=I¤½ ½ ÿ V ‘ �
» » J]�'�m:�� `û½ ½�S ÿ N���Vì> » » Jó½ ½�S ÿ N�	]4���S�» »À`³½ ½�S�S ÿ N�:�È�t4�VeN��'V�V�V

» » ����n���o�Jó½ ½ ÿ > 	�����S�» »ÀJó½ ½�S ÿ N���V�V
» » � �������3I&½ ½�S ÿ N���Vì> � ‘ S�» »=I3½ ½ ÿ V
» »=	�:��;Jh½ ½�S ÿ NeS�4�N��'V�Vï> » » Jó½ ½�S�S ÿ N�:mÈ�54�VeN��'V

» »ÀI ‘ Jh½ ½�S ÿ N���Vì> » » Jó½ ½�S ÿ N�S�» »=I�½ ½ ÿ N��'V�V
» »=�������"����:�� Jó½ ½�S ÿ N���Vì> » » Jó½ ½�S�S ÿ N�:mÈ���'VeN��'V

» »©�����6��!'���"����c ; Jó½ ½�S ÿ N���Vì> » » Jó½ ½�S ÿ Ne» » cy½ ½ ÿ V
» »ð» ½��'�m:�� ` :: cy½ ½ ÿ > 	]4���S�» »À`³½ ½�S�S ÿ N�:mÈ�54�VeN~» » cy½ ½ ÿ V�V

» »=I :: cy½ ½ ÿ > S�» »=I¤½ ½ ÿ N~» » cy½ ½ ÿ V
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Noticethesimilarity betweenthesesemanticequationsandthemachinetransitions.
Wecannow proveProp.43 straightforwardly.

Corollary 44 (by Prop.42)Supposeù � ² has2 elements4ÃY>�z . For aset ` andelementL [ ` ,
write � ë Ô ý for the function from ` to ù � ² that takes L to 4 and everything elseto z . Then
for any closedgroundproducerJ of type � ∑ �^� ë 1, we have J NU�º6� f äâ
����"4"n��"�XLøNU�º6� if f
» » Jó½ ½�� ë Ô ý3>�4 . Hencedenotationalequalityimpliesobservationalequivalence. ê
It is alsoeasyto show thatprovablyequaltermshavethesamedenotationi.e. themodelvalidates
theCBPV equations.

Definition 33 A continuationis avaluethat(for agivenenvironment)denotesafunctionto ù � ² .
ê

Wenotethattherearetwo kindsof continuation:thunksandconsumers.
We emphasize2 thatoutsidesandcontinuationsarequitedistinctconcepts.Only consumers

fall into bothcategories.An outsidesuchas I :: c is notacontinuationbecauseit denotesapair.
Thesituationis summarizedin Fig. 6.2. Thereadershouldbeware:otherauthorssometimesuse

thunks consumers

outsides

��continuations

Figure6.2: ContinuationsandOutsides

theword “continuation”to mean“consumer”or “outside”. For example:

� in theCBV literature,the“currentcontinuation”wouldbemorepreciselydescribedasthe
currentconsumer;

� the “continuationtype” �"� ���Ã$ in ML would be moreaccuratelydescribedasa type of
consumers(of valuesof type $ );

� [HS97,Lai98, SR98],which treatCBN aswell asCBV, use“continuation”to meanwhat
we call anoutside.

Noticethesemanticsof CBV functions:

» » $E� CBV C ½ ½�>h» »©�XSO$E�¢� C V�½ ½�>óS�» » $�½ ½�#¦S�» » C ½ ½6�tù � ²eV�VT� ù � ²
As we saidin Sect.6.1,this is preciselythetraditionalcontinuationsemanticsfor CBV.

2especiallyto readersfamiliarwith continuationsin theCBV setting,whereall outsidesareconsumers,andsothe
currentoutsideis usuallycalledthe“currentcontinuation”
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6.4.5 Combining Control Effects With Other Effects

Thecontinuationmodelin Sect.6.4.4generalizes.If we have any CBPV model,we canobtain
from it a continuationmodelfor controleffects.

As anexample,considertheprinting modelfor CBPV. We seeka modelfor controleffects
togetherwith 
���)��� . The CK-machinesemanticswill have the form J¥N�c f è@N�`ûN�j as in
Sect.3.4.2.

Wefix an   -set ù � ² . Thisplaysthesameroleastheset ù � ² in Sect.6.4.4.Thedenotational
semanticsfor controleffectswith 
������� is thenorganizedasfollows:

� a valuetype(andhenceacontext) denotesa set;

� a computationtypedenotes3 aset;

� a valueΓ W / I : $ denotesa functionfrom » »Γ ½ ½ to » » $�½ ½ ;
� a computationΓ W < J : C denotesa functionfrom » »Γ ½ ½�#³» » C ½ ½ to ù � ² .
As explainedin Sect.3.8, we useCBPV asa metalanguagedescribingthe printing model.

For example,we write � C for thecarrierof an   -set C and �&$ for the free   -seton a set $ .
With thisnotation,thesemanticsof typesis givenby

» »©� C ½ ½ > ��S�» » C ½ ½�� ù � ² V » »À�&$�½ ½ > ��S�» » $�½ ½�� ù � ² V
» »∑ �^��� $��^½ ½ > ∑ ����� » » $���½ ½ » »∏ �^�)� C � ½ ½ > ∑ �^�)� » » C � ½ ½
» » $�#P$ � ½ ½ > » » $�½ ½�#Æ» » $ � ½ ½ » » $E� C ½ ½ > » » $�½ ½�#³» » C ½ ½
» »=��� C ½ ½ > » » C ½ ½

Semanticsof terms:someexampleclauses.

» » 
��'��4"n����3I¤½ ½�S ÿ N��'VÉ> S�» »=I3½ ½ ÿ V ‘ SU¯�v�«�x¸®��'V
» »ÀJ]���m:�� `³½ ½�S ÿ N��'VÉ> » » Jó½ ½�S ÿ NUª�}" � ~ 	]4��úS�» »À`û½ ½�S�S ÿ N�:3È�t4�V~N���V�V�V

» » ����n���obJó½ ½ ÿ > ª�}" ��~ 	����úS�» » Jó½ ½�S ÿ N��'V�V
» » � �6���"�3I¤½ ½�S ÿ N��'VÉ> � ‘ ¯*v�«�xv®3S�» »ÀI¤½ ½ ÿ V
» »=	':��©Jj½ ½�S ÿ NeS	4�N���V�Vï> » » Jó½ ½�S�S ÿ N�:mÈ�54�V~N��'V

» »=I ‘ Jh½ ½�S ÿ N��'VÉ> » » Jó½ ½�S ÿ N�S�» »=I�½ ½ ÿ N��'V�V
» »=���6��������:�� Jh½ ½�S ÿ N��'VÉ> » » Jó½ ½�S�S ÿ N�:mÈ����V~N��'V

» »;���'�6��!���������c ; Jh½ ½�S ÿ N��'VÉ> » » Jó½ ½�S ÿ Ne» » cy½ ½ ÿ V
» » 
�������¤æ ; Jh½ ½�S ÿ N��'VÉ> æTå?S�» »ÀJó½ ½�S ÿ N���V�V
» »�» ½��'�m:�� ` :: cy½ ½ ÿ > ª�}" ��~ 	74��úS�» » `û½ ½�S�S ÿ NO:3È�t4�VeN~» » cy½ ½ ÿ V�V

» »ÀI :: cy½ ½ ÿ > S�» »=I3½ ½ ÿ Ne» » cû½ ½ ÿ V
Proposition45 (soundness)Supposethat J¥N�c f è@N�`ûN�j where

Γ W < J : C Γ W / c : ��� C
Γ W < ` : g Γ W�/Sj : ����g

Then,for any environmentÿ [ » »Γ ½ ½ ,
» »ÀJó½ ½�S ÿ N~» » cy½ ½ ÿ V�>¿è¥å?» »À`³½ ½�S ÿ N~» » jø½ ½ ÿ V (6.2)

ê
3As in Sect.6.4.4,

Ú Ú � à à
shouldbethoughtof asshorthandfor

Ú Ú � Ø�� à à .
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Corollary 46 (by theanalogueof Prop.42)Supposeù � ² hastwo elements4�N�z with theproperty
that

è¥åL4 Y> è³�¬åL4 for è¢Y>¿è³� [��
è¥åL4 Y> è³�¬å.z for è@NOè³� [��

(Thispropertyis satisfiedby thefree   -setonasetof size W 2.) For aset ` andelementL [ ` ,
write � ë Ô ý for thefunctionfrom ` to ù � ² thattakes L to 4 andeverythingelseto z .

Thenfor any closedgroundproducerJ of type � ∑ �^� ë 1,wehave J NU�º6� f ä è@NO
����"4�n��"�øLøNU�º6�
if f » » J¥½ ½�� ë Ô ý¤>¿è¥å`4 . Hencetermswith thesamedenotationareobservationallyequivalent. ê
It is alsoeasyto show thatprovablyequaltermshavethesamedenotationi.e. themodelvalidates
theCBPV equations.

In a similar way, we canobtaina modelfor controleffectswith recursion.Thesemanticsof
typesandtermsareasaboveexceptthatwenow understandthemetalinguistic� etc.asreferring
to theScottmodelratherthantheprinting model. We needonly replacethesemanticequation
for 
������� by anequationfor recursion.

6.5 Erratic Choice

Contraryto thefalseclaim madein [Lev99], it is only in languageswithout divergencethat the
following approachaccuratelymodelserraticchoice.

6.5.1 The Language

Weaddto thelanguagethefollowing erraticchoiceconstruct

þ�þ�þ Γ W < Jü� : C þ�þ�þ
Γ W < ���'�������bM"�����6NO���©Jü��N������ùQ : C

where � rangesover � . According to taste,we canallow � to be finite, countable,nonempty
or arbitrary. Themeaningof �����������XM"�����6N����;Jü��N������ùQ is “choosesome� [ � , thenexecuteJü� ”.
Thusto thebig-stepsemanticswe add

J ˆG é\F
���������"�bM�������N����©J � N������ùQîé\F

andto theCK-machineweaddthetransition

���'�������bM"�����6N����;JÌ��N������ùQ cf J ˆG c
It canbeprovedthatcomputationscannotdiverge.Ourformulationof thebig-stepsemantics

doesnotallow usto expressthis fact,but theCK-machinedoesallow usto expressit:

Proposition47 Thereis no infinite sequenceof transitionsfrom any configurationJ N@c . ê
6.5.2 Denotational Semantics

We seeka denotationalsemanticsfor the languagedescribedin Sect.6.5.1. Sincethereis no
divergence,we useasetmodel.Thesemanticsof valuesis givenin Sect.6.2—thedifficulty lies
in theinterpretationof computations.

Thiscanbemotivatedin asimilarwayto Sect.6.3.2,by startingwith thesoundnessstatement
andusingreversiblederivations.Wesummarizethesemanticshere.

� A computationtypedenotesaset.
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� A computationΓ W < J : C denotesa relationfrom » »Γ ½ ½ to » » C ½ ½ .
Writing �&$ for thepowersetof $ , thesemanticsof typesis givenby

» »©� C ½ ½ > �Z» » C ½ ½
» »À�&$�½ ½ > » » $�½ ½

» »∏ ����� C � ½ ½ > ∑ �^��� » » C � ½ ½
» » $E� C ½ ½ > » » $�½ ½�#³» » C ½ ½

Semanticsof terms—someexampleclauses:

S ÿ N@4�V [ » » 
����"4�n��"�mI&½ ½ if f » »=I¤½ ½ ÿ >�4
S ÿ N�zvV [ » »ÀJ]�'�m:��6`³½ ½ if f for some4 , S ÿ N�4�V [ » » J¥½ ½ and S�S ÿ N�:¤È�54�VeN�zvV [ » »À`³½ ½

» » ����n���obJh½ ½ ÿ > M�z [ » » C ½ ½ : S ÿ N�zvV [ » » Jó½ ½�Q
S ÿ N@zvV [ » » � �����"�3I&½ ½ if f z [ » »=I¤½ ½ ÿ
S ÿ N�S	4�N�zvV�V [ » »À	':��©Jj½ ½ if f S�S ÿ N�:&È�t4�V~N�z¬V [ » »ÀJó½ ½

S ÿ N�zvV [ » »ÀI ‘ Jh½ ½ if f S ÿ NeS�» »=I3½ ½ ÿ N@zvV�V [ » »ÀJó½ ½
S ÿ N�z¬V [ » »©���������"�&M"�����6NO���©J � N������ùQv½ ½ if f for some� , S ÿ N�zvV [ » » J � ½ ½

Proposition48 (soundnessand adequacy) For any closedcomputationJ , we have

» »ÀJó½ ½�> �æ�� � » » F�½ ½
ê

Proof For (  ) we inducton J]éZF . For ( R ) we definesubsets«ú®QP / N , «ú®6P � I and «�®6P < I exactly as
in Prop.9, exceptthatwe replacetheclausefor J [ «�®6P < I by thefollowing:

J [ «ú®QP < I if f for all z [ » »ÀJó½ ½ thereexists F [ «ú®QP � I suchthat Jïé\F and z [ » » F�½ ½ .
We notethatif F [ «�®6P � I then F [ «ú®6P < I (unlike in theproof of 9, theconverseis not apparentat
this stageof theproof). Therestof theproof follows thatof Prop.9. ê
Corollary 49 For any closedgroundproducerJ , we have JÉé�
����"4�n��"��L if f L [ » » J¥½ ½ . ê
It is alsoeasyto show thatprovablyequaltermshavethesamedenotationi.e. themodelvalidates
theCBPVequations.

Noticethesemanticsof CBV functions:

» » $E� CBV C ½ ½�>!�ÃS�» » $�½ ½�#³» » C ½ ½^V
This is thesetof relationsfrom » » $�½ ½ to » » C ½ ½ , a traditionalnondeterministicsemanticsfor CBV.

6.5.3 Finite Choice

Wesaidin Sect.6.5.1thatin therule

þ�þ�þ Γ W < Jü� : C þ�þ�þ
Γ W < ���'�������bM"�����6N����;J � N������ùQ : C

we can,if we like, restrictthe set � that � rangesover to be finite (or countableor nonempty).
Thiseffectof finiteerratic choiceprovidesaninterestingexampleof aCBV modelthatdoesnot
decomposenaturallyinto CBPV.
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We modify the CBV model for erraticchoicegiven above so that $j� CBV C denotesnot
» » $�½ ½��"�Z» » C ½ ½ , asit previously did (up to isomorphism),but » » $�½ ½��"� ã 2 » » C ½ ½ , where� ã 2  is the
setof finite subsetsof  . Our decompositionof CBV erraticchoicesemanticsinto CBPV was
basedon theisomorphism

$B�#� C �> �ÃSU$�# C V
but thereis noanalogousisomorphismfor $E�$� ã 2 C . SowedonothaveaCBPVsemanticsfor
finite erraticchoice.(Similarly if we restrictto countablesubsetsor to nonemptysubsets.)

This is a situationwe shallseeagain in Sect.7.9: the“basic” CBV model(in this example,
generalerraticchoice)decomposesinto CBPV, but a constrainedmodel (finite erraticchoice)
doesnot.

6.6 Err ors

Theerrors featureweconsiderhereis muchweaker thantheexceptionsfeatureof ML andJava.
In particular, wedo notprovideahandlingfacility.

6.6.1 The Language

We fix a set % of errors. We addto CBPV a command�����'���+� for each � [ % . Theeffect of
this commandis to halt execution,reporting � asan“error message”.Thuswe addto thebasic
CBPV languagetherule

Γ W < ����������� : C
Noticethat �6���'�6�3� canhaveany type,like 4��5'����!'� .

Thebig-stepsemanticsnow hastwo judgementsJ éXF and J é�� . For eachrule in Fig. 3.2
of theform (3.1)andeach0 � ü'&UV weadda rule

J 0 é�F 0 þ�þ�þ J)( Ë 1 é�F*( Ë 1 J+(ºéí�
Jìéª�

andweaddtherule

�����������?éª�
Proposition50 For every closedcomputationJ , preciselyoneof thefollowing holds

� thereexistsuniqueF suchthat Jìé�F andtheredoesnotexist � suchthat JÉé��
� theredoesnotexist F suchthat JÉé\F andthereexistsunique � suchthat JÉé�� .

ê
For the CK-machine,we first extend the classof configurations:a configurationmay be

eitherof the form J¥N�c asin Sect.3.3.2,or of the form � for � [ % . We extendthe classof
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terminalconfigurationsto bethefollowing:


��'��4"n��"�3I �º6�
	TM"�����6NO���©Jü��N������¹Q �º6�
	':�J �º6��

andweaddthetransition

����������� cf �
6.6.2 Denotational Semantics

We seeka denotationalsemanticsfor the languagedescribedin Sect.6.6.1. Sincethereis no
divergence,weuseasetmodel.Thesemanticsof valuesis givenin Sect.6.2—thedifficulty lies
in theinterpretationof computations.

Thesemanticsis very similar to our   -setsemanticsfor printing. In Chap.12 we shall see
thatthey areinstancesof ageneralconstruction.

Definition 34 (cf. Def. 8)
� An % -set S*-N ® « «�v�«OV consistsof a set  togetherwith a function ® «�«�v�« from % to  . We

call  thecarrierand ® « «�v�« thestructure.

� An elementof S*-N ®6«�«�v�«UV is anelementof  .

� A functionfrom aset ë to S�-N ® «�«�v�«OV is a functionfrom ë to  .

ê
Herearesomewaysof constructing% -sets(cf. Def. 9).

1. For any set  , the free % -seton  hascarrier  (,% andwe set ®6«�«�v�«]� to be
��� «F� .

2. For an � [ � -indexed family of % -sets S*���N ®6«�«�v�«UV , we set∏ �^�)� S����N ® « «�v�«OV to have carrier
∏ �^��� �� andstructuregivenpointwise:ˆ- ‘ SU®6«�«�v�«7��Vg>E®6«�«�v�«]� .

3. For any set  and % -set S	/îN ®6«�«�v�«^V , we definethe % -set ¢�·S�/lN�®6«�«�v�«UV to have carrierí�t/ andstructuregivenpointwise: � ‘ SO®6«�«�v�«7��Vg>¿®6«�«�v�«]� .

Computationtypesdenote% -setsandvaluetypesdenotesetsin theevidentway: in particular
�&$ denotesthefree % -seton » » $�½ ½ and � C denotesthecarrierof » » C ½ ½ . A computationΓ W < J : C
denotesa functionfrom » »Γ ½ ½ to » » C ½ ½ . We omit semanticsof terms;thekey clauseis

» »=�6���'�6�?�v½ ½ ÿ >E®6«�«�v�«]�
Proposition51 (soundness) � If JÉé\F then » »ÀJó½ ½�>ó» » F0½ ½ .

� If JÉé�� then » »ÀJó½ ½">E®6«�«�v�«]� .
ê

Corollary 52 (by Prop. 50) For a closedgroundproducer J , we have J éy
��'��4"n��"�ÆL if f
» » Jó½ ½�> ��� ±¬L , and JÉéª� if f » »ÀJó½ ½�> ��� «]� . ê
It is alsoeasyto show thatprovablyequaltermshavethesamedenotationi.e. themodelvalidates
theCBPVequations.

Noticethatwe recover thetraditionalsemanticsof CBV functions:

» » $E� C ½ ½�>ó» » $�½ ½��ïS�» » C ½ ½)(,%�V
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6.7 Combining Printing and Divergence

6.7.1 The Language

Whenwe combineprintinganddivergence,theform of thebig-stepsemanticschanges.Givena
closedcomputationJ therearetwo possibilities:

1. J couldprint afinite string è andthenterminateasF . As before,wewrite this J é�è@N�F .

2. J couldprint a finite or infinite string è andnever terminate.Wewrite thisas J.-\è .

Wewrite  \ä ∞ for thesetof finite or infinite stringsof charactersin   .
Wewould like to provideabig-stepdefinitionfor thesebehaviours,but wedonotknow how

to do this. Instead,we will definethemusingtheCK-machine.

Definition 35 1. We saythat JÉé\è@NOF whenthereexistsafinite sequenceof transitions

JÌ��N�c�� f èÆ��N�Jü�0/ 1 N�c��1/ 1 for 0 �ü��&UV
where J 0 N@c 0 >DJ¥NO����

JUT�N�c+T?>¿F0NO�º6�
è 0 åÖþ�þ�þ�åºèrT Ë 1 >¿è

2. We saythat J.-\è whenthereexistsaninfinite sequenceof transitions

Jü�ùN@c�� f èÆ�ùN Jü�0/ 1 N�c��0/ 1 for 0 �ü��& ∞
where J 0 N@c 0 >DJ¥NO����

è 0 åâþ�þ�þ�>Äè
ê

Wewouldstronglypreferthis to beaproposition(analogousto Prop.12) ratherthanadefinition,
but this requiresa big-stepcharacterization4 of - , which we have not found. We leave this to
futurework.

6.7.2 Denotational Semantics

Thedenotationalsemanticsis very similar to our   -setsemanticsfor printing andto our % -set
semanticsfor errors.In Chap.12we shallseethatthey areinstancesof ageneralconstruction.

Becausethedenotationalsemanticsis acpomodel,thesemanticsof valuetypesis asgivenin
Sect.6.2andwewill useCBPVasametalanguagefor theScottmodelasexplainedin Sect.3.8.
For examplewe write � C for thecppo C regardedasa cpo,andwe write �&$ for thelift of the
cpo $ . Usingthisnotationwe have thefollowing; it is analogousto Def. 8.

Definition 36 1. An   -cppo S C N�å V consistsof a cppo C togetherwith a function å from
  #\� C to C . We call C thecarrier and å thestructure.

2. An elementof S C Nùå V is anelementof C .

3. A continuousfunctionfrom acpo ë to S C Nùå V is acontinuousfunctionfrom ë to C .
ê

4Anotherapproachis to usesmall-stepsemantics, but wehaveavoidedthisstyleof operationalsemanticsthrough-
out the thesis,becauseit is inaccuratefor infinitely deepterms.For example,thecomputation

Î�Ï
3‘3‘3‘3‘ 23232 di-

verges,but small-stepsemanticswould suggestthat it is terminal,asthereis no rewrite
Î54 Û

. We considerthis a
symptomof a deeperproblem:thatsmall-stepsemantics,by contrastwith big-stepandCK-machinesemantics,does
notgivea correctdescriptionof flow of control,becauseonly conversionof redexesis represented.
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Eachcomputationtype will denotean   -set,andeachcomputationΓ W < J : C will denotesa
continuousfunction from » » Γ ½ ½ to » » C ½ ½ . As for   -sets,given an   -cppo,we canextend å to a
functionfrom   ä #Z� C to C . We write æ¶å1z insteadof å�SOæ�NOª�}� ��~ zvV . Furthermore,we definea
function ²ùª¬«ú®)° Ì from   ä ∞ to C where ²ùª~«ú®)° Ìtè is definedto be the lub of LPå:; for all finite
prefixes L of è .

By analogywith Def. 9, wecandefinethefree   -cppoonacpo $ , whosecarrieris thecppo
�L �©�\SO$�(³ K#¦�Ó V , andwe candefineproductandfunction   -cpos. We omit thedetailsof
thesemanticsandtheproofof thefollowing:

Proposition53 (soundnessand adequacy) 1. If JÉé�è@N�F then » » Jó½ ½�>Äè¥åî» » F0½ ½ .
2. If J.-�è then » »ÀJó½ ½">¿²ùª¬«ú®)° ÌDè .

ê
Corollary 54 For a closedgroundproducerJ , we have Jµéûè@NU
��'��4"n��"�\L if f » » Jó½ ½�>tè�åu «�vwP�yx¸®¤L , and J6-³è if f » » J¥½ ½�>Á²ùª~«�®¸° ÌKJ . Therefore,termswith the samedenotationare
observationallyequivalent. ê
It is alsoeasyto show thatprovablyequaltermshavethesamedenotationi.e. themodelvalidates
theCBPVequations.

6.8 Summary

Theeasypartof all thesemodels—thesemanticsof values—wasgivenin Sect.6.2. In Fig. 6.3
wesummarizethemoredifficult part—thesemanticsof computations.

Rememberthat, when giving semanticsfor global store+ printing and the semanticsfor
control+ printing, we useCBPV asa metalanguagefor theprinting model: � means“carrier”,
� means“free   -set”. But we cancombineglobalstoreor controlwith any effect thatwe have
amodelfor, by understanding� and � asreferringto thismodel.

For eacheffect,weseethatthesemanticsof �¤� givesamonadin thestyleof Moggi [Mog91].
It is remarkablehow eachmonaddecomposesinto � and � in a specificway that fits the op-
erationalsemantics.In someways,we have coveredthe samegroundof Moggi; but the key
improvementsarethat

� we have includedCBN aswell asCBV;

� our languagehasoperationalsemantics.

Lookingata few examples,weseein Fig. 6.4thatwerecover traditionalsemanticsfor CBV,
andweobtainstrange-lookingsemanticsfor CBN. As statedin Sect.6.1,theCBN semanticsfor
globalstorewaspresentedin [O’H93], while theCBN semanticsfor controlappearedin [SR98].
WecanseethatCBPVprovidesanexplanationof theseapparentlymysteriousmodels.
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Themodelsarearrangedinto two groups.In theterminologyof Sect.6.2 (wherethesemantics
of valuesis described),thefirst grouparesetmodelsandthesecondgrouparecpomodels.
effect a comp.typedenotes acomputationΓ W < J : C denotes
printing an   -set a functionfrom » » Γ ½ ½ to » » C ½ ½
globalstore a set a functionfrom ø-#Æ» »Γ ½ ½ to » » C ½ ½
globalstore+ printing an   -set a functionfrom ø-#Æ» »Γ ½ ½ to » » C ½ ½
control a set a functionfrom » » Γ ½ ½�#Æ» » C ½ ½ to ù � ²
control+ printing a set a functionfrom » » Γ ½ ½�#Æ» » C ½ ½ to ù � ²
erraticchoice a set a relationfrom » » Γ ½ ½ to » » C ½ ½
errors an % -set a functionfrom » » Γ ½ ½ to » » C ½ ½
divergence a cppo acontinuousfunctionfrom » »Γ ½ ½ to » » C ½ ½
divergence+ printing an   -cppo acontinuousfunctionfrom » »Γ ½ ½ to » » C ½ ½

effect � � �&��>¿F
printing carrier free   -set  \äâ#Z.
globalstore øy��. ø-#Z. øû�ïS�ø-#Z.3V
globalstore+ printing ��S�øû� .3V �\S@ø-#Ã.¤V ��S�øû� �\S�ø�#Ã.3V�V
control .¿�tù � ² .¿�tù � ² Sù.Ä�tù � ²eVT� ù � ²
control+ printing ��S�.¿�tù � ² V ��S�.¿� ù � ² V ��S���S�.¿� ù � ² Vg� ù � ² V
erraticchoice � . �
errors carrier free % -set .û(7%
divergence . lift lift
divergence+ printing carrier free   -cppo �L-��S�.y(¦ ¥#3@V �

effect � ∏ �����
printing � ∏ �����
globalstore � ∏ �����
globalstore+ printing � ∏ �����
control # ∑ �����
control+ printing # ∑ �����
erraticchoice # ∑ �����
errors � ∏ �����
divergence � ∏ �����
divergence+ printing � ∏ �����

Figure6.3: Summaryof simpleCBPVmodels

effect » » $D� CBV C ½ ½�>ó» »;��SU$E�¢� C V ½ ½ » » $ � CBN C ½ ½�>ó» »©�3$ � C ½ ½
globalstore øy� S�» » $�½ ½��ïS�ø-#Æ» » C ½ ½UV�V S�øû�É» » $ ½ ½UVº�É» » C ½ ½
control S�» » $�½ ½'#¦S�» » C ½ ½�� ù � ²eV�Vg� ù � ² S�» » $ ½ ½��tù � ²eV¶#Æ» » C ½ ½
erraticchoice �ÃS�» » $�½ ½�#Æ» » C ½ ½UV S1�Z» » $�½ ½UV¶#Æ» » C ½ ½

Figure6.4: Inducedsemanticsfor CBV andCBN functiontypes
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Chapter 7

PossibleWorld Model for Cell Generation

7.1 Intr oduction (Part 1)

In Sect.6.3, we lookedat semanticsof global storagecells. But mostprogramminglanguages
provide facilities for generatingnew cells (i.e. memorylocations)during execution. In sucha
languagetheremaybe,at onetime,3 cellsstoringa booleanand1 cell storinga number, andat
a later time, 5 boolean-storingcellsand6 number-storingcells,because2 new boolean-storing
cellsand5 new number-storingcellshavebeengenerated.Consequently, to describethestateof
thememoryat agiventime,we requiretwo piecesof information:

� theworld, whichtellsushow many boolean-storingcells,how many number-storingcells,
etc.,arein existence;

� thestore , which tells uswhatvaluesthesecellsarestoring.

Thesetwo piecesof informationtogetherarecalleda world-store. We stressthat theworld can
only increase:new cellsaregeneratedbut (at leastin principle)noneareeverdestroyed.Writing
 for theearlierworld and 
 � for thelaterworld, in theaboveexample,wesaythat 
A�U
 � . We
write 8 for theposetof worlds,regardedasasmallcategory.

How canweprovideadenotationalsemanticsfor suchalanguage?Oneplausibleapproachis
to usetheglobalstoresemanticsof Sect.6.3,replacingthesetof storesby thesetof world-stores.
However, by contrastwith thestorein Sect.6.3,which canchangein any way at all, theworld-
storeis constrainedin the way it canchangeby the fact that the world canonly increase.Our
goalis to provideamodelthat,unliketheglobalstoremodel,embodiesthis importantconstraint.

Thekey ideawhich leadsto sucha modelis thatof possibleworlds: a valuetype,insteadof
denotingjust oneset(or cpo),hasa differentdenotationin eachworld. In theabove example,
thetype �'� � %������ (thetypeof cellsstoringbooleans)denotesa3-elementsetin theworld 
 but
a5-elementsetin theworld 
 � . Wewrite » » $�½ ½�
 for thedenotationof $ in theworld 
 .

The varioussetsdenotedby a type $ arerelated. In the above example, » » ��� � %'����� ½ ½�
 is
clearlya subsetof » » �'� � %'������½ ½�
 � . In general,whenever 
 ��
 � , therewill bea function » » $�½ ½199 \
from » » $�½ ½�
 to » » $�½ ½�
m� . Thesefunctionssatisfytheequations

» » $�½ ½ 99 4 > 4
» » $�½ ½ 99 \ \ 4 > » » $�½ ½ 9 \9 \ \ S�» » $�½ ½ 99 \ 4�V for 
A�U
m���U
m� �

In summary, every valuetype $ denotesa functorfrom 8 to Set.
A numberof possibleworld modelshave beendescribed.[Mog90, Ole82, PS93,Rey81,

Sta94]. Themodelwe will presentdiffers from thesein several respects.For example,in these
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modelsa typedenotesa functornot from 8 but from thelargercategory of world injectionsor
theeven largercategory of store shapes[Ole82]. So this chapteris not theusualstory of “tra-
ditional CBN andCBV semanticsdecomposeinto CBPV semantics”,at leastnot in a straight-
forward way—therelationshipsbetweenthe variousmodelsarerathersubtle. For that reason,
it is probablywise for readersfamiliar with oldermodelsto regard themodelin this chapteras
essentiallydifferent;we discussthis in Sect.7.9.

Still, the chapterdoesprovide a good exampleof what can be achieved with CBPV. For
whereasprevious models(with the exceptionof [Ghi97]) interpretonly storageof groundval-
ues,our approachcaninterpretstorageof anything: groundvalues,cell locationsandthunks.
Sucha facility is, afterall, commonplacein practicalCBV languagessuchasML andScheme.
Thedisadvantageof our approachis that,preciselybecauseof this generality, it doesnot easily
accommodateparametricityconstraintsandthestackallocationpresentin IdealizedAlgol.

We will first describethe operationalsemanticsand the denotationalsemanticsof values.
This is just laying the foundationsand is not new or surprising. Then we will continueour
discussionin Sect.7.6to look athow wecanuseasemanticsfor CBV to suggestasemanticsfor
CBPV. In particular, wewill seehow thepossibleworld semanticsfollowstheslogan“ � denotes
∏, � denotes∑”.

7.2 The Language

Weadd ��� � typesto CBPV, giving thefollowing typesystem:

$ :: > � C � ∑ ����� $�� � 1 � $�#P$ � �'� � $
C :: > �b$ � ∏ �^��� C � � $D� C

As in ML, a valueof type �'� � $ is a cell (i.e. a memorylocation)thatstoresa valueof type $ .
For example,avalueof type ��� � �'� � %������ is acell storingacell storingaboolean.

Maintainingourconventionthatcommandsareprefixes,we addthefollowing terms.

Assigningto a cell

Γ W / I : �'� � $ Γ W / ë : $ Γ W < J : C
Γ W < I : >Bë ; J : C

This computationreplacesthe currentcontentsof the cell I with ë , andthenexecutes
J .

Readinga cell

Γ W / I : �'� � $ Γ N�: : $DW < J : C
Γ W < �'����4�Ió����:��6J : C

This computationbinds : to thecurrentcontentsof thecell I (in otherwords,substitutes
thecurrentcontentsof I for : ), andthenexecutesJ .

Generatinga new cell

Γ W / I : $ Γ NO: : �'� � $DW < J : C
Γ W < ��� rb: : >BI ; J

This computationgeneratesa new cell : , initially storing I , andthenexecutesJ . There
arerecursivevariantsof this construct,but wewill omit them.



104 Chapter7. PossibleWorld Modelfor Cell Generation

Equality of cells Thebasicconstructis

Γ W / I : �'� � $ Γ W / I � : ��� � $
Γ W / It>BI � : %'�����

Thisis acomplex value(in thesenseof Sect.4.2);so,for thesakeof operationalsemantics,
we regardasprimitive theconstruct

Γ W / I : �'� � $ Γ W / I � : �'� � $ Γ W < J : C Γ W < J � : C
Γ W <  � It>�I � �"���6��Jµ�������¤J � : C

7.3 Operational Semantics

7.3.1 Worlds

As computationproceeds,new cellsaregenerated.Thenumberof cellspresentlyin existence,
togetherwith their type,is describedby aworld.

Definition 37 1. A world 
 is a functionfrom theset î °"± ª�ï�u�®¬² of valuetypesto � , suchthat

∑N¶� /�ñ�ò �$� ô�! À 
 N & ∞

Informally, 
�N is thenumberof $ -storingcellsin theworld 
 . Theconditionensuresthat
thetotal collectionof cellsin aworld is finite.

2. Usingthenotationof Sect.1.4.1,wewrite xv®6±;± ²Ü
 for thefinite set∑ N¶� /�ñ�ò � � ô�! À $
 N , theset
of cellsin 
 .

3. Theemptyworld 0 is givenby

0N > 0 for all $ .

4. Let 
 beaworld andlet $ beavaluetype.Weusethephrase
 extendedwith an $ -storing
cell : to meantheworld 
m� definedby
 �I >

� 
 I ( 1 if C >E$
 I otherwise

Thenew cell : is thendefinedto be 
 N .

5. Let 
 and 
 � beworlds.Wesaythat 
|�U
 � when
 N �U
 �N for all $ .

6. We write 8 for theposetof worldsregardedasa category. If 
 � � , we write 9 × for the
uniquemorphismfrom 
 to � .

ê
For the sake of the operationalsemantics,we needto defineextra judgementsof 
 -values

and 
 -computations. Thesearetermsthatcanexplicitly refer to thecells in 
 . We write these
judgements 
 �Γ W / I : $ 
 �Γ W < J : C
where 
 is a world. They aredefinedby thesametyping rulesasordinaryvaluesandcomputa-
tions,togetherwith theadditionalrule


 �Γ W / �"�����`N´� : �'� � $ where� [ $
�N
Noticethatif 
|�«
m� thenevery 
 -valueis alsoa 
m� -valueandevery 
 -computationis also

a 
 � -computation.
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7.3.2 Stores

Theworld tells usonly how many cellsthereareof eachtype,not whatthey contain.This latter
informationis providedby thestore.

Definition 38 1. Let 
 be a world. A 
 -store is a function associatingto eachpair SU$PNO�ùV ,
where$ is a valuetypeand � [ $
 N , a closed
 -value 
 � W / I Nâ� : $ . Wewrite it

S������ N��������LN¶�ºÈ� I7Nâ�ùN�������V
2. A world-store is aworld 
 togetherwith a 
 -store ü .

ê
Theoperationsonstoresaresimilar to thestore-handlingconstructsin thelanguage:

Definition 39 Let S�
PN�ü�V beaworld-storeandlet $ bea valuetype.

1. If : is an $ -storingcell in 
 , we usethe phrasethe contentsof cell : in ü to meanthe
function ü appliedto SO$PN;:OV .

2. If : is an $ -storingcell in 
 and 
 � W�I : $ , weusethephraseü with cell : assignedI for
the 
 -store üv� which is thesameas ü exceptthatü � SU$PN;:OVT>BI

3. If 
 � W�I : $ , weusethephraseS�
PN�ü�V extendedwith a cell : storing I to meantheworld-
store S*
 � N�ü � V where

� 
m� is 
 extendedwith an $ -storingcell : ;
� ü � is the 
 � -storein which thecontentsof eachcell of 
 is thesameasin ü (except

that in üv� it is regardedasa 
m� -valueratherthana 
 -value)andthecontentsof the
new cell : is I (regardedasa 
 � -value).

ê

7.3.3 Operational Rules

The operationalsemanticsof our dynamicallygeneratedstoreis similar to the operationalse-
manticsof globalstorein Sect.6.3.1.Wedefinea relationof theform 
PN�ü6N JÉéÅ
 � N�ü � N�F where

� 
PN�ü is a world-store;

� J is aclosed
 -computation;

� 
 � N�ü � is aworld-storesuchthat 
 � WU
 ;

� F is aclosedterminal 
m� -computation.

Wereplaceeachrule in Fig. 3.2of theform (3.1)by
 0 N�ü 0 N�J 0 éÅ
 1 N�ü 1 N�F 0 þ�þ�þ 
¥T Ë 1 N�ü�T Ë 1 N J«T Ë 1 é+
¥T N�ü�T�N�F]T Ë 1
 0 N�ü 0 N�JÉéÅ
¥T�N�ü�T NOF
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andweaddthefollowing rules:
PN�ü6N�Jd»=Il¼�:�½6éÅ
 � N�ü � N�F
PN�ü6N��'���"4P�"�����`N<:�����:�� JÉéÅ
 � N�ü � N�F I is thecontentsof $ -storingcell : in ü

PN�ü � N JÉé+
 � N�ü � N�F
PN�ü6N��"����� N : : >BI ; JÉéÅ
 � N�ü � N�F üv� is ü with $ -storingcell : assignedI


 � N�ü � N�Jd»©�������bN=:O¼�:"½�éÅ
 � N�ü � N�F
PN�ü6NO��� rb: : >DI ; JÉéÅ
 � N�ü � NOF S*
m��N�üv��V is S�
PN�ü�V extendedwith acell : storing I


PN�ü6N�JïéÅ
 � N�ü � N�F
PN�ü6N� � �������LN=:�>Á�"�����`N<:��"��� �PJµ�����"�3J � éÅ
 � N�ü � NOF
PN�ü6N J � éÅ
 � N�ü � NOF S>:¶Y>?:ú��V
PN�ü6N� � �"�����LN=:�>Á�"�����`N<: � ����� �PJµ�����"�3J � éÅ
 � N�ü � N�F
Similarly, we canadapttheCK-machineto includetheseconstructs.

7.3.4 Observational Equivalence

Definition 40 Given two computationsΓ W < J¥N�` : C , we say that J �¥` when for every
groundcontext �m» ½ andevery world-store
PN�ü andevery L we have@ 
 � N�ü � S*
PN�ü6N=�m»ÀJó½6é+
 � N�ü � NU
��'��4"n��"��L´V if f

@ 
 � N�ü � S�
PN�ü6N=�m»À`û½6éÅ
 � N�ü � NO
��'�"4�n�����L¶V
Wesimilarly define � for values. ê

Someimportantobservationalequivalencesare

�'�6r&: : >BI ; J � J (7.1)

��� rb: : >DI ; ��� rb7 : >Bë ; J � �'�6r&7 : >Bë ; �'�6r&: : >�I ; J (7.2)

��� rb: : >BI ; SOJ§�'�m7��6`�V%� J]�'�37���S^�'�6r&: : >DI ; `�V (7.3)

usingtheconventionsof Sect.1.4.2.Theequivalence(7.3)fails in thepresenceof controleffects.

7.4 Thunk-Storage FreeFragment

In Chap.6, we studiedvariouseffectsin theabsenceof divergence.This enabledus to present
simpleset-basedsemanticsandto avoid a difficult adequacy proof. But this convenientstyleof
expositionis impossiblefor a languagethatstoresthunks,because,asLandinshowed,recursion
canbeencodedin termsof thunkstorage.

Wewill thereforeproceedin two stages.

1. For mostof the chapter, we will look at the thunk-storage freefragmentobtainedby re-
strictingthelanguagein Sect.7.2 to thefollowing types:� :: > ∑ ����� � � � 1 � ��#)� � �'� � �

$ :: > � � � C � ∑ �^�)� $�� � 1 � $�#P$
C :: > �&$ � ∏ �^�)� C � � $D� C

Thefirst line is theclassof datatypes; thesearethetypeswhosevaluescanbestored.We
amendDef. 37–39accordingly, replacing“valuetype” by “datatype”. This restrictionof
typeseliminatesdivergence:
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Proposition55 For any world-store 
PN�ü and any closed 
 -computationJ , there is a
unique
 � N�ü � N�F suchthat 
PN�ü6N JÉéÅ
 � N�ü � N�F . ê

2. In Sect.7.10 we will explain how to adaptour approachto model the whole language,
includingthunkstorage.

Even the thunk-storagefree fragmentallows storageof cells and is thereforemore liberal
thanlanguagesallowing storageof groundvaluesonly.

7.5 Denotation of Valuesand Stores

7.5.1 Value Types

As we saidin Sect.7.1, a valuetype $ (andlikewise a datatype anda context) will denotea
covariantfunctorfrom 8 to Set. » » $�½ ½�
 shouldbethoughtof asthesetof denotationsof closed
 -valuesof type $ . ∑ and # are interpretedpointwise,while �'� � � is interpretedas in the
exampleof Sect.7.1.

» »∑ ����� $��^½ ½�
 > ∑ �^��� » » $���½ ½�

» » $�#P$ � ½ ½�
 > » » $�½ ½�
�#³» » $ � ½ ½�

» » �'� � ��½ ½�
 > $
BA

Theseequationscompletethesemanticsof datatypes,but for valuetypeswestill requirethe
interpretationof � .

Noticethat » » �'� � ��½ ½ is not definedin termsof » » ��½ ½ . Therefore,thesemanticsof typesis not
compositional.Indeed,even thedefinitionof “world” (Def. 37) involvesthesetof valuetypes,
so it is syntaxdependent.This seemsto be unavoidable: after all, �'� � doesnot even preserve
isomorphismsi.e. $Ç�> $ � doesnot imply �'� � $Ç�> �'� � $ � .

7.5.2 Values

Supposewe have a valueΓ W�/�I : $ . For eachworld 
 andeachenvironment ÿ of closed
 -
values,we obtain,by substitution,a closed 
 -valueof type $ . Thus I will denote,for each
world 
 , a function » »=I¤½ ½�
 from » »Γ ½ ½�
 to » » $�½ ½�
 . Thesefunctionsarerelated:if 
<� 
m� then(7.4)
mustcommute.

» » Γ ½ ½�
 » »=I¤½ ½�
è8 » » $�½ ½�

» »Γ ½ ½�
 �

» »Γ ½ ½C99 \ED
» »ÀI¤½ ½�
 �

8 » » $�½ ½�
 �

» » $�½ ½C99 \D (7.4)

In summary, I denotesanaturaltransformationfrom » »Γ ½ ½ to » » $�½ ½ .
Informally, (7.4) saysthat if we have an environment ÿ of closed 
 -values,substituteinto

I andthenregard the resultasa closed 
 � -value,we obtainthe sameasif we regard ÿ asan
environmentof closed
m� -valuesandsubstituteit into I .

More generally, a 
 0-value 
 0 �Γ W�/�I : $ denotes,for each
 W 
 0 a function from » » Γ ½ ½�

to » » $�½ ½�
 , satisfying(7.4)for each
 0 � 
A� 
m� . If Γ is empty, it is clearthatthis is equivalentto
giving anelementof » » $�½ ½�
 0, aswestatedin Sect.7.5.1.
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7.5.3 Stores

Supposethat 
 is a world. Theneach
 -storedenotesanelementof theset øÛ
 , definedby the
finite product ø:
D> FÎ AOÔHG Ï)�g< !ùò ò À 9 » » ��½ ½�

We usetheterm 
 -store in two senses:syntactically(a 
 -storeis a tupleof closed
 -valuesof
theappropriatetypes)andsemantically(a 
 -storeis anelementof ø:
 ). Thusasyntactic
 -store
denotesasemantic
 -store.

The 3 operationsdefinedon syntacticworld-storesin Sect.7.3.2(reading,assignmentand
cell generation)have evidentanaloguesfor semanticworld-stores.

In the thunk-storagefree fragment,this syntactic/semanticdistinctionis of no significance,
becauseeachsemantic
 -storeis the denotationof preciselyonesyntactic 
 -store. This is a
consequenceof

Proposition56 For every datatype � andworld 
 , the function » »Å.�½ ½ from the setof closed
 -valuesto to » » �\½ ½ w is abijection. ê
It is importantto seethat øÛ
 is not a covariantor contravariantin 
 . To seethis, suppose
A�U
 � .
� On the onehand,a 
 -storecannot,in general,be extendedto a 
 � -store. For example,

suppose
 is theemptyworld and 
m� hasa singlecell æ storingtype0. Thenthereis one
 -storebut no 
 � -store,becausethereis novaluefor æ to store.

� On the otherhand,a 
m� -storecannot,in general,be restrictedto a 
 -store. For suppose
 hasa singlecell æ storingtype ��� � 1 and 
m� hasonemorecell ¨ storingtype1. Then
thereis one 
 � -store—whereæ stores̈ and ¨ storesS V —but no 
 -store,becausethereis
no 
 -valuefor æ to store.

By contrast,whenwe allow storageof groundvaluesonly, ø is indeedcontravariant: if 
 �
 � , thena 
 � -storecanbe restrictedto a 
 -store. This is why our possibleworld model is so
different from the older possibleworld models,which treatgroundstoreonly andexploit the
contravarianceof ø .

We write P � ²�x�8 for the discretecategory (i.e. no non-identitymorphisms)whoseobjects
areworldsWesaythat ø is adiscretefunctor(asopposedto acovariantor contravariantfunctor)
from 8 to Set; thismeansthatit is a functorfrom P � ²�xI8 to Set.

7.6 Intr oduction (Part 2)

Oneof our heuristicsfor designinga CBPV semanticsis to find a CBV semanticsandlook for
theCBPV decompositionof � CBV . Sucha CBV semanticsfor cell generationwasconsidered
by O’Hearn,independentlyof ourwork. His suggestedinterpretationwas

» » $E� CBV C ½ ½�
E> ∏ 9 \KJ 9 S@ø:
m�6�ï» » $�½ ½�
m� � ∑ 9 \ \ J 9 \ S�ø:
m� �"#Æ» » C ½ ½�
m� ��V�V (7.5)

Theintuition behind(7.5) is asfollows. SupposeI is a CBV functionin world 
 ; it should
denoteanelementof theLHS of (7.5). Now I canbeappliedin any futureworld-store S�
 � N�ü � V ,
where 
m�FWÇ
 and üv� is a 
m� -store,to an operandwhich is a 
m� -valueof type $ . It will then
changethe world-storeto S*
 � � N�ü � � V , where 
 � � WÇ
 � and ü � � is a 
 � � -store,andfinally producea
m� � -valueof type C . TheRHSof (7.5)preciselydescribesthisnarrative.

TheCBPV decompositionof $B� CBV C as �XSO$E�¢� C V is immediatelyapparentin (7.5):

∏ 9 \ J 9 S�øÛ
m� � » » $�½ ½�
m�¨� ∑ 9 \ \ J 9 \ S�ø:
m� �ù# » » C ½ ½�
m� ��V�V
� SU$ � � C V
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This suggeststhat a computationtype will, like a value type, denotea different set in each
world—we shall seein Sect.7.7.2 that it denotescontravariant functor from 8 to Set—and
thatthesedenotationsaregivenby

» »;� C ½ ½�
 > ∏ 9 \KJ 9 S�øÛ
m�6�ï» » C ½ ½�
m�¹V (7.6)

» » $E� C ½ ½�
 > » » $�½ ½�
E�ï» » C ½ ½�
 (7.7)

» » �b$�½ ½�
 > ∑ 9 \ J 9 S�øÛ
 � #Æ» » $�½ ½�
 � V (7.8)

This canbesummarizedby theslogan“ � denotes∏, � denotes∑”. As � C is a valuetype, it
mustdenoteacovariantfunctorfrom 8 to Set, andit is easyto seethat(7.6)describesone.For
if 
A� � thenany elementM�� 9 \ Q 9 \ J 9 [ » »©� C ½ ½�
 canberestrictedto M[� 9 \ Q 9 \ J × [ » »©� C ½ ½ � .

To understandtheseequationsmoreclearly, let 
 containasinglenumbercell : , represented
as �"����� 0, andconsiderthefollowing 
 -valueof type �XSU��� � �'���¤� �¤�'� � �'����V :

�"��n���oÃS 	':��
�'���"4P�"����� 0 ����7��
�'���"43:�����q��
�"����� 0 : >Eq ;
: : >¿7 ;
��� r&r : >Ä7x(ÄS 3 #Pq�V ;

����"4"n��"�mq V

This canbeforcedin any world-store S*
m��N�üv�¹V , where 
m�wW«
 . It first popsa cell :�� in 
 . Thenit
changestheworld-storeto S�
 � � N�ü � � V where

� 
m� � is 
m� extendedwith a ���6� -storingcell :�� � ;
� writing

9
and L for the contentsof cells : and : � in ü � respectively, ü � � is the 
 � � -storein

which

: storesL: � stores
9

:�� � stores
9 ( 3 #ML

every othercell storeswhatit storedin in ü � , regardedasa 
 � � -value

Wecanseefrom thisexample

� a 
 -valueof � C type(i.e. a thunkin world 
 ) canbeforcedat any futureworld S�
 � N�ü � V ,
where
 � W«
 —this roughlyexplains(7.6);

� a 
 -computationof type $ü� C popsa 
 -valueof type $ from thestackandthenproceeds
asa 
 -valueof type C —this roughlyexplains(7.7),but seethediscussionin Sect.7.7.1;

� a 
 -computationof type �&$ changestheworld-storeto S*
 � N�ü � V , where 
 � W«
 , andthen
producesa 
 � -valueof type $ —this roughlyexplains(7.8).

7.7 Denotation of Computations

7.7.1 Semanticsof Judgements

The mostsurprisingof our semanticequationsis (7.7). The reader(especiallyif familiar with
otherpossibleworld models)maywonderasfollows.

SupposeJ is a 
 -computationof type $j� C (e.g. the exampleprogramin
Sect.7.6, with �"��n���o removed). Then, for any 
 � W>
 , J canbe regardedasa
m� -computationandsoits operandcanbea 
m� -value.How, then,can J denotejust
a functionfrom » » $�½ ½�
 , as(7.7) tellsus?
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Theansweris that J doesnotdenotejustafunctionfrom » » $�½ ½�
 . In thisrespect,thesemanticsof
computationtypesisdeceptive: whereas» » $�½ ½�
 is thesetof denotationsof closed
 -valuesof type
$ (aswesaidin Sect.7.5.1), » » C ½ ½�
 is notthesetof denotationsof closed
 -computationsof type
C . Theessentialinformationthat makessenseof thesituationis thesemanticsof judgements,
whichwenow describe.

Recall from Sect.6.3.2that, in the global storemodel,a computationΓ W < J : C denotes
a function from øü#y» » Γ ½ ½ to » » C ½ ½ . By contrast,in our possibleworld model, » » J¥½ ½ dependsnot
just on the storeandenvironmentbut alsoon the world. Therefore,for each 
 , J denotesa
function » » J¥½ ½�
 from ø:
t#³» »Γ ½ ½�
 to » » C ½ ½�
 . Unlike thesemanticsof values,thesefunctionsare
not requiredto berelatedby any kind of naturalityconstraint.

More generally, given a 
 0-computation
 0 �Γ W < J : C , its denotationprovides for each
�WÇ
 0 a function » »ÀJó½ ½�
 from ø:
h#û» »Γ ½ ½�
 to » » C ½ ½�
 . Again, thereis no naturalityconstraint
relatingthesefunctionsfor varying 
 .

Wecanthereforeseethataclosed
 -computationof type $Ì� C will denote,for eachworld-
store S�
m�úN�üv��V where
m�pWó
 , a functionfrom » » $�½ ½�
m� to » » C ½ ½�
m� . Thisanswersthereader’squestion
above.

7.7.2 A Computation Type DenotesA Contravariant Functor

If we now attemptto write semanticequationsfor thevarioustermconstructors,all arestraight-
forward except for two: ���6r andsequencing.We look at the former. For simplicity, we will
supposethatΓ is empty.

Supposethat W�/mI : $ and : : �'� � $¥W < J : C . We wish to describethe denotationof
��� rb: : >�I ; J in theworld-store S�
PN�ü�V —thisdenotationshouldbeanelementof » » C ½ ½�
 . First,
weextend S*
PN�ü�V with an $ -storingcell : initializedto » »=I¤½ ½�
 , giving aworld-storeS*
 � N�ü � V . Then,
we look at thedenotationof J (with : boundto thenew cell : ) in theworld-store S*
 � N�ü � V —this
denotationis anelementof » » C ½ ½�
 � . How canweobtainanelementof » » C ½ ½�
 , asrequired?

Theansweris that » » C ½ ½ mustprovide extra information.If 
|�«
m� , then » » C ½ ½ mustprovide a
function » » C ½ ½C99 \ from » » C ½ ½�
 � to » » C ½ ½�
 . Thesefunctionsshouldrespectidentityandcompositions.
In summary, acomputationtype C denotesacontravariant functorfrom 8 to Set.

This is reminiscentof the structure å in the semanticsof printing. There,the role of å in
» » C ½ ½�>¥S�-Nùå V wasto “absorb”printing into computationsof type C . Here,therole of » » C ½ ½C99 \ is
to “absorb”cell generationinto computationsof type C .

Thecontravariantfunctorsdenotedby computationtypesaregivenasfollows.
� We have alreadysaidthat » »À�&$�½ ½�
 is ∑ 9 \ J 9 S@ø:
 � #û» » $�½ ½�
 � V . Consequently, if 
 � � then

» »À�&$�½ ½ � R » » �&$�½ ½�
 .

� Thedenotationof ∏ ����� C � is givenpointwise.Sinceeach » » C � ½ ½�
 is contravariantin 
 it is
clearthat∏ ����� » » C � ½ ½�
 is contravariantin 
 .

� Thedenotationof $�� C is givenpointwise.Since » » $�½ ½�
 is covariantin 
 and » » C ½ ½�
 is
contravariantin 
 , it is clearthat » » $�½ ½�
E�ï» » C ½ ½�
 is contravariantin 
 .

7.7.3 Summary

Wenow summarizethedenotationalsemanticsof thethunk-storagefreefragmentof CBPVwith
cell generation.Thesemanticsis organizedasfollows.

� A valuetype(andlikewisea datatypeanda context) denotesa covariantfunctorfrom 8
to Set.

� A valueΓ W�/xI : $ denotes,for each
 , a function » »ÀI¤½ ½�
 from » » Γ ½ ½�
 to » » $�½ ½�
 suchthat,
for 
<�ó
m� , diagram(7.4)commutes.In otherwords, » »=I¤½ ½ is anaturaltransformationfrom
» »Γ ½ ½ to » » $�½ ½ .
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� A 
 0-value 
 0 �Γ W / I : $ denotes,for each
ÇWó
 0, a function » »ÀI¤½ ½�
 from » » Γ ½ ½�
 to » » $�½ ½�

suchthat,for 
 0 �«
A�U
 � , diagram(7.4)commutes.

� A computationtypedenotesacontravariantfunctorfrom 8 to Set.

� A computationΓ W < J : C denotes,for each
 , a functionfrom ø:
�#Æ» »Γ ½ ½�
 to » » C ½ ½�
 .

� A 
 0-computation
 0 �Γ W < J : C denotes,for each
 W�
 0 a functionfrom øÛ
Á#³» »Γ ½ ½�

to » » C ½ ½�
 .

Thesemanticsof typesis givenbyø:
 > FÎ AOÔHG Ï)�g< !�ò ò À 9 » » ��½ ½�

» »©� C ½ ½�
 > ∏ 9 \ J 9 S@ø:
 � �ï» » C ½ ½�
 � V

» »∑�^��� $��^½ ½�
 > ∑ �^�)� » » $���½ ½�

» » $�#P$ � ½ ½�
 > » » $�½ ½�
�#Æ» » $ � ½ ½�

» » �'� � �\½ ½�
 > $
BA

» »À�&$�½ ½�
 > ∑ 9 \KJ 9 S@ø:
m�"#Æ» » $�½ ½�
&V
» »∏ �^�)� C � ½ ½�
 > ∏ �^�)� » » C � ½ ½�

» » $E� C ½ ½�
 > » » $�½ ½�
E�ï» » C ½ ½�


Someexamplesof semanticsof terms:

» » 
����"4"n��"�mIb½ ½�
?ü ÿ > S�
PN�ü6Ne» »ÀI¤½ ½�
 ÿ V
» » J]�'�m:�� `û½ ½�
?ü ÿ >u Ì » »ÀJó½ ½�
?ü ÿ °)²�S*
 � N�ü � N@4�Ve�'» » C ½ ½C99 \ S�» » `û½ ½�
 � ü � S�» » Γ ½ ½C99 \ ÿ NO:bÈ�t4�V�V

» » ����n���obJó½ ½�
 ÿ > 	7
 � �Å	Fü � ��S�» »ÀJó½ ½�
 � ü � » »Γ ½ ½C99 \ ÿ V» » � �������3Ib½ ½�
?ü ÿ > ü ‘ 
 ‘ » »=I¤½ ½�
 ÿ
» »=	':�Jh½ ½�
?ü ÿ > 	]4��úS�» »ÀJó½ ½�
?ü"S ÿ N�:3È�t4�V�V
» »ÀI ‘ Jó½ ½�
?ü ÿ > S�» »ÀI¤½ ½�
 ÿ V ‘ S�» »ÀJó½ ½�
?ü ÿ V

» »ÀI : >Bë ; Jó½ ½�
?ü ÿ > » »ÀJó½ ½�
?ü � ÿ
where ü � is ü with $ -storingcell » »=I¤½ ½�
 ÿ assigned» »Àëó½ ½�
 ÿ

» » �'����4bIó����:��6Jó½ ½�
?ü ÿ > » »ÀJó½ ½�
?ü"S ÿ N�:3È�t4�V
where4 is thecontentsof $ -storingcell » »=I¤½ ½�
 ÿ in ü

» » ���6r¤: : >DI ; Jó½ ½�
?ü ÿ > » » C ½ ½C99 \ » »ÀJó½ ½�
 � ü � S�» »Γ ½ ½199 \ ÿ N�:&È�N:UV
where S*
m��N�üv��V is S�
PN�ü�V extendedwith acell : storing » »=I¤½ ½�
m� ÿ

Proposition57 (Soundness)Suppose
PN�ü6N�J§éí
m��N�üv��NOF , where J and F have type C . Then
» » Jó½ ½�
?ü?>jS�» » C ½ ½C99 \ VvS�» » F�½ ½�
 � ü � V . ê
The contravarianceof » » C ½ ½ is essentialin formulating this statement,just as, for the printing
semantics,thestructuremapof » » C ½ ½ is essentialin formulatingProp.17.

Corollary 58 (by Prop.55)If J is aclosedground
 -producerthen
PN�ü6N J é�
 � N�ü � NU
��'��4"n��"�îL
if f » » J¥½ ½�
?üî>¥S*
m��N�üv��N�L¶V . Hencetermswith thesamedenotationareobservationallyequivalent.
ê
It is alsoeasyto show thatprovablyequaltermshavethesamedenotationi.e. themodelvalidates
theCBPV equations.
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7.8 Combining Cell Generation With Other Effects

7.8.1 Intr oduction

The model for cell generationin Sect.7.7 generalizes.If we have any CBPV model (more
accurately, any adjunctionmodel,asexplainedin Sect.14.4.4),we canobtainfrom it a model
for cell generation.We show two examplesof this construction:startingwith the   -setmodel
for printing,andstartingwith theScottmodelfor divergence.

7.8.2 Cell Generation + Printing

Whenwe addboth cell generationandprinting to CBPV, the big-stepsemanticswill have the
form 
PN�ü6N Jaéyè@N	
m��N�üv��N�F . The principal differencebetweenthe model in Sect.7.7 and the
modelfor cell generation+ printingis thatin thelatteracomputationtypedenotesacontravariant
functorfrom 8 to   Set, thecategoryof   -setsandhomomorphisms(ratherthanto Set).

Weuseinfinitely wideCBPVasametalanguagedescribingtheprintingmodel,asexplained
in Sect.3.8. For example,wewrite �&$ for thefree   -seton theset $ , andwe write � C for the
carrierof the   -set C . With thisnotation,thesemanticsof typesis givenby

» »;� C ½ ½�
 > � ∏ 9 \ J 9 S@ø:
 � �ï» » C ½ ½�
 � V
» » �b$�½ ½�
 > � ∑ 9 \ J 9 S@ø:
 � #Æ» » $�½ ½�
 � V

» »∏ ����� C � ½ ½�
 > ∏ �^�)� » » C � ½ ½�

» » $E� C ½ ½�
 > » » $�½ ½�
E�ï» » C ½ ½�


Someexamplesof semanticsof terms:

» » 
����"4"n��"�mI&½ ½�
?ü ÿ > u6«�v�P'yx¸®3S�
PN�ü6N~» »=I¤½ ½�
 ÿ V
» »ÀJ]�'�m:�� `û½ ½�
?ü ÿ >

» » J¥½ ½�
?ü ÿ ª{v�S*
 � N�ü � N@4�V~��» » C ½ ½199 \ S�» »À`û½ ½�
 � ü � S�» » Γ ½ ½199 \ ÿ N�:bÈ�t4�V�V
» » �"��n���obJ¥½ ½�
 ÿ > ª�}" � ~ 	7
 � �©	bü � �úS�» » Jó½ ½�
 � ü � » » Γ ½ ½199 \ ÿ V» » � �������3I&½ ½�
?ü ÿ > ü ‘ 
 ‘ ¯*v�«�x¸®&» »=I¤½ ½�
 ÿ

» »À	':�Jj½ ½�
?ü ÿ > 	]4��úS�» »ÀJó½ ½�
?ü"S ÿ N�:mÈ�54�V�V
» »ÀI ‘ Jh½ ½�
?ü ÿ > S�» »ÀI¤½ ½�
 ÿ V ‘ S�» » Jó½ ½�
?ü ÿ V

» »=I : >Bë ; Jó½ ½�
?ü ÿ > » »ÀJó½ ½�
?ü � ÿ
where ü � is ü with $ -storingcell » »=I¤½ ½�
 ÿ assigned» »=ëh½ ½�
 ÿ

» » �'����4&I¥����:�� Jó½ ½�
?ü ÿ > » »ÀJó½ ½�
?ü"S ÿ N�:mÈ�t4�V
where4 is thecontentsof $ -storingcell » »=I¤½ ½�
 ÿ in ü

» » �'�6r&: : >BI ; Jó½ ½�
?ü ÿ > » » C ½ ½199 \ » » Jó½ ½�
 � ü � S�» »Γ ½ ½199 \ ÿ N�:&È�N:UV
where S*
m��N�üv��V is S�
PN�ü�V extendedwith acell : storing » »=I¤½ ½�
m� ÿ

» » 
�������¤æ ; Jó½ ½�
?ü ÿ > ægåøS�» » Jó½ ½�
?ü ÿ V
Proposition59 (Soundness)Suppose
PN�ü6N J é�è@N	
 � N�ü � N�F , whereJ andF havetype C . Then
» » Jó½ ½�
?ü?>¿è¥å?S�» » C ½ ½ 99 \ V¬S�» » F0½ ½�
m� üv��V . ê
Corollary 60 (by the analogueof Prop.55 for printing) If J is a closedground 
 -producer
then 
PN�ü6N�Jaé-è@N�
 � N�ü � NO
��'��4"n����¦L if f » »ÀJó½ ½�
?üm>�SUè@N	
 � N�ü � N�L¶V . Hencetermswith the same
denotationareobservationallyequivalent. ê

7.8.3 Cell Generation + Divergence

We adddivergenceandrecursionto thethunk-storagefreefragmentof CBPV with cell genera-
tion. Thesemanticsis organizedasfollows:

� A datatypedenotesacovariantfunctorfrom 8 to Set, so ø:
 is asetfor eachworld 
 .
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� A valuetype(andlikewiseacontext) denotesacovariantfunctorfrom 8 to Cpo.

� A valueΓ W / I : $ denotes,for each
 , a continuousfunction » »=I¤½ ½�
 from » » Γ ½ ½�
 to » » $�½ ½�

suchthat,for 
|�«
m� , diagram(7.4)commutes.In otherwords, » »ÀI¤½ ½ is a naturaltransfor-
mationfrom » »Γ ½ ½ to » » $�½ ½ in thefunctorcategory »O8¾N Cpo½ .

� A 
 0-value 
 0 �Γ W / I : $ denotes,for each
ÇWó
 0, a function » »ÀI¤½ ½�
 from » » Γ ½ ½�
 to » » $�½ ½�

suchthat,for 
 0 �«
A�U
m� , diagram(7.4)commutes.

� A computationtypedenotesacontravariantfunctorfrom 8 to CppoÀ � õ$Á < � (thecategoryof
pointedcposandstrict functions).

� A computationΓ W < J : C denotes,for each
 , acontinuousfunctionfrom ø:
D#¦» » Γ ½ ½�
 to
» » C ½ ½�
 .

� A 
 0-computation
 0 �Γ W < J : C denotes,for each
 W 
 0 a continuousfunction fromøÛ
�#Æ» » Γ ½ ½�
 to » » C ½ ½�
 .

Theequationsgiving thesemanticsof typesandtermsareexactly thesameasin Sect.7.8.2,
exceptthatwe now interpretthemetalinguisticCBPV constructsasreferringto theScottmodel
ratherthantheprinting model.

Proposition61 (Soundness/Adequacy) 1. Suppose
PN�ü6N J é?
 � N�ü � NOF , whereJ andF have
type C . Then » »ÀJó½ ½�
?ü?>hS�» » C ½ ½ 99 \ V¬S�» » F0½ ½�
m� üv��V .

2. Suppose
PN�ü6N�J diverges.Then » »ÀJó½ ½�
?ü?>>; .
ê

Proof(in the style of [Tai67]) (1) is straightforward. For (2), define,by mutual inductionover
types,threefamiliesof relations:
for each$ and 
 , �0/ N 9 between» » $�½ ½�
 and MP9 N ;
for eachC and 
 , � � I 9 between» » C ½ ½�
 andtriples 
 � N�ü6NOF where
 � WU
 , ü [ ø:
 � and F [ K�9 \I
for eachC and 
 , � < I 9 between» » C ½ ½�
 andtriples 
 � N�ü6N J where
 � WU
 , ü [ ø:
 � and F [ H=9 \I .

Thedefinitionof theserelationsproceedsasfollows:4)� / X I 9 �"��n���oPJ if f for all � WU
PN�ü [ ø � N�ü ‘ � ‘ ¯�v�«�x¸®4,� < I × � N�ü6N�J4)��/∑ �^�)� $��	
 S ˆ- N�I�V if f 4&>hS ˆ- N@zvV for someˆ- [ � and zO�0/ N ˆY 9 I4)��/ NJZ[N]\ 9 S�I?N�I � V if f 4&>hS�z�N@z � V for somezO�0/ N 9 I and z � �0/ NF\ 9 I �
z�� � ^ N 9 � N�ü6NO
��'�"4�n����¤I if f zø>>; or z?>Au6«�vwP�yx¸®3S � N�ü6N@4�V for some4)��/ N × I�ª�¥�∏ �^��� C � 
 � N�ü6N�	TM"�����6NO���©J � N������¹Q if f, for eachˆ- [ � , ˆ- ‘ ��� < I a 9 � N�ü6N�J ˆG�ª�¥�NL_ I 9 � N�ü6N�	�:��;J if f, for all 4 [ » » $�½ ½�
PN�S�» » $�½ ½ 9 × V{43� / N × I implies4 ‘ �Å� < I 9 � N�ü6N�Jd»=Il¼�:"½
z�� < I 9 � N�ü6N J if f zø>>; or � N�ü6N�Jïé � ��N�üv�úN�F and z���I 9 � ��N�üv��N�F

Note that for terminal F , z�� < I 9 � N�ü6NOF if f z'���I 9 � N�ü6N�F . We prove by mutual inductionover
typesthefollowing:

� For eachvalue I [ MP9 N theset My4 [ » » $�½ ½ : 4)��/ N 9 I�Q is admissible(closedunderdirected
joins).

� 1 If 4,� / N 9 I and 4"��� / N 9 I and u «�vwP�yx¸®O4,�>u «�vwP�yx¸®O4�� then 4,��4"� .
1Thisclauseis usedin proving theadmissibilitypropertyfor �J� , but it is notreallynecessarybecausein theScott

modelwe immediatelyhave a strongerresult: �&���Q�y�"�� J¡�¢r�&� �6�����{ S¡ Ý implies ¡�¢�¡ Ý . However, we includethis
clauseheresothattheadequacy proofgeneralizesto othermodelswherethestrongerresultis not valid.
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� For eachterminal computation� N�ü6N�F the set M�z [ » » C ½ ½�
 : z?�¥�I F¤Q is admissibleand
contains; .

� For eachcomputationJ [ H I theset Myz [ » » C ½ ½�
 : z�� < I J�Q is admissibleandcontains; .

� If 43� / N 9 I and 
A� � then S�» » $�½ ½ 9 × V{4,� / N × I .

� If z� < I 9 \ � N�ü6N J and 
A�«
m� then S�» » C ½ ½ 99 \ V=zO� < I 9 � N�ü6N�J .

� If z� � I 9 \ � N�ü6NOF and 
A�«
 � then S�» » C ½ ½199 \ V=zO� � I 9 � N�ü6N�F .

Weshow that,for any datatype� , 4&W�/ A 9 I if f 4¤>¥» »=I¤½ ½�
 , by inductionon � .
Finally, we show that for any computation
 � $ 0 N������6N $ ý Ë 1 W < J : C , if 
 � � , ü [ ø �

and 4��L� / Nba × ë-� for �T> 0 N������6N�LP. 1 then » »ÀJó½ ½ � ü . � 4"��� < I × � N�ü6N JÂ» .".�. �ë-��¼�:��^½ ; andthatfor any value
3$ 0 N������6N $�ý Ë 1 W�/3I : $ , if 
 � � and 4"���/ N`a × ë-� for �î> 0 N������6NOLÃ. 1 then » »=ëh½ ½ � . � 4��,�0/ N ×
I¦» .�.�.6�ë-� ¼�:"��½ . ê
Corollary 62 If J isaclosedground
 -producer, then
PN�ü6N�J é?
m��N�üv��NU
��'��4"n��"�?L if f » » J¥½ ½�
?ü´>u «�vwP�yx¸®�S�
 � N�ü � N�L¶V , and 
PN�ü6N�J divergesiff » » Jó½ ½�
?üâ>�; . Hencetermswith thesamedenotation
areobservationallyequivalent. ê
It is alsoeasyto show thatprovablyequaltermshavethesamedenotationi.e. themodelvalidates
theCBPVequations.

7.9 RelatedModels and Parametricity

In the modelsof this chapter, the observationalequivalences(7.1) and(7.3) arenot validated.
(7.2) is validatedwhen I and ë havedistincttypes,but notwhen I and ë have thesametype.
By contrast,theoldermodelsdovalidatetheseequivalences,soit is immediatelyclearthatthere
aresubstantialdifferences.

For example,the IdealizedAlgol modelof [Ole82] interprets����£�£ —correspondingto2 the
CBPV type ���"��£�£ of thunksof commands—at
 by ø:
��âø:
 . Contrastthis with our model
whichinterprets���"��£�£ at 
 by ∏ 9 \ J 9 S@ø:
 � � ∑ 9 \ \ J 9 øÛ
 � � V . Therearetwo differencesbetween
thesesemantics,bothaconsequenceof thefactthatin IdealizedAlgol only groundvaluescanbe
stored.(Indeedthecell storagemodelof [Ghi97] providesa semanticsof ����£�£ similar to ours.)
To understandthesedifferences,supposethat I is aclosed
 -valueof type �P����£�£ .

� Our modelspecifiesthebehaviour of I whenforcedin any futureworld-store(hencethe
∏), andwehaveimposednorelationshipbetweenthebehaviour in differentworlds. In the
IdealizedAlgol model,by contrast,if I is forcedat S�
 � N�ü � V , its behaviour is determinedby
therestrictionof ü � to a 
 -store.Theextracellswill beunaffected,becausethey cannotbe
storedin thecellsof 
 . Thusthecontravarianceof ø (mentionedin Sect.7.5.3)is essential
to this model.

� Our model saysthat, when I is forced, new cells can be generated(hencethe ∑). In
theIdealizedAlgol model,any new cellscanbegarbage-collectedwhenthecommandis
completed,becausethey will not bestoredanywhere. This featureis known asthestack
disciplineof IdealizedAlgol.

2Although IdealizedAlgol is a CBN language,the possibleworld model of [Ole82] is essentiallya model of
thunks—thisis why this modeldoesnot allow direct interpretationof conditionalsat all types.Hencea typeof this
languageis interpretedasa Q type,anddenotesa covariantfunctor.
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It is becauseof thesedifferencesthat, in the IdealizedAlgol model,the naturalityconditionis
requiredacrossall world-injections—this is explainedin [OT95].

Moggi’smodel[Mog90] for CBV with �'� � 1 usescontravarianceof ø in asimilarwayto the
IdealizedAlgol models. But asthe language(called õ -calculusin [Sta94]) includesproducers
otherthangroundproducers(unlike IdealizedAlgol, wheretheonly producersarecommands),
thereis nostackdiscipline.Sotheinterpretationof F 1 (againcorrespondingto �P����£�£ in CBPV)
at 
 is ø:
Ä� ∑ 9 \ J 9 ø:
m� . However, thissummationis quotientedby anequivalencerelation,and
this is how theobservationalequivalencesof Sect.7.3.4arevalidated.Suchquotientingis easy
whenworkingwith sets(asMoggi does),but problematicwhenworkingwith cpos.For although
it is possibleto quotienta cpo by an equivalencerelation[Jun90], we do not have the simple
characterizationof elementsthatwe have in thecaseof sets.

We canrecover all of thesemodelsof storageby taking the CBV model for storagegiven
in Sect.7.6 andimposinga weakform of relationalparametricity[OT95] called“parametricity
in initializations”. We will not describethis restrictedmodelhere;it doesnot exhibit a simple
CBPV decompositionin theway that thebasicmodeldoes.(This situationis analogousto that
of the CBV model for finite nondeterminism,discussedin Sect.6.5.3.) Furthermore,aswith
Moggi’s model,it is not simple(althoughpossible)to generalizefrom setsto cpos,becauseof
thequotientingrequired.

A ratherdifferentpossibleworld model,whoserelationshipto ourswehavenot investigated,
is Odersky’smodelfor �'� � 1 in aCBN language[Ode94].

7.10 Modelling Thunk StorageAnd Infinitely DeepTypes

We now wish to adaptthemodelfor cell generation+ divergence(Sect.7.8.3)thefull language
of storagein Sect.7.2,ratherthanjustthefragmentin Sect.7.4.Thedifficult partis thesemantics
of types,whichshouldbeorganizedasfollows.

� ø is a discretefunctorfrom 8 to SEAM.

� » » $�½ ½ is acovariantfunctorfrom 8 to SEAM, for eachvaluetype $ .

� » » C ½ ½ is acontravariantfunctorfrom 8 to SEÀ � õ$Á < � , for eachcomputationtype C .

Thesefunctorsshouldsatisfytheisomorphismsø �> FÎ N1ÔRG$Ï)�g< !ùò ò À » » $�½ ½
» »©� C ½ ½��> �Sû¶» » C ½ ½

» »∑ ����� $ � ½ ½��> ∑ �^��� » » $ � ½ ½
» » $�#P$ � ½ ½��> » » $�½ ½�#³» » $ � ½ ½
» » ��� � $�½ ½��> «�®¬¯Ö$

» »À�&$�½ ½��> �Ûû¶» » $�½ ½
» »∏ �^�)� C � ½ ½��> ∏ �^��� » » C � ½ ½
» » $E� C ½ ½��> » » $�½ ½��ï» » C ½ ½

wherewe usethefollowing terminology.

Definition 41 1. For  anobjectof »O8 Ã�Ä~N SEÀ � õ$Á < � ½ and ø anobjectof » P � ²�xS8¾N SEAM ½ , we
write �Sû� for theobjectof »O8¾N SEAM ½ givenat 
 by � ∏ 9 \ J 9 S�ø:
 � �� 
 � V andat 9 ×
by theevidentrestriction.

2. For  anobjectof »K8¾N SEAM ½ and ø anobjectof » P � ²�xT8¾N SEAM ½ , we write �:ûÚ for
the objectof »O8¾N SEÀ � õ$Á < � ½ given at 
 by � ∑ 9 \ J 9 S@ø:
m��#è2
m��V andat 9 × by the evident
inclusion.
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3. For a valuetype $ , we write «ú®v¯î$ for theobjectof »K8¾N SEAM ½ givenby $
�N at 
 and
by inclusionsat 99 \ .

4. For MÖ N Q Ng� /�ñ�ò � � ô�! À a family of objectsin »K8¾N SEAM ½ we write FÎ N.ÔHG Ï)�g< !ùò ò À  N for the

objectof » P � ²�xI8¾N SEAM ½ givenat 
 by FÎ N1ÔRG$Ï)�T< !ùò ò À 9 ÅN1
 .

5. We write ∑ N)#0N ∏ N�� for theevident pointwiseoperationson covariantandcontravariant
functors.

ê
Constructingthe functorsis not simply anapplicationof Prop.32(4),because»K8¾N SEAM ½

is notenriched-compact.Instead,weusethefollowing.

Proposition63 Write »K8¾N SEAM � SEAM ôùñùõ ��Ð Á 2 ½ for thefull subcategoryof »K8¾N SEAM ôùñ�õ ��Ð Á 2 ½
whoseobjectsarefunctors� from 8 to SEAM (i.e. � 99 \ is total, for 
<� 
m� ). Thenwehave the
following.

1. » P � ²�xI8¾N SEAM ôùñùõ �*Ð Á 2 ½ is enriched-compact.

2. »K8¾N SEAM � SEAM ôùñùõ ��Ð Á 2 ½ is enriched-compact.

3. »K8 Ã�Ä N SEÀ � õ Á < � ½ is enriched-compact.

ê
Proof (1)and(3) follow fromProp.32(4).For (2),suppose� : §y.´� »O8¾N SEAM � SEAM ôùñùõ �*Ð Á 2 ½ !�ô
is a countabledirecteddiagramof S���N$�ºV -pairs. We constructthe colimit I as in the proof of
Prop.32(4).Thusfor 
 [ 8 , theSEAM predomainI�
 is definedasacolimit in SEAM ôùñ�õ ��Ð Á 2 ,
andfor 
 � 
 � , themorphism IU99 \ is definedto be Ñ © �6½ S � © 9 ; � ©�VV \ ; � © 9 \ V . Theonly extra fact
wehave to show, by comparisonwith theproofof Prop.32(4),is that I 99 \ is total,sothat I is an
objectof »K8¨N SEAM � SEAM ôùñùõ ��Ð Á 2 ½ . We argueasfollows. Given � [ I3
 , we know by (5.2)
that ¼

© �6½ S � © 9 ; � © 9 V � > �
Therefore,for sufficiently large ¨ , � © 9 is definedat � . Hence,for such ¨ , � © 9 ; � ©�VV \ ; � © 9 \ is
definedat � , because� ©�VV \ is total. So IU99 \ is definedat � , asrequired. ê

Weareseekingasemanticsof typesin which

� ø is anobjectof » P � ²�xI8¾N SEAM ô�ñ�õ �*Ð Á 2 ½ ;� » » $�½ ½ is anobjectof »O8¾N SEAM � SEAM ôùñùõ ��Ð Á 2 ½ , for eachvaluetype $ ;

� » » C ½ ½ is anobjectof »O8 Ã�Ä¬N SEÀ � õ$Á < � ½ , for eachcomputationtype C .

In summary, thesemanticsof typesis givenby anobjectof theenriched-compactcategoryW >ó» P � ²�xI8¾N SEAM ôùñùõ ��Ð Á 2 ½'#Æ»O8¾N SEAM � SEAM ôùñ�õ ��Ð Á 2 ½ /�ñ�ò � � ô�! À #Æ»K8 Ã�Ä N SEÀ � õ Á < � ½ < ö Ð ô � � ô�! À
Wemustspecifya locally continuousfunctorfrom

W Ã�Äg# W to
W

; thesemanticsof typeswill then
be given asthe canonicalfixpoint of this functor. The functor is constructedstraightforwardly
usingthefollowing analogueof Prop.33.

Proposition64 � MQÅN?Q N¶� /�ñ�ò � � ô"! À È� FÎ N.ÔHG Ï)�g< !�ò ò À extendscanonicallyto alocally continuous

functorfrom »K8¾N SEAM � SEAM ô�ñ�õ �*Ð Á 2 ½ð/�ñ�ò � � ô"! À to » P � ²�xI8¾N SEAM ô�ñ�õ �*Ð Á 2 ½ .



7.10. ModellingThunkStorageAndInfinitelyDeepTypes 117

� S@øÖN� V@È� �Sûw extends canonically to a locally continuous functor � from
» P � ²�xI8¾N SEAM ôùñùõ �*Ð Á 2 ½'#Æ»O8 Ã�Ä N SEÀ � õ$Á < � ½ to »O8¾N SEAM � SEAM ôùñùõ �*Ð Á 2 ½ .

� ∑ �^��� extendscanonicallytoalocally continuousfunctorfrom »O8¾N SEAM � SEAM ôùñùõ �*Ð Á 2 ½ �
to »O8¾N SEAM � SEAM ôùñ�õ ��Ð Á 2 ½ .

� # extendscanonicallyto alocally continuousfunctorfrom »K8¨N SEAM � SEAM ôùñ�õ ��Ð Á 2 ½�#»K8¾N SEAM � SEAM ôùñùõ ��Ð Á 2 ½ to »K8¾N SEAM � SEAM ôùñùõ ��Ð Á 2 ½ .
� S@øÖN�@V�È� �:û� extends canonically to a locally continuous functor � from

» P � ²�xI8¾N SEAM ôùñùõ �*Ð Á 2 ½'#Æ»O8¾N SEAM � SEAM ôùñùõ ��Ð Á 2 ½ to »K8 Ã�Ä N SEÀ � õ$Á < � ½ .
� ∏ �^��� extendscanonicallytoalocally continuousfunctorfrom »O8 Ã�Ä N SEÀ � õ$Á < � ½ � to »K8 Ã*Ä N SEÀ � õ$Á < � ½ .
� � extendscanonicallytoalocallycontinuousfunctorfrom »K8¾N SEAM � SEAM ôùñ�õ ��Ð Á 2 ½ Ã�Ä #»K8 Ã�Ä~N SEÀ � õ Á < � ½ to »K8 Ã*Ä¬N SEÀ � õ$Á < � ½ . ê

Weomit theconstructionof all thesefunctors,which is tedious.It is clearfrom Prop.64 thatthe
isomorphismsaboveindeeddefineafunctorfrom

W Ã�Äº# W to
W

, andwethusobtainoursemantics
of types.

Having constructedfunctorssatisfyingtheseisomorphisms,wedefineoperationsonsemantic
storesandthendefinesemanticsof termsjustasin Sect.7.8.3(wheretheseisomorphismsareall
identities).

Proposition65 (Soundness/Adequacy) 1. Suppose
PN�ü6N J é?
 � N�ü � NOF , whereJ andF have
type C . Then » »ÀJó½ ½�
�» » ü¬½ ½�>hS�» » C ½ ½ 99 \ VvS�» » F�½ ½�
m��» » üv�;½ ½UV .

2. Suppose
PN�ü6N�J diverges.Then » »ÀJó½ ½�
�» » ü¬½ ½�>>; .
ê

(1) is straightforward. To prove (2), we adapttheproof of Prop.61(2). To show the existence
of the requiredlogical relation,we applyPitts’ methods[Pit96] (which work for any enriched-
compactcategory) to thecategory

W
.

Corollary 66 Foraclosedground
 -producerJ , thereexists üv� suchthat 
PN�ü6N�J é�
m��N�üv��NO
����"4�n��"�?L
if f thereexists ü � suchthat » » Jó½ ½�
�» » ü¬½ ½6><u «�vwP�yx¸®�S*
 � N�ü � N�L¶V , and 
PN�ü6N�J divergesiff » » Jó½ ½�
�» » ü¬½ ½6>; . Hencetermswith thesamedenotationareobservationallyequivalent. ê

Finally, we observe that everything we have donein this sectionworks if, in addition to
generalstorage,we allow infinitely deeptypes.
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Chapter 8

Jump-With-Ar gument

8.1 Intr oduction

In Sect.6.4.5, we presenteda continuationsemanticsfor CBPV+control,togetherwith other
effectssuchasprinting. But acontinuationsemanticsis farmorethanjustadenotationalmodel.
As Steeleexplainedin theCBV setting[Ste78], it providesa jumpingimplementation.

OurcontinuationsemanticsusedCBPVasametalanguageandwasparametrizedin an   -set
called ù � ² . ThusSect.6.4.5canbeseenasdefininga syntactictransformfrom CBPV+control
into CBPV + *"��� , where *���� is a freecomputation-typeidentifier. This transformis calledthe
outside-passingstyle(OPS)transform,becauseevery computationis regardedastakingits out-
sideasa parameter. (In theCBV setting,it is calledthecontinuation-passingstyle(CPS)trans-
form becauseall outsidesareconsumersandhencecontinuations.)Now the rangeof the OPS
transformis not the whole of CBPV + *���� , but a specialfragmentwhich we call Jump-With-
Argument(JWA). This fragment,which is verysimilar to Steele’s intermediatelanguageandvar-
iouslikecalculi [App91, AJ89, Dan92, SF93,Thi97a], is worthseparatingout from CBPV+*����
andstudyingindependently, becauseit canbe regardedasa languageof jump instructions.In
Steele’swords:

Continuation-passingstyle,while apparentlyapplicative in nature,admitsa pe-
culiarly imperative interpretation[����� ] As a result,it is easilyconvertedto an im-
perativemachinelanguage.[Ste78]

To summarize:theOPStransformis a transformfrom CBPV+controlto a jumpinglanguage
calledJWA, which is a fragmentof CBPV+*"��� .

CBPV+ control
OPS

transform

8
JWA � 8

CBPV + *����

Wecanadd(non-control)effectsto thispicture,e.g.printing

CBPV+ control
(m
�������

OPS

transform

8 JWA
(3
���)��� � 8 CBPV + *����

(m
�������
andwe will useprinting asour examplenon-controleffect throughoutthis chapter. While some
treatmentsin theliteratureusedivergence,theissuesareclearerwith printing (asin Sect.2.2).

TheOPStransformtranslates
� �����"�XI and 
����"4"n��"��I into jump commands.It therefore

makesapparenttheintuitivepoint thatwemadein Sect.1.5.3:that
� �6����� and 
����"4�n��"� arethe

only two instructionsthatcauseexecutionto moveto elsewherein theprogram.Thisshowsonce
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again theadvantageof working with CBPV ratherthanCBV andCBN, which do not make the
flow of controlsoexplicit.

In additionto thejumpingoperationalsemanticsfor JWA, we alsodescribea moreconven-
tionaloperationalsemanticsbasedon rewriting andexplain theiragreement.

We thenform an equationaltheory for JWA anddescribeits categorical semantics(fortu-
natelymuchsimplerthanthecategoricalsemanticsof CBPV).Usingthis equationaltheory, we
seethatCBPV+controlis equivalentto JWA, alongtheOPStransform.(This is very similar to
the“equationalcorrespondence”resultof [SF93].) Consequentlymodelsfor CBPV+controlare
essentiallythesameasmodelsfor JWA—a usefulfact,becauseJWA is somuchsimpler.

Finally, in Sect.8.10,we explain how JWA canbe regardedasa type theory for classical
logic. This is basedon theclassictreatmentsof [Fri78, Gri90, LRS93]. But we urgethereader,
exceptduringSect.8.10,to ignorelogical issues—inparticular, ignorethe fact that thesymbolX for continuationtypesis thesameasthetraditionalsymbolfor logicalnegation.

8.2 The Language

JWA is anextensionof Thielecke’s “CPScalculus”[Thi97a]. Unlike Thielecke’s language,but
like theuntypedlanguagesof [Dan92,SF93,Ste78], it includesvaluesandabstraction.

Thetypesof JWA aregivenby

$ :: > X $ � ∑ �^��� $�� � 1 � $�#P$ (8.1)

whereeachset � is finite (or countable,for infinitelywideJWA).
A valueof type X $ is an “ $ -acceptingcontinuation”—intuitively this meansa point that

we jump to taking an argumentof type $ . For example,a BASIC line numberwould have
type X 1, becausetheargumentis trivial. Althoughwe have followedtheestablishedusageof X
for continuationtypes,we considerit to be a confusingusagebecauseX is not exactly logical
negation,aswe explain in Sect.8.10.Therearetwo kindsof judgement

Γ W / I : $ Γ W 2 J
called respectively valuesand non-returningcommands(in the senseof Sect.3.9.2—wewill
sometimesomit theword “non-returning”).Thetermsof JWA aregivenin Fig. 8.1. It is conve-
nientto usethesyntax �����PIÁ%��m:��6J ratherthan �����¤:&%��&I?� J .

The embeddingof JWA in CBPV+*���� (with printing, if desired)is given in Fig. 8.1. We
thusobtain,for each  -set ù � ² , a denotationalsemanticsfor JWA + 
������� . By usingtheempty
  -setfor ù � ² , we canprove

Proposition67 Thereis noclosednon-returningcommandin JWA + 
������� . ê
Becauseof thissituation,wealwaysconsideroperationalsemanticsfor non-closednon-returning
commands;executionterminateswhenwe attemptto jump to or pattern-matcha free identifier.
Of course,Prop.67becomesfalseif weadddivergenceor errors,because4��5�����!'� and �6���'�6�Ê�
arebothnon-returningcommands.

8.3 Jumping

8.3.1 Intuiti ve Readingof Jump-With-Ar gument

Wesaidin Sect.8.2thatan $ -acceptingcontinuation(avalueof type X $ ) is apointthatwejump
to takinganargumentof type $ . We explain theconstructsfor X in asimilar way:

� IZY ë is thecommand“jump to thepoint ë takingargumentI ”.
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Γ NO: : $PN Γ � W / : : $
Γ W / I : $ Γ NO: : $DW 2 J

Γ W 2 ������IÁ%��m:�� J
Γ W / I : $ ˆG

Γ W / S ˆ- N�I�V : ∑ �^�)� $��
Γ W / I : ∑ �^�)� $ � þ�þ�þ Γ NO: : $ � WT2øJ � þ�þ�þ

Γ W 2 
"£\Ió���&M"�����6NeS^��N�:�V~�©Jü��N������¹Q
Γ W / I : $ Γ W / I � : $ �

Γ W / S�I?N�I � V : $�#P$ �
Γ W / I : $B#P$ � Γ N�: : $PN�7 : $ � W 2 J

Γ W 2 
"£�Ió���PSU:�NO7'Ve�©J
Γ NO: : $DW 2 J

Γ W /=[ :��©J : X $
Γ W / I : $ Γ W / ë : X $

Γ W 2 IZY ë

For printing,weaddtheconstruct
Γ W 2 J

Γ W 2 
�������&æ ; J

To seeJump-With-Argumentasa fragmentof CBPV+*���� , regard

X $ as �XSO$E�Ê*���� V
anon-returningcommand as acomputationof type *����[ :��;J as �"��n���oP	�:��©J

I\Y ë as I ‘
� �������¤ë

Figure8.1: Termsof Jump-With-Argument,andits embeddinginto CBPV+*����
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� [ :��©J is a point. Whenwe jump to it takingargumentI , we bind : to I andthenobey
thecommandJ .

Theeasiestwayto graspthiswill beto seetheexecutionof anexampleprogram.Ourexplanation
of jumpingis informal; its aim is to convey thejumpingintuitionsof JWA.

8.3.2 Graphical Syntax For JWA

Thetermsyntax(moreaccurately, theabstractsyntax)for JWA is ratherinconvenientfor jumping
around.We thereforeuseagraphicalflowchart-likesyntax,illustratedin Fig. 8.2,where

� since[ representsapoint, it is written �
� eachinstructionis enclosedin a rectangle;

� bindingoccurrencesof identifiersandpatternsareplacedonedges(enclosedin a rounded
rectangle).

We give thenamejumpaboutto this kind of treeof rectangles,edgesandpoints. (We will not
giveaprecisedefinition,asourexplanationof jumpingis informal.)

8.3.3 Execution

We will illustrateexecutionusingthe command7 : ���6��Wg2lJ where J is the last examplein
Fig. 8.2. Hereis thegraphicalsyntax;we have numberedeachpoint andeachrectanglefor ease
of reference.

]*^`_
a ^�b] bcedgfRhei=jlkgmen0n1o>j

nCm1i pgm q
r

q
s

t
This jumpaboutis called the code. As we executeit, we form anotherjumpaboutcalled the
trace. We call a point in thecodejumpabouta codepoint, anda point in thetracea tracepoint;
similarly for rectangles.During execution,thecodestaysfixed but the tracegrows. The basic
cycleof executionis

� copy thecurrentinstructionfrom thecodeto thetrace;

� obey thecurrentinstructionin thetrace.

Webegin at thetop; thenwefollow thesequenceof instructionsdown thecode,exceptwhenwe
jump.

cycle0 copy instruction Wecopy theinstruction ���6� � %�� from coderectangle0, giving

nCm1i pgmu3v q1w x
Notice that we numbereachtracepoint, and indicatein squarebrackets the code
point that it wascopiedfrom—thelatter is calledthe teacher. Thuscodepoint 0 is
theteacherof tracepoint 0. To reduceclutter, we omit thenumbersandteachersof
tracerectangles.

We write y for “wherewe arenow”.
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TermSyntax GraphicalSyntax


�������Æce���������ºc ; 
�������¦c¬!�����4"%�7��Tc ; 3 YÊ7 c0d3fRheizj{kgmen0nCo|j
ced3fRheizj{}eo0o1~1p _ m|j

a ^�_

"£�q����

� )���m7���
�������¦c~�'�������Tc ; 3 YÊ7
)���&7��}4��5'����!'� cC�����g�

ced3fRheizj{kgmen1n1o|j
a ^�_

~3fH�0m1d0}emfRh3n _ fKhed _


"£�q����PSU:�NO7'Ve�¸
�������¦c~�'�������Tc ; 3 YÊ7

a ^`_

c1�*���g�
c0d3fRheizj{kgmen0nCo|j� ]�� _>�

���6� 3 %'�3:��)
���)���¦c~���������Tc ; :UYG7

a ^`_
cedgfRhei=jlkgmen0n1o>j

nCm1i a pgm ]

[ :���S�
�������Zc~���������Tc ; :UYG7�V

]*^�_
ced3fKhei=j{kemen0n1o|j]

���6� [ :���S�
���)���Zc~�'�������Tc ; :TYÊ7�Vº%��mr���S 3 YÊr'V

]�^`_
a ^�b] bnCm1i pem

cedgfRhei=jlkgmen0n1o>j

Figure8.2: Examplesof GraphicalSyntaxfor Jump-With-Argument
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obeyinstruction Now wemustobey this instruction,by bindingthevalue 
�� 0 to : giving

nCm1i pgmugv q0w b��� ceie� x
cycle1 copy instruction We copy the instruction3 Y r from coderectangle3 to the trace,

giving

a ^ ceie�
n1m1i pgmugv q1w b��� ceie� x

Notice that we have replacedr with its binding, point 0. We find this binding by
lookingup thebranchof thetrace.

obeyinstruction Theinstructiontellsusto jump to point 0 (i.e. tracepoint 0) taking3 as
anargument.Weobey it by jumpingto tracepoint0 andbinding : to 3, giving

a ^ cei0�
n1mCi pgmugv q1w]��� a b*�� ceie��

cycle2 copy instruction We copy thenext instruction 
���)���-ce���������ºc from coderectangle1
to thetrace,giving

a ^ cei0�ced3fRheizj{kgmen1n1o|j
n1m1i pemugv qCw]��� a b*�� ceie�x

obeyinstruction We obey this by just printing “ ��������� ”. No binding is made,sowe are
readyfor thenext instruction:

a ^ ceie�ced3fRheizj{kgmen1n1o|j
n1m1i pemugv qCw]��� a b*�� cei0�

x
cycle3 copy instruction Wecopy thenext instruction:SYí7 from coderectangle2 to thetrace,

giving

a ^`_
a ^ ceie�ced3fRheizj{kgmen1n1o|j

n1m1i pemugv qCw]��� a b*�� cei0�
x

Notice thatwe have replaced: with its binding3. We find this bindingby looking
up thebranchof thetrace.

terminate This instructiontellsusto jumpto 7 taking3. But because7 is free,wecannot
obey this instruction,soexecutionterminates.
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Noticethat thefunctiontakingtracepointsandtracerectanglesto their teachersdescribesa
jumpabouthomomorphismcalledthe teacher homomorphismfrom thetraceto thecode.As the
tracegrowsduringexecution,theteacherhomomorphismgrows with it.

This exampleprogramis very simplistic. More interestingsituationsarisewhenwe jump
severaltimesto thesametracepoint. Eachtime,anew branchof thetracecomesinto existence,
andso (unlike in our example)therecanbe many tracepointswith the sameteacher. This is
explainedmoreeasilywith a livedemonstrationonaboardthanon paper.

8.4 The OPSTransform

8.4.1 OPSTransform As Jumping Implementation

TheOPStransformfrom CBPV+controlto JWA is given in Fig. 8.3. By composingit with the
embeddingin Fig. 8.1,we recover thecontinuationsemanticsgivenin Sect.6.4.5.

As we have described(if only informally) a jumpingoperationalsemanticsfor JWA, we ob-
tain from theOPStransformajumpingimplementationof CBPV+control.Noticethefollowing.

� As depictedin Fig. 6.2, thereare2 kinds of valuesthat are translatedascontinuations:
thunksandconsumers.This meansthatthunksandconsumerscanberegardedaspoints.

� Thereare2 computationsthat aretranslatedasjumps
� �����"�ÃI (which is a jump to the

thunk I ) and 
����"4"n��"�bI (which is a jump to thecurrentconsumer).This makesprecise
theintuition of Sect.1.5.3.

� Thetransformof a computationdescribesits behaviour in theCK-machine.For instance,
thecomputation	':��©J first pattern-matchesits outsideas I :: c , thenbinds : to I , then
performsJ with outsidec . This is exactlydescribedby thetransformof 	�:��;J .

8.4.2 RelatedTransforms

ThevariousCPStransformsthatappearin theliterature,listedanddiscussedin [Thi97a], canall
berecoveredfrom theOPStransform,becausein eachcasethesourcelanguageis a fragmentof
CBPV+control.

� Primary amongthesetransformsis the CBV CPStransform[DHM91, Plo76]. This is
recoveredfrom the OPStransformalongthe embeddingof CBV into CBPV. The CBV
controloperators(asin ML) aretranslatedinto CBPV asfollows:

�"� ���b$ as ���m�b$
���������0:�� J as �����������0:�� J
�������6r�J·` as J]�'�3:�� `d���37���S����'�6��!���������: ; 
��'�"4�n�����7'V

� The “CBN CPStransform” [Plo76] is, in our terminologyof Sect.2.7.3, not CBN but
lazy. Thus,asexplainedin [HD97], it is recoveredfrom theCBV CPStransformvia the
thunking transformwhich we presentin Sect.A.5. Many of the other CPStransforms
listedin [Thi97a] arelikewisefragmentsof CBV.

� The “CBN CPStransform”of [HS97] is in our terminologyOPSratherthanCPS,but it
is genuinelyCBN andis recoveredfrom ourOPStransformvia theembeddingof CBN in
CBPV.

This providesyet anotherillustrationof theunifying power of working with CBPV—it provides
thesourcelanguage for theOPStransformfrom whichall theothersareobtained.
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$ $
� C X C
∑ �^�)� $�� ∑ �^�)� $��
$B#P$ � $�# $ �
��� C C

C C
�&$ X $
∏ �^�)� C � ∑ ����� C �
$D� C $�# C
�����"��£�£ 1

$ 0 N������6N�$�ý Ë 1 W�/îI : C $ 0 N������6N $�ý Ë 1 W�/ I : C
: :
S ˆ- N�IXV S ˆ- N I�V
S I?N�I � V S I�N I � V
����n���o�J [ o�� J
» ½��'�m:�� J :: c [ :���S J}» c�¼�o�½UV
����5����"n��"��4 S V
ˆ- :: c S ˆ- N c�V
I :: c S I�N c�V

Complex Values
�����&:¤%��&Iø��ë ���6� It%'�m:��©ë

"£\Ih���&M"�����6NeS^��N�:�V~�Åë-��N������¹Q 
"£ Ió���&M"�����6NeS^��N�:�V~� ë�� N������¹Q

"£\Ih���PSU:�NO7'Ve�Åë 
"£ Ió���PSU:�N�7'Ve� ë

$ 0 N������6N $�ý Ë 1 W < J : C $ 0 N������6N $�ý Ë 1 NOo : C W 2 J
���6�&:¤%��&I?�6J ���6� It%'�m:�� J

"£�Ió���&M"�����6NeS^��N�:�V~�©J � N������¹Q 
"£ Ió���&M"�����6NeS^��N�:�V~� J � N������¹Q

"£�Ió���PSU:�NO7'Ve�©J 
"£ Ió���PSU:�N�7'Ve� J

����"4�n��"�3I I\YÊo
J§���3:�� ` ���6�¤ob%�� [ :�� `ü� J
	TM������6N����;JÌ��N������¹Q 
"£�o����bM������6NeSU��NOo�Ve� Jü��N������ÅQ
ˆ- ‘ J ���6�¤ob%��XS ˆ- NOo'V~� J
	':��©J 
"£�o�����S^:�NUo�V~� J
I ‘ J ���6�¤ob%��XS I\NUo�V~� J� �6�����¤I o�Y I
�"�������"�3J ���6�¤ob%��XS�V~� J
���6�������0:�� J ���6�&:&%���o�� J
���'�6��!'��������c ; J ���6�¤ob%�� cÌ� J

�������&æ ; J 
�������&æ ; J

Figure8.3: TheOPStransformfrom CBPV+ controlto JWA, with printing
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Transitions

�����PIÁ%��m:��©Jf Jd»ÀIx¼�:"½

�£ÆS ˆ- N�IPVÖ���&M������6NeSU��N�:'Ve�©Jü��N������¹Qf J ˆG »=Il¼�:�½

�£ÆS IøN�I � V´���PS^:�N�7�V~�;Jf Jd»ÀIx¼�:�N�I¤��¼�7"½
I\Y [ :��©Jf Jd»ÀIx¼�:"½

Terminal Configurations

I\YGq

�£�qP���bM"�����6N�SU��NO:'V~�;Jü��N������ÅQ

�£�qP����SU:�N�7�V~�©J

Figure8.4: Rewrite Machinefor Jump-With-Argument

Furthermore,the target language JWA of theOPStransformis alsoCBPV, in thesensethat
it is a fragmentof CBPV+*���� (aswe explainedin Fig. 8.1). Admittedly, the JWA rewrites of
Fig. 8.4 canbe seenasCBN rewrites or asCBV rewrites—thisis essentiallythe indifference
resultof [Plo76]. But for denotational/equationalpurposesit is inappropriateto regardJWA as
embeddedin CBN,becausethisembeddingdoesnotpreservethe A -law for sumtypes.Regarding
JWA asembeddedin CBV is alsosomewhatproblematic:X $ is thenregardedas

$D� CBV *�����>Á�XSO$E� �¤*"����V
Thus *���� in Fig. 8.1 hasbeenreplacedby �&*"��� , andwe have lost generality. In the caseof
printing, for example,theembeddingin Fig. 8.1 providesuswith a JWA semanticsfor any   -
set,whereastheembeddingin CBV allowsonly a free   -set.

In summary:we have benefitedfrom ensuringthatboth thesourcelanguageandthe target
languageof theOPStransformareCBPV.

8.5 Rewrite Machine

8.5.1 Rewrite Machine for Effect-FreeJWA

Whilst the jumping operationalsemanticsfor JWA is intuitive, it is usefulto have alsoa more
conventionaloperationalsemanticsbasedon rewriting. Therewrite machine is givenin Fig. 8.4.
It is similar to theCK-machine,exceptthatthereis noneedfor astack.Recallingfrom Sect.8.2
that we work with non-closednon-returningcommands,we fix a context Γ, and definea Γ-
configuration to bea non-returningcommandΓ Wg2øJ .

Proposition68 (deterministic subject reduction) (cf. Prop.41) For every Γ-configurationJ ,
preciselyoneof thefollowing holds.

1. J is not terminal,and J f ` for unique ` . ` is a Γ-configuration.
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2. J is terminal,andtheredoesnotexist ` suchthat J f ` .

ê
Definition 42 (cf. Prop.16)Wedefinetherelation f ä onconfigurationsinductively:

J f ä J
J � f ä ` SOJ f J¥��VJ f ä `

ê
Proposition69 (cf. 42) For every Γ configurationJ thereis a uniqueterminalΓ-configuration
` suchthat J f ä´` , andthereis no infinite sequenceof transitionsfrom J . ê
Proof(in thestyleof [Tai67]) Wefix Γ. We saythata Γ-configurationJ with thepropertiesde-
scribedin Prop.42 is reducible. Thusouraim is to prove thateveryΓ-configurationis reducible.

For eachtype $ we definea set «ú®QP / N of reduciblevaluesΓ W�/îI : $ by inductionon types.

� Γ W / I : X $ is reducibleif f I is eithera free identifieror [ :��©J wherefor all I [ «ú®6P / N ,
JÂ»ÀIx¼�:�½ is reducible.

� Γ W / I : ∑ �^��� $ � is reducibleif f I is eithera freeidentifieror S ˆ- N�ë V where ë [ «ú®QP / N ˆY .
� Γ W / I : $t#�$m� is reducibleif f I is eithera free identifieror S ëüN�ëó�¹V where ë [ «ú®6P / N

and ë � [ «ú®6P / N]\ .
By mutualinductionon J and I , weprove thefollowing.

� For any non-returningcommandΓ N $ 0 N������6N $�ý Ë 1 W 2 J , andany ë 0
[ «ú®QP / N 0

N������6N�ë-ý Ë 1
[

«�®6P / N�� 1 1
, theΓ-configurationJd» .".'. �ë � ¼�: � ½ is reducible.

� For any valueΓ N $ 0 N������6N�$ ý Ë 1 W / I : C , andany ë 0
[ «ú®QP / N 0

N������6N�ë ý Ë 1
[ «ú®QP / N�� 1 1

, the

value I¦» .".'. �ë-��¼�:���½ is reducible.

ê
8.5.2 Adapting the Rewrite Machine for 
���)���
In Fig. 8.4a transitionhastheform

J f J � (8.2)

Whenwe add 
������� to thelanguage,we wanta transitionto have theform

J f è J �
for someè [  \ä . We thereforereplaceeachtransition(8.2) in Fig. 8.4by

J f 1 J �
andweaddthetransition


�������&æ ; J f æ J
WereplaceDef. 42by thefollowing.
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Definition 43 Wedefinetherelation f ä , whoseform is J f ä è@N�J¥� inductively:

J f ä 1 N J
J � f ä LâN�` S�J f è@N J � VJ f ä è¥åºLâN�`

ê
It is easyto proveanaloguesof Prop.68–69.

Proposition70 (soundness)If J f ä è@N�F then,for any ÿ [ » »Γ ½ ½ ,
» » Jó½ ½ ÿ >¿è¥åøS�» » F0½ ½ ÿ V

ê
Corollary 71 Supposeù � ² hastwo elements4�N@z with thepropertythatat

è¥åL4 Y> è � åL4 for è¢Y>¿è � [��
è¥åL4 Y> è³�~å.z for è@NOè³� [��

(This propertyis satisfiedby the free   -seton a setof size W 2.) For a set ` andelementL ,
write � ë Ô ý for thefunctionfrom ` to ù � ² thattakes L to 4 andeverythingelseto z .

Then for any non-returningcommando : X ∑ �^� ë 1 Wg2¤J , we have J f ä è@N�L�YÉo if f
» » Jó½ ½�S�o3È�G� ë Ô ý�VT>Äèóå`4 . Hencetermswith thesamedenotationareobservationallyequivalent.
ê

8.6 Relating Operational Semantics

Wenow have 3 operationalsemantics,eachof whichcanbeextendedfor 
���)��� :

1. theCK-machinefor CBPV+control,

2. therewrite machinefor JWA,

3. thejumpingmachinefor JWA (whichwe havedescribedonly informally).

TheOPStransformexactlypreservesmachineprogress,from (1) to (2):

Proposition72 Let J¥N@c bea Γ-configurationof theCK-machinefor CBPV + control. Then
Jd» c�¼�o�½ is a Γ-configurationof therewrite machine.Furthermore:

� J N@c is terminalif f Jd» c�¼�o�½ is terminal.

� If J¥N@c f `ûN�j , then J}» c�¼�o�½ f `¿» jl¼)o�½ .
ê

Thisenablesusto deducetheterminationof theCK-machine(Prop.42andtheweakerProp.11)
from theterminationof theJWA rewrite machine(Prop.69).

Likewise, the relationshipbetweenthe (2) and (3) is exact: one transitionof the rewrite
machinecorrespondsto onecycle of the jumping machine. (We do not prove this here.) For
example,the computationin Sect.8.3.3 rewrites in 3 transitionsto 3 Y 7 , printing ��������� in
the last transition. Thesetransitionscorrespondto cycle 0, cycle 1 andcycle 2 in the jumping
execution.
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8.7 Equations

8.7.1 Observational Equivalence

Definition 44 A groundcontext is a non-returningcommando : X ∑ �^��� 1 Wg2O� with oneor more
occurrencesof aholewhichmaybea non-returningcommandor a value. ê
Definition 45 Let Γ W 2 J andΓ W 2 ` benon-returningcommands.We saythat J(�B` when
for any groundcontext � �3» Jó½ f ä F if f �m»À`û½ f ä F
Similarly for values. ê

WecaneasilyadaptDef. 45 to differentcomputationaleffects,e.g.printing.

8.7.2 Equational Theory

Beforeformulatingtheequationaltheory, we addthefollowing complex valuesto JWA:

Γ W / I : $ Γ N�: : $DW / ë : C
Γ W / �����PIÁ%��m:��6ë : C

Γ W / I : ∑ �^�)� $�� þ�þ�þ Γ N�: : $���W / ë�� : C þ�þ�þ
Γ W / 
"£�Ió���&M"������N�SU��NO:'V~�©ë-��N������ÅQ : C

Γ W / I : $�#P$ � Γ NO: : $�N�7 : $ � W / ë : C
Γ W / 
�£�I¥���PSU:�N�7'Ve�Åë : C

As in Sect.4.2,weexcludethesevalueswhenconsideringoperationalsemantics,but include
themotherwise.As with CBPV, it canbeshown thatthenotionof observationalequivalencefor
complex-value-freetermsis unaffectedby thepresenceof complex valuesin groundcontexts.

, -laws
���6�PIt%'�m:�� J > Jd»ÀIx¼�:"½
���6�PIÁ%��m:��6ë > ë}»=Il¼�:�½


�£ÆS ˆ- N�I�V´���&M������6N�SU��NO:'Ve�©Jü��N������¹Q > J ˆG »=Ix¼�:�½

"£ÆS ˆ- N�I�V´���&M"�����6NeSU��N�:'Ve�Åë-��N������¹Q > ë ˆG »=Il¼�:�½


�£ÆS I?N�Ib��V´���PSU:�N�7�V~�©J > Jd»ÀIx¼�:�N�I&��¼�7�½

"£ÆS�I?N�I&��VÖ����SU:�N�7�V~�Åë > ë}»ÀIx¼�:�N�I&��¼�7�½

I\Y [ :��©J > Jd»ÀIx¼�:"½
A -laws

Jd»ÀIx¼ q�½ > 
"£�I¥���&M"�����6NeS^��N�:�V~�;JÂ»¹SU��NO:'V�¼ q"½�N������ÀQ
ë}»ÀIx¼ q�½ > 
"£�Ió���&M"�����6NeS^��N�:�V~�©ëd»¹SU��NO:'V�¼ q"½�N������=Q
Jd»ÀIx¼ q�½ > 
�£\Ió���PS^:�N�7�V~�;JÂ»¹SU:�N�7'V�¼ q�½
ë}»ÀIx¼ q�½ > 
�£�I¥����S^:�N�7�V~�©ëd»¹SU:�N�7'V�¼ q�½

I > [ :���S^:UY I�V

Figure8.5: JWA equations,usingconventionsof Sect.1.4.2

In additionto theusualreversiblederivationsfor # and∑, theJWA equationaltheorysatisfies
thefollowing reversiblederivationfor X :

Γ N�$DW 2>�>�>'>�>�>
Γ W / X $
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As with CBPV (Prop.26),complex valuescanbeeliminatedfrom non-returningcommands
andfrom closedvalues.

8.7.3 Type Canonical Forms

We saw in Sect.4.7.1 that two thunkscan be coalescedinto a single thunk. Similarly, two
continuationscanbecoalescedinto asinglecontinuation:

X $�# X $ � �> X SU$-(y$ � V (8.3)

To make thisprecise,we needto definesyntacticisomorphism.

Definition 46 An isomorphismbetweenvaluetypes$ and C is a reversiblederivation Ç
Γ W / $>�>'>�>6>
Γ W / C

thatpreservessubstitutionin Γ. (By theYonedaembedding,this definitioncouldbereplacedby
acharacterizationusingterms $DW / I : C and C W / ë : $ inverseup to provableequality.) ê
Now (8.3)canbegivenasthecompositereversiblederivation

Γ W / X $�# X $ �
Γ W / X $ Γ W / X $ �
Γ N�$DW 2 Γ N $ � W 2

Γ N $y(y$ � W 2
Γ W / X SO$y(y$ � V

whichcommmuteswith substitutionin Γ becauseeachof its factorsdoes.
As in Sect.4.7.3,wesaythatJWA typesin thefollowing inductively definedclassarecalled

typecanonicalforms

$ :: > ∑ �^��� X $��
Explicitly, a typecanonicalform canbewritten

∑ ����� X ∑È ��É"a X ∑ � ���Ûal� X ∑ G���� a{�;� X þ�þ�þ (8.4)

Proposition73 Every JWA typeis isomorphicto a typecanonicalform. ê
This is easilyproved,by inductionover types. We explain it asfollows. Every closedvalue I
is a tuple (moreaccurately, a hereditarytuple) of tagsandcontinuations.All the tagscanbe
coalescedinto asingletag,andwehave just seenthatall thecontinuationscanbecoalescedinto
asinglecontinuation.Consequently, I correspondsto apair S^��N [ :��;J_V .

8.8 Categorical Semantics1

8.8.1 Non-Return Models

Therearetwo approachesto categoricalsemanticsfor JWA:

1. axiomatizingX directly, following Thielecke [Thi97b, Thi97a];

2. thetraditionalapproachusinganexponentiatingobject[Hof95, SR98].
1ThissectionreliesonChap.10.
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Approach(1), whichwe prefer, is organizedasfollows.

Definition 47 A non-returnmodelfor JWA consistsof

� acountablydistributivecategory � (the“valuecategory”)

� a functor � from � Ã�Ä to Set

� for each$ [ v��3� , a representationfor thefunctor 	 Γ �C��S Γ #�$&V from � Ã�Ä to Set, whose
vertex wecall X $ —explicitly, this is anisomorphism

��S Γ #P$&VL�> ��S Γ N X $¤V naturalin Γ (8.5)

ê
We call an element¿ of � Γ a non-returningmorphismfrom Γ, andwe write Γ

¿ 8
.

Thefunctorialityof � givesuscompositionfor non-returningmorphisms:for each� -morphism

Γ � � 8
Γ anda non-returningmorphismΓ

¿ 8
, we definethecompositenon-

returningmorphismΓ � � ; ¿ 8
to be S����ºV�¿ . This operationsatisfiesidentity andassocia-

tivity laws � P ; ¿ > ¿
S�� ; � � V ; ¿ > � ; S�� � ; ¿'V

where ¿ is a non-returningmorphism.Conversely, this operationandtheseequationsgive usa
functor � from � Ã�Ä to Set.

It is easyto give semanticsof JWA in a non-returnmodel:valuesareinterpretedin � , anda
non-returningcommandΓ WT2ÖJ denotesanon-returningmorphismfrom » »Γ ½ ½ . Theisomorphism
(8.5)corrrespondsto thereversiblederivationfor X . Indeedwecansay

Proposition74 Modelsof theJWA equationaltheoryandnon-returnmodelsareequivalent. ê
We canmake this preciseandprove it in thesameway thatwe make Prop.97 preciseandprove
it (in outline)in Sect.10.4.4.

8.8.2 Examplesof Non-Return Models

Therearetwo significantconstructionsthat yield non-returnmodels:the ù � ² constructionand
thefamiliesconstruction.

The ù � ² Construction

We canconstructa non-returnmodel from a CBPV modelwith a chosencomputationobjectù � ² . To explain this, we will usethe value/producermodelsof Chap.13, but any of the other
categoricalsemanticsfor CBPV would serve aswell. Supposewe have a CBPV value/producer
model S��0NE��N���N�������V with achosencomputationobjectù � ² . Thenweconstructanon-returnmodel
S��0NE��N������ V by setting � to be ��Sù.bN	ù � ² V . Weset X $ to be ��SU$D�tù � ² V , with theisomorphism

��S Γ #P$PN�ù � ² V.�> �mS Γ N��XSO$E� ù � ² V�V
Thesemanticsfor JWA+ 
������� in Sect.8.2is obtainedby applyingthisconstructionto theprint-
ing modelfor CBPV.
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Pointer GameModel: TheFamiliesConstruction

The pointer gamemodel for JWA given in Sect.9.3 is a non-returnmodel obtainedusing a
constructioncalledfamilies, basedon [AM98a]. Westartfrom thefollowing structure.

Definition 48 A pre-familiesnon-returnmodelconsistsof

� a cartesiancategory ´�
� a functor ´� from ´�ÛÃ�Ä to Set

� for eachcountablefamilyof ´� -objectsM�����Qv�^��� arepresentationfor thefunctor 	 Γ � ∏ �^�)� ´��S Γ #� � V , whosevertex wecall X ����� � � —explicitly, this is anisomorphism

∏�^�)�
´��S Γ #M����VL�> ´��S Γ N X �^�)�
����V naturalin Γ

ê
Definition 49 (families construction) Let S ´�0N ´�PN�������V be a pre-familiesnon-returnmodel. We
obtainanon-returnmodel S��0NE��N������ V asfollows.

� A � -objectis acountablefamily of ´� -objects.

� The � homsetfrom M�����Q¸�^�)� to M[ø È Q È ��É is the set∏ �^�)� ∑È �[É ´��S|����N�ø È V with the evident
identitiesandcomposition.

� Thus � is countablydistributive,with

M�����Q¸�����x#\M[ø È Q È ��É givenby M�����#èø È Q Î �*Ô È Ï^�)�yZ¤É
∑ �^�)� M�� � È Q È ��É"a givenby M�� � È Q Î ��Ô È Ï�� ∑ �^�)� Ë �

� The � homsetfrom M�����Qv�^��� is ∏ �^�)� ´�U��� with theevidentcomposition.

� This givesanon-returnmodel,with

X M�����Q¸�^�)� givenby thesingletonfamily M X �^�)�
����Q

ê
The pointergamemodelof Sect.9.3 is obtainedby applying the familiesconstructionto

the following pre-familiesnon-returnmodel. We describethe homsetshere;the operationson
strategies(e.g.composition)aredescribedin Sect.B.5.4.

� An objectof ´� is anunlabelledarena.

� A ´� -morphismfrom � to ø is an � -first strategy from ��� to ø�� .

� �Á#�� � is givenas �7 �� � .
� A ´� -morphismfrom � (i.e. anelementof ´�¤$ ) is a ¡ -first strategy on �¢� .
� X �^�)�
��� is givenas u¸ª �^�)� ��� .

Similar pre-familiesmodelsareobtainedby imposingconstraintsof visibility, innocenceetc.
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8.8.3 Exponentiating Object Models

Thetraditionalapproach(2) to categoricalsemanticsfor JWA is formulatedasfollows.

Definition 50 1. An exponentiatingobject in a cartesiancategory � is anobject � together
with anexponentfrom  to � for every � -object  .

2. An exponentiatingobjectmodelfor JWA is a countablydistributive category � together
with anexponentiatingobject.For eachobject  , wewrite X  for thevertex of thegiven
exponentfrom  to � .

ê
It is easyto seethatexponentiatingobjectmodelsandnon-returnmodelsareequivalent:

� if wehaveanexponentiatingobjectmodel,weobtainanon-returnmodelby setting � Γ to
be ��S Γ N;�bV ;

� if we have a non-returnmodel,we obtainanexponentiatingobjectmodelby setting � to
be X 1;

� theseconstructionsareinverse,up to asuitablenotionof isomorphism.

Warning If we obtaina JWA modelfrom a CBPV modelwith computationobject ù � ² , the
exponentiatingobject � is the valueobject �Óù � ² , so it shouldnot be confusedwith ù � ² . In
theexampleof printing, � is thecarrierof the   -set ù � ² , andso it doesnot provide sufficient
informationto interpret
������� , which requiresthestructureå of ù � ² .
8.9 The OPSTransform Is An Equivalence

8.9.1 The Main Result

In Fig. 8.3 we presentedthe OPStransformfrom CBPV+controlto JWA. In this section,we
show that it is anequivalence,somodelsof CBPV+controlandmodelsof JWA areessentially
thesamething. However, JWA is muchsimplerandmoreelegant.

Thesensein which theOPStransformis anequivalenceis thefollowing—atypedvariantof
the“equationalcorrespondence”approachof [SF93]:

Proposition75 1. Every JWA type $ is isomorphicto C for somevaluetype C .

2. Every JWA type $ is isomorphicto C for somecomputationtype C .

3. For every context Γ and value type $ in CBPV+control, the OPStransformdefinesa
bijectionfrom theprovable-equalityclassesof valuesΓ W / I : $ to theprovable-equality
classesof valuesΓ W�/?ë : $ .

4. For everycontext Γ andcomputationtype C in CBPV+control,theOPStransformdefines
abijectionfrom theprovable-equalityclassesof computationsΓ W < J : C to theprovable-
equalityclassesof non-returningcommandsΓ NUo : C W 2 ` .

(3)–(4)canbeextendedto valuesandcomputationswith holesi.e. contexts. ê
For Prop.75 to makesense,wewill have to giveanequationaltheoryfor CBPV+control.Wedo
this in Sect.8.9.2.We thenproveProp.75 in Sect.8.9.3.

UsingProp.72,wededuce

Corollary 76 TheOPStransformis fully abstract. ê
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8.9.2 Equational Theory For CBPV + Control

Wewantto contriveanequationaltheoryfor CBPV+controlthatwill makeProp.75true.Before
wedo this,we addsomeusefulsyntax:

Γ W / I : ��� ∏ �^��� C � þ�þ�þ Γ N�7 : ��� C � W < JÌ� : g þ�þ�þ
Γ W < 
"£�I¥���&M"�����6N�� :: 7��©Jü��N������¹Q : g

Γ W / I : ���PSU$D� C V Γ N�: : $PN�7 : ��� C W < J : g
Γ W < 
�£�I¥����: :: 7��;J : g

Theseconstructscanbedesugaredasfollows:

sugar unsugared

"£�Ió���bM"�����6NO� :: 7��©Jü��N������ÅQ

�������"����q��"����� ��!����"����I ; 	ºM"������NO���6���6�������07��"����� ��!����"���0q ; Jü��N������¹Q

"£�Ió����: :: 7��;J

�������"���0q�������� ��!'���"����I ; 	�:��6���6�������07������'�6��!'��������q��6J
Wethenaddcomplex valuescorrespondingto theseconstructs:

Γ W / I : ��� ∏ �^�)� C � þ�þ�þ Γ N�7 : ��� C � W / ë-� : g þ�þ�þ
Γ W / 
"£�Ió���&M"�����6N�� :: 7��©ë-��N������¹Q : g

Γ W / I : ����SU$D� C V Γ N�: : $PNO7 : ��� C W / ë : g
Γ W / 
"£�Ió����: :: 7��©ë : g

As usual, thesecan be eliminatedfrom any computationor closedvalues,and do not affect
observationalequivalencefor complex-value-freeterms.

The equationaltheory for CBPV+controlconsistsof the usualCBPV equations,together
with thefollowing (usingtheconventionsof Sect.1.4.2).


�£ ˆ- :: c¾���bM"�����6NO� :: 7��©Jü��N������ÅQ > J ˆG » cÆ¼�7�½

"£�I :: c¨����: :: 7��©J > JÂ»ÀIx¼�:�N�cÆ¼�7�½

Jd»ÀIx¼ q�½ > 
"£�Ió���&M������6NO� :: 7��;JÂ» � :: 7'¼ q�½ N������©Q
Jd»ÀIx¼ q�½ > 
"£�Ió����: :: 7��©Jd» : :: 7'¼�q"½

�����������0:��������6��!'���"���x: ; J > J
���'�6��!���������I ; �������"����:�� J > ����� ��!����"����I ; Jd»ÀIx¼�:"½

����� ��!'���"���'c ; ���'�6��!'��������j ; J > ����� ��!����"����j ; J
I > » ½��'�m:���S������ ��!����"����I ; 
����"4�n��"��:�V :: �'��5�����n��"��4

���'�6��!���������c ; J§�'�m:�� ` > ����� ��!����"���bS�» ½��'�m:��6` :: c@V ; J
���'�6��!���������c ; �"�������"� I J > J
���'�6��!'�������l����5����"n��"��4 ; J > Jc > ����5����"n��"��4

�������bæ ; ����� ��!'���"����c ; J > ����� ��!����"����c ; 
�������&æ ; J

Notice that theseequationsareextremelyad hocandinelegant,by contrastwith thesimplicity
of theJWA equationaltheory.

Proposition77 TheOPStransformpreservesprovableequality. ê
Theequationfor 
���)��� is of courseeffect-specific,but wewouldhaveasimilarequationfor

othereffects.For example,for divergencewe wouldhave theequation

4��5'�6��!���>Á�����6��!'���"����c ; 4��5�����!��
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8.9.3 Proving The Main Result

The aim of this sectionis to prove Prop.75. Our approach(thereareothers)makesuseof the
following:

CBPV+ control
OPS 8

JWA

CBPV £
» �����"��£�£ ¼�*"��� ½

£

¤
CBPV+ *����

¥

¦

Wewrite .¥ä for thecompositetransformfrom JWA to CBPV+ controlindicatedin thisdiagram.
We will show that this compositetransformis inverseto theOPStransformup to isomorphism.
The heartof the proof is theseisomorphisms,which, far from beingtrivial, arefull of control

effects.In outline,whengivenavalueΓ W�/âë : $ , wefirst apply . ä , giving atermΓ ä W�/Öë ä : $ ä
without control effects, and then apply the isomorphismsto obtain a value Γ W / ˆë : $ with
controleffectsthattransformsbackto ë (up to provableequality).

Wefirst constructtheseisomorphisms.

1. For eachCBPV valuetype $ , we definea function +1N from CBPV+controlvaluesΓ W�/
I : $ to CBPV+controlvaluesΓ W�/îI : $ ä , anda function + Ë 1N in theoppositedirection.

2. For eachCBPVcomputationtype C , wedefinea function + I from CBPV+controlvalues

Γ W / I : ��� C to CBPV+controlvaluesΓ W / I : ��� C ä , andafunction + Ë 1I in theopposite
direction.

3. For eachJWA type $ , wedefineafunction ,]N from JWA valuesΓ W�/âI : $ to JWA values
Γ W / I : $ ä , anda function , Ë 1N in theoppositedirection.

Thedefinitionsaregivenin Fig. 8.6. Noticetheusageof ����5����"n��"��4 ; this is indispensable.It is
straightforwardto checkthat +1N and + Ë 1N areinverseup to provableequalityandcommutewith
substitutionin Γ; similarly for + I andfor ,FN .

WehavethusprovedProp.75(1). It is thenstraightforwardto proveProp.75(2)by induction
on $ .

Lemma 78 1. For any CBPV+control+
���)��� valueΓ W / I : C , wecanprove

It>E+ Ë 1I I ä » .�.'.�.�."�+1N`aU:"� ¼�:"��½
2. For any CBPV+control+
������� computationΓ W < J : C , we canprove

J§>B������������o������������"� J ä » .�.'.�.'.6�+ N`a : � ¼�: � N�+:I o�¼�o�½
3. For any JWA+ 
������� valueΓ W�/?I : C , we canprove

It>¿, Ë 1I I ä » . .'.'.�.��,FNbaU:�� ¼�:���½
4. For any JWA+ 
������� non-returningcommandΓ Wg2âJ , wecanprove

J§> J ä » . .'.�.O�,]N`a ¼�:"�ùN�S V�¼)o�½
Theseresultscanbeextendedto computationsandvalueswith holesi.e. contexts. ê
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� ßáà

Figure8.6: SyntacticIsomorphisms� and � usedin proofof Prop.75

Theseareprovedby inductionover terms.

Lemma 79 1. For any CBPVvaluetype  andvalueΓ ����� :  , wecanprove��������� � �
Similarly for computationtypes. �

This is provedby inductionover types.
To proveProp.75(3),supposewe aregivenaJWA valueΓ ����� :  , whereΓ is thecontext 0 ���������  � ! 1. We set Γ � � ˆ� :  to be � ! 1� �#"%$'&(&
&)&)&�*��� ø,+�-/.0+�-21 . Then ˆ& is inverseto the OPS

transformup to provableequality, andsothelatterdefinesabijection.
To prove Prop.75(4),supposewe aregivena JWA non-returningcommandΓ �,3 : 4 �6587 ,

whereΓ is thecontext  0 ��������� 9� ! 1. WesetΓ ��: ˆ7 : 4 tobe ;(<�=�>@?BA 3C� >0DFE �BG)<B>@?BA���H 3 ; 7I"J$ &(&
&)&
&@*��� ø,+@-K.L+@-21 .
Then ˆ& is inverseto theOPStransformup to provableequality, andsothelatterdefinesa bijec-
tion.

Theseargumentscanbeadaptedto valuesandcomputationswith holesi.e. contexts.

8.10 JWA And ClassicalLogic

Wesaidin Sect.8.2thatthetypeconstructorM in JWA is notexactlythesameaslogicalnegation.
This is because(for example)theredoesnot exist avalue MNM 0 ����� : 0, eventhough MNM 0 � 0 is
provablein bothintuitionisticandclassicallogic.

But althoughthe JWA value judgement��� is not relatedto logic, the JWA non-returning
commandjudgement�O5 is relatedto logic.P By intuitionisticpropositionallogic wemeanthetypetheory Q ∑∏ * -calculusdefinedin

Fig. 4.3,omitting theterms.P By classicalpropositionallogic wemeanGentzen’ssystemLK (seee.g.[GLT88]), where
we write ∑ for disjunctionand Q for conjunction.
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Thus M is aprimitiveof classicallogic but notof intuitionistic logic.
Thekey result,which lies at theheartof muchwork relatingcontinuationsto logic [Fri78,

Gri90, HS97,LRS93,Mur90], is thefollowing:

Proposition80 Let Γ beacontext in Jump-With-Argument.Thenthefollowing areequivalent.

1. Γ � is provablein classicalpropositionallogic.

2. Thereexistsanon-returningcommandΓ �O5�R in effect-freeJWA.

3. Γ $TS &U* V �WA�X . M 1 � V ��A is provable in intuitionistic propositionallogic extendedwith a
propositionalidentifier

V �WA .
4. Γ $TS &Y* 0X . M 1 � 0 is provablein intuitionisticpropositionallogic. �

Proof

(2)Z (3) This is givenby thecompositetransform

JWA [ \ CBPV +
V �WA trivialization\]Q ∑∏ * -calculus+

V �WA
which takes M to &�* V �WA andtakesanon-returningcommandto a termof type

V ��A .
(3)Z (4) We substitute0 for

V �WA .
(4)Z (1) This is becauseP intuitionisticprovability impliesclassicalprovability;P M� and  * 0 areequivalentin classicallogic.

(1)Z (2) Therearemany waysof proving this; hereis just one. We definea transformfrom
propositionsto JWA typesasfollows: M^ M 

∑ -2_0`  - ∑ -2_0`  -aQbdc eQ  c
∏ -2_0`  - M ∑ -f_g` M  - * 4 M	S eQhM 4iX

Wethenshow thatif  0 ���������  � ! 1 �j4 0 ��������� 4 k ! 1 isprovable,thenthereisanon-returning
command 0 ���������  � ! 1 � M 4 0 ��������� M 49k ! 1 � 5 R in effect-freeJWA. Therequiredresultis
animmediateconsequence,becausethetransform& leavesJWA typesunchanged. �

We emphasizethat Prop.80 is a resultaboutprovability ratherthanaboutproofs, for the
following reasons.P LK is notequippedwith any canonicalnotionof equalitybetweenproofs.P Intuitionistic logic is equippedwith a canonicalnotion of equalitybetweenproofs—the

equationaltheorydefinedin Fig.4.3—but all proofsof Γ � 0 areequal.(Wewill provethis
later—Prop.106(3).)
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It is clear that any LK sequentcanbe converted(althoughnot in any canonicalway) into
an equivalentsequentof the form Γ � whereΓ usesonly ∑ QlM . Thus,not only canthe non-
returningcommandjudgementof effect-freeJWA beseenasclassical(in thelight of Prop.80),
but it is asexpressive asLK. Consequently, JWA canbe viewed asa type theoryfor classical
logic, providedweregardvalues(whicharenot logically significant)asmerelyauxiliary.

The readermay wonderhow JWA comparesto anotherproposedtype theory for classical
logic: Parigot’s m)n -calculus[Ong96,Par92]. The answeris that, whereasJWA is the target
languageof theOPStransform,m
n -calculusresemblesits thesourcelanguagein thesensethat,
unlike JWA, it is a languagewith control operators[Bie98]. As such,it needsto be arbitrarily
declaredCBV or CBN in orderto have a semantics.Surelyit would bemorecanonicalto use
CBPV+controlin placeof eitherCBV or CBN m)n -calculus. But we have seenthat CBPV +
controlis equivalentto JWA, andthatthelatteris muchsimpler.
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Chapter 9

Pointer Games

9.1 Intr oduction

9.1.1 Pointer GamesAnd Their Problems

In this chapterwe look at the gamesemanticsof Hyland andOng [HO94], discoveredalsoby
Nickau[Nic96]. It is basedon a certainkind of two-playergame,where(generallyspeaking)a
playermovesby

1. pointingto apreviousmove of theotherplayer;

2. passinga token.

We call sucha gamea “pointer game”. This is to distinguishit from many otherkindsof game,
suchas the purely token-passinggamesof [AJM94], which arequite differentandwhich we
shall not be looking at. Pointergamesareextremelypowerful: in a seriesof striking results,
they have provideduniversal1 modelsfor PCF+>@EBA@< [HO94], recursive types[McC97], control
effects[Lai97], groundstore[AM97], generalstore[AHM98], erraticchoice[HM99] andmore.

However, despiteits remarkablesuccesses,the accountof pointergamemodelsin the lit-
eraturesuffers from a numberof problems.The collective effect of theseproblemsis that the
reactionof many readersis negative. They perceivegamesemanticsascomplicatedandtechnical
andthey do not seeits elegance.In this chapter, we aim to rectify someof theseproblems,but
not all. We needto describethevariousproblemswith somecare,in orderto saywhich arethe
oneswe areaimingto rectify.

1. lack of intuition Therulesandconstraintsof playarenotclearlymotivatedby operational
intuitions.

2. difficulty of expressionEvenwhena strategy is intuitively clear, it is difficult to express
it in a clean,rigorousway, aswe lack a convenientlanguagefor strategies. This is even
morethecasefor operationson strategies(e.g.composition):it is usuallyobvioushow to
applytheseoperationsin any particularexample,but giving aprecisedescriptionis messy.

3. difficulty of reasoningPartly becauseof 2, it is difficult to reasonaboutgamesemantics,
in particularto prove thatstrategiesareequal.

Theseproblemsapplyto differentpartsof theaccount:

1A modelis universal [LP97] whenevery morphismfrom o oΓ p p to o o qOp p is thedenotationof sometermΓ rts : q .
In thelogical setting,thispropertyis calledfull completeness[Abr92].



140 Chapter9. Pointer GamesP (1) is aproblemfor thesemanticsof typesandjudgements.P (2) is aproblemfor thesemanticsof termconstructors.P (3) is aproblemthroughout.

Why do we not considerthe semanticsof term constructorsto be affectedby (1)? The reason
is that thesemanticsof termconstructorstendsto bedeterminedby thesemanticsof typesand
judgements—notin a precisetechnicalsense,but ratherin the sensethat, for any given term,
thereis only one“reasonable”denotationof the form specifiedby the semanticsof typesand
judgements.Soit is thesemanticsof typesandjudgementswheretheneedfor intuitiveexplana-
tion of definitionsis mostpressing.

In this chapterwe addressproblem(1), so that the semanticsof typesand judgementsis
clearerandmoreintuitive. Thereare3 waysin whichwedo this:P by usingCBPV insteadof CBN, asweexplain in Sect.9.1.2P by incorporatingstoreandcontrol effectsinto the language,aswe explain in Sect.9.1.4

(this,of course,is notoriginal)P in Sect.9.3–9.4,by reducingtheCBPVmodelto apointergamemodelfor JWA, in which
we seethatanarenafamily is a representationof a typecanonicalform.

We donotaddressproblems(2)–(3)atall. Thus,in ourpresentation,thesemanticsof terms,
althougheasyto seein particularexamples,is hardto expresscleanlyandhardto reasonabout,
justasin previouswork. Wethereforerelegateit to AppendixB. Improving thissituationremains
achallengefor gamesemantics.

9.1.2 CBPV MakesPointer GamesMor e Intuiti ve

In Sect.9.2,weprovidepointergamesemanticsfor CBPV, andwewill seethatit is moreintuitive
thanCBN semantics.It is, in our view, unfortunatethat—despitetheCBV modelsof [AM98a,
HY97]—thebulk of thework onpointergames,especiallyoperationalanalysissuchas[DHR96],
hasfocussedon CBN. The reasonfor this focuswasdiscussedandcriticized in Sect.2.8: the
widespreadbelief that CBN (or cartesianclosedcategories) is the canonical,mathematically
well behavedchoice.We hopethatSect.9.2will persuadegamesemanticistsof theadvantages
of CBPV.

To supportour claim,hereare3 pointergamenotionswhich areclearerfrom a CBPV view-
point thanfrom aCBN viewpoint.

question/answerdistinction Tokensaredivided into two classes,which have beengiven the
names“questions”and“answers”.Passinga question-tokenis called“askinga question”;
passingan answer-token is called“answering”. What is the operationalintuition behind
this division? No clearexplanationis given in the literature(beyond thevagueassertion
that “a questionis a demandfor data”). But from a CBPV perspective, we canexplain
thesetermsexactly:P “askinga question”meansforcinga thunkP “answering”meansproducing

Wesaw in Sect.1.5.3thatforcinga thunkandproducingarepreciselythetwo instructions
thatcauseexecutionto move to anotherpartof theprogram.CBPV differs from CBN in
makingtheseexplicit.
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pointers Thesignificanceof thepointersbetweenmovesis sometimesdownplayedin theliter-
ature(they arefrequentlydescribedas“auxiliary”, while thetokensareconfusinglycalled
“moves”). However, their role is not merelytechnicalbut alsoconceptual:they indicate
whereexecutionmovesto. Answeringa questionmeansforcing a thunk, so the pointer
from a question-move indicatesthe thunkbeingforced. Answeringmeansproducing,so
thepointerfrom ananswer-move indicatestheconsumerbeingproducedto.

For example,supposeoneplayerpushessomevalues,includingathunk � andthenforces
athunk � —thisforcingis representedasquestion-move u . If latertheotherplayerforces� , thentherelevantquestion-move will point backto u . If theexecutionof � endswith
a vBw
?@xzyW>@< instruction,then,asin theexampleprogramof Sect.1.5.2,control returnsto
just after {B?�w�>@<i� (strictly speaking,this point is theconsumerthatwason thestackat
thetime � wasforced)andsothisanswer-movepointsbackto u .

As anotherexample,supposeoneplayerproducessomedata,including a thunk � —this
producingis representedas an answer-move u . If the other player later forces � , the
relevantquestion-movewill point backto u .

bracketing condition Pointergamemodelsusually imposeon Player(or on both Playerand
Opponent)the constraintthat the pointer from an answer-move mustbe to the pending
question-move. Thus, in the representationof play, the pointersfrom Player’s answer-
moves(or thepointersfrom bothPlayer’s andOpponent’s answer-moves)canbeomitted
becausethey canbeinferred. This correspondsto theobservationwe madein Sect.1.5.3
thata v(w)?@xzyW>z< instructiondoesnot needto specifythepoint (i.e. theconsumer)thatexe-
cutionreturnsto, asit is simply thetopof thestack.

Using control effects,however, the programmercanchooseany availableconsumerand
install it asthecurrentoutsidebeforeproducing.Hence,asLaird explained[Lai97], strate-
giesfor controleffectsdonotobey thebracketingcondition.

We will not be looking further at the bracketing condition, but we will seeexamplesof the
question/answerdistinctionandthepointersbetweenmoves.

9.1.3 The LanguageThat We Model

It is a surprisingfeatureof pointergamesemanticsthat theuniversalmodelfor a languagewith
divergence,generalstore(excludingequalitytestingoncells)andcontroleffectsis muchsimpler
thantheuniversalmodelfor a languagewithout all thesefeatures(suchasPCF).By including
thesefeaturesfrom theoutset,wecandispensewith themachineryof views,visibility, innocence
andbracketing,whichobscurethemoreimportantaspectsof pointergames.And wecansimplify
thedefinitionof “arena”,becauseit becomespossiblefor ananswer-tokento succeedananswer-
token(asaconsequenceof the ?
A typeconstructor).

A further advantageof this approachis that the pointergamemodelwe obtain is not just
universalbut also fully abstract,with no needfor the further quotientingwhich is frequently
found in the literature. All the detailsof a term’s denotationcanbe worked out by applying
contexts involving storeandcontrol.This resultis folklore.

The languagethat the semanticsof Sect.9.2 modelsis infinitary CBPV with divergence,
generalstore(as in Chap.7, but excluding equality testingon cells) andcontrol effects. The
main reasonwe useinfinitary CBPV is that we therebyobtaindefinability resultsfor typesas
well asfor terms. Furthermore,we therebyobviate the needfor a computabilityrestrictionon
strategies.

Wemaintaintheconstraintof determinismonstrategies,becausethelanguageis determinis-
tic.
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9.1.4 ChangesIn Presentation

Readersaccustomedto otherpresentationsof gamesemanticsshouldbewarnedof someways
thatourpresentationdiffers.P Thetraditionalorganizationof semanticsof typesis thataCBN type(acomputationtype)

denotesan arenawhereasa CBV type (a valuetype) denotesa family of arenas.In our
exposition,acomputationtypeanda valuetypewill bothdenotea family of arenas.P Like [HO94] but unlike [McC96], we requireanarenato bea forest,andwe do not label
tokensas | / } from theoutset,but infer this laterfrom thedepth,aswe explainbelow.

9.2 Pointer GameModel For CBPV

9.2.1 Ar enas

Thetokensthatarepassedduringpointergamesarearrangedin structurescalledarenas, which
aredefinedasfollows.

Definition 51 An arena ~ is astructureS2���
�8~ ��� ��~ � �W� � mF�)�� X .P ���)�8~ is acountablesetof tokens.P � �t~ is a subsetof ���
�d~ , whoseelementsarecalledrootsand � � is a binary relationon���)�d~ . We read ��� �I� as“ � is thepredecessorof � ” or as“ � is a successorof � ”. This
mustgivea “forest”, i.e.

unique predecessoreachroot hasno predecessorandeachnon-roothasa uniqueprede-
cessor

well-foundednessthereis no infinite chainof predecessors�����0�C��� 1 �W�l� 0.P m��
�� : ���)�j~ &�* ��� �/�	� is a labelling function which indicateswhethera move usinga
giventokenis aquestion(

�
) or answer( � ). �

Arenasarebuilt up usingthefollowing constructions.

Definition 52 1. Let
� ~ - � -f_g` bea countablefamily of arenas.We define �����-f_g` ~ - to be the

arenawith � roots,all labelled
�

, anda copy of ~ - graftedunderneaththe � th root. More
formally, it hastokensP � ������� for each����� , labelled

�PU���0��� � S�� �,� X for each����� and � �����)�8~ - , labelledthesameas �
whereP therootsarethetokens � �(�����P � �������C� ���0��� � Sf� �/� X , whenever � is a rootof ~ -PU���0��� � S�� �,� X6� �@�L�@� � S�� ��� X for � � � in ~ -

2. Let
� ~ - � -f_0` be a countablefamily of arenas.We define �g� �-2_0` ~ - to be the arenawith �

roots,all labelled � , anda copy of ~ - graftedunderneaththe � th root. Thusit is thesame
as �����-2_0` ~ - exceptthat � �(����� is labelled� .

3. We definethearena~¡ h~¢c to be thedisjoint unionof thearenas~ and ~dc . Formally, it
hastokens



9.2. PointerGameModelFor CBPV 143PU£'��¤ � for each� �¥���)�8~ , labelledthesameas �PU£'� �
� for each� �h���)�8~ c , labelledthesameas �
whereP therootsarethetokens £'��¤ � , where� � � ��~ , and £'� �
� , where� � � �^~ cPU£'��¤ � � £'�@¤ � when � � � �PU£'� �
� � £¦� ��� when � �W� � � �

Wecanclassifythetokensin anarenaasevendepthor odddepth:P a root is evendepth;P asuccessorof anevendepthtokenis odddepth;P asuccessorof anodddepthtokenis evendepth.

It aidsreadability, althoughit is not technicallynecessary, to addto an arenaanotherlabelling
function mC§0¨ : ���)�©~ &�* � | � } � designatingtokensas | -tokensor } -tokens,as in [McC96].
Sometimeswe wantevendepthtokensto be | -tokensandodddepthtokensto be } -tokens,and
sometimesviceversa.

Definition 53 Let ~ beanarena.P We write ~b§ for ~ togetherwith a labelling function mC§0¨ designatingeven-depthtokens
(includingroots)as | andodd-depthtokensas } .P We write ~j¨ for ~ togetherwith a labellingfunction m6§0¨ designatingeven-depthtokens
(includingroots)as } andodd-depthtokensas | . �

Someusefulterminology:

Definition 54 1. An isomorphismfrom arena~ to arenaª is abijectionfrom ���)�t~ to ���)�«ª
preservingandreflecting � and

�
/ � labelling.

2. We saythat ~ is asub-arenaof ª , written ~�¬Yª , whenP ���)�8~�¬¡���
�ªP �C� is �C® restrictedto ���
�	~ andlikewisefor
�

/ � labellingP If � �¥���
�	~ and � � ® � then � �����)�8~ .

3. We write
� � �N~ for thesetof rootsof ~ thatare

�
-tokens,andwe write �� �N~ for theset

of rootsof ~ thatare � -tokens.

4. Let ¯ beatokenin anarena~ . Thenwewrite ~±°³² for thearenaconsistingof thosetokens
of ~ hereditarilyprecededby ¯ (excluding ¯ itself), with the

�
/ � labellingand � relation

inheritedfrom ~ . �
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9.2.2 Semanticsof Types

Eachtype, whethera valuetype or a computationtype, denotesa countablefamily of arenas.
Thissemanticsof typesis somewhatout-of-a-hat,becausewehavenotyetseenthesemanticsof
judgements,andsothereadermaywantto readthis sectionin conjunctionwith thenext section
(Sect.9.2.3),whichprovidesexamples.

In thefollowing clauses,noticethat
�

-tokensareintroducedby ´ , while � -tokensareintro-
ducedby µ . This accordswith whatwe saidin Sect.9.1.2: passinga

�
-tokenmeansforcing a

thunk,whichhas ´ type,while passingan � -tokenmeansproducing,andaproducerhasµ type.
Thetypeconstructorsotherthan w
<�{ (which wedealwith below) areinterpretedasfollows.P If 4 denotes

� ~ - � -2_0` , then ´¶4 denotesthesingletonfamily
� �����-f_g` ~ - � .P If, for each����� ,  - denotes

� ~ -¦· � ·%_�¸�ø , then∑ -f_g`  - denotes
� ~ -¦· � Î -2¹ · Ï _ ∑ -f_g`Lº - .P 1 denotesthesingletonfamily containingtheemptyarena.P If  denotes

� ~ - � -f_g` and  c denotes
� ª · � ·%_�¸ then eQb c denotes

� ~ -  iª · � Î -f¹ · Ï _g`0»@¸ .P If  denotes
� ~ - � -f_g` , then µj denotesthesingletonfamily

� ��� �-f_0` ~ - � .P If, for each����� , 4 - denotes
� ~ -¼· � ·%_L¸�ø , then∏ -f_g` 4 - denotes

� ~ -¦· � Î -f¹ · Ï _ ∑ -f_0`0º - .P If  denotes
� ~ - � -f_g` and 4 denotes

� ª · � ·%_L¸ then  * 4 denotes
� ~ -  bª · � Î -2¹ · Ï _g`0»@¸ .P If 4 denotes

� ~ - � -2_0` then ?BAd4 alsodenotes
� ~ - � -f_g` .

Thereis a remarkablepatternhere.P ´ and µ areinterpretedthesameway (exceptfor the
�

/ � labelling).P ∑ and∏ areinterpretedthesameway.P Q and * areinterpretedthesameway.

For infinitely deeptypes,we saythat
� ~ - � -2_0` ¬ � ª · � ·%_�¸ when �b¬ º and ~ - is a sub-arena

of ª - for each���½� . Theclassof arenafamilieshasall countabledirectedjoins, andso,using
thenotationof Sect.5.4.2,we setthedenotationof a type  to be ¾ HO¿�ÀKÁ�� $ $ 4 1 1 . This canalsobe
usedto interpretrecursive types,asin [McC96].

Wecannow give adefinabilityresultfor types.

Proposition81 Thetypecanonicalformsfor infinitary CBPV + ?BA aregivencoinductively by :: � ∑ -f_0` S�´j4 - Q¥?BAdµj - X4 :: � ∏ -f_g` S�´j4 - * µj - X
1. Every countablefamily of arenas is isomorphicto the denotationof somevaluetype

canonicalform Â ��Ã�Ä  .

2. Every countablefamily of arenas4 is isomorphicto thedenotationof somecomputation
typecanonicalform Â :KÅ ÐOÆ 4 . �
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Proof Wedefine Â ��Ã�Ä and Â :KÅ ÐOÆ by mutualguardedinduction:Â ��ÃÇÄ � ~ - � -f_0` � ∑ -f_g` S�´¶Â :KÅ ÐOÆ � ~ - ° · � ·%_ ��È � � ø Qh?BAdµÉÂ ��Ã�Ä � ~ - ° · � ·%_ �BÈ � � ø XÂ :KÅ Ð�Æ � ~ - � -f_0` � ∏ -f_g` S�´¶Â :KÅ ÐOÆ � ~ - ° · � ·%_ ��È � � ø * µ©Â ��ÃÇÄ � ~ - ° · � ·%_ �BÈ � � ø X
By coinductive reasoning,theseequationshave a uniquesolution.We wantto constructisomor-
phisms � ~ - � -2_0`ËÊ� $ $ÌÂ ��ÃÇÄ � ~ - � -f_g`Í1 1 (9.1)� ~ - � -2_0`ËÊ� $ $ÌÂ :KÅ ÐOÆ � ~ - � -f_g`J1 1 (9.2)

This is complicated,sowerelegateit to Sect.B.6.
�

Thesetype canonicalforms aredistinguishedby the fact that every type is isomorphicto
a type canonicalform, using an isomorphismthat doesnot involve ;(<�=�>@?BA or >LD)E6�BG
<
>z?
A .
Prop.81 makes it clear that we canview an arenafamily asbeinga representationof a type
canonicalform.

Thetwo typesof commandsintroducedin Sect.3.9.2areinterpretedasfollows:P The type >@?LÎ�Î , becauseit is isomorphicto µ 1, denotesa singletonfamily containingan
arenawith asingle � -token.Wecall this token � � �0� .P The type �Bw�>z?LÎ�Î , becauseit is isomorphicto µ 0, denotesa singletonfamily containing
theemptyarena.

It remainsto interpretw)<�{ : thedenotationof w)<@{	 is thesameasthedenotationof ´hS�S,µjjX ΠS, * >@?LÎ�Î X�X . As explainedin [AM97], this is basedon Reynolds’ conceptionof a cell2 asan
“object with two methods”:readingandassignment[Rey81]. Explicitly, we canconvert a value� of type w)<@{¶ into avalue ˜� of type ´¥S�S/µjjX Π S, * >@?LÎ�Î X�X , definedby

˜�Ï��=@D(y�� 3 m Ð 0 � w)<(EzxÉ�ÑEBA + � vBw
?@xzyW>@< +
1 � m + � � : � +

Readingandassignmentcanthenberecoveredfrom ˜� asfollows:w
<(E@x©�ÑE
A + � R � 0‘ {(?zwF>@< ˜��=)? + � R� : �a� ; R � � ‘1‘ {B?zwF>@< ˜� ; R
9.2.3 ClosedTerms—Rulesand Examples

We aregoingto look at thesemanticsof judgementsin stages.We first look at closedtermsand
then,in Sect.9.2.5,atnon-closedterms.In thissection,wedescribethegamesfor closedtermsin
awaywhichis informal,althoughcompletelyprecise;aformaldescriptionis givenin Sect.9.2.4.
We also provide examples,to illustrate the correspondencebetweenCBPV terminologyand
pointergameterminologythatwe explainedin Sect.9.1.2.

Supposeª is anarena.The } -firstgamein ª ¨ is thegamewhoserulesareasfollows:P PlayalternatesbetweenPlayer( | ) andOpponent( } ). Opponentmovesfirst.P In eachmove a tokenof ª is passed.P In theinitial move,Opponentpassesa rootof ª .

2Recallfrom Sect.9.1.3thatwe excludedequalitytestingof cells from thelanguage.If we hadnot doneso,this
conceptionof cellswouldnot bevalid.
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passedin move u .P Opponentmoves (except in the initial move) by pointing to a previous | -move u and
passinga successorof thetokenpassedin move u .

It is alsopermittedfor eitherplayer to diverge insteadof moving, except for the initial move,
which Opponentmustplay. A consequenceof theserulesis thatPlayercanpassonly a | -token
of ª ¨ andOpponentcanpassonly an } -token.We write }Ò�� �2Ó ��ª ¨ for thesetof strategiesfor
the } -first gamein ªN¨ . This will bedefinedformally in Sect.9.2.4.

Supposeª is anarena.The | -firstgamein ª«§ is thegamewhoserulesareasfollows:P PlayalternatesbetweenPlayerandOpponent.Playermovesfirst.P In eachmove a tokenof ª is passed.P Playermovesby either

– passinga rootof ª , or

– pointingto aprevious } -move u andpassingasuccessorof thetokenpassedin moveu .P Opponentmovesby pointingto aprevious | -move u andpassingasuccessorof thetoken
passedin move u .

It is alsopermittedfor eitherplayerto divergeinsteadof moving. A consequenceof theserules
is thatPlayercanpassonly a | -tokenof ª«§ andOpponentcanpassonly an } -token. We write|FÒ�� �2Ó �Ôª«§ for thesetof strategiesfor the | -first gamein ª«§ . This will bedefinedformally in
Sect.9.2.4.

Notice that in thesegames(as in the more generalgamesbelow) there is an asymmetry
betweentheplayers:Playermaypassa root in any move,whereasOpponentmaypassa root in
theinitial moveonly. Noticealsothatthe

�
/ � labellingof tokensis ignoredby therulesof these

game.It is only in thepresenceof thebracketingcondition,whichwehavenot imposed,thatthe�
/ � labellinghasany technical—asopposedto conceptual—significance.

Weusethesegamesin thesemanticsof judgementsfor closedterms.P If $ $  1 1 � � ª · � ·%_�¸ thenaclosedvalue � � � :  denotesanelementof ∑·%_L¸ }	Ò�� �2Ó �]ªN¨· .P If $ $ 4 1 1 � � ª · � ·%_L¸ thenaclosedcomputation� : R : 4 denotesanelementof ∏·%_L¸ |FÒ�� �fÓ �©ª §· .

Wegive someexamples.Considerthetype4 �#S/µ¢Õ)?(?(;zX Π µ�S�´hS�´hS�´¶µ¶Õ)?(?�; * µ¶Õ)?(?�;�X * µ¢ÕF?(?�;�X�Ö¡´jµ¢ÕF?�?(;@X
It denotesanarenafamily of size2, depictedthus:×ØØØØØØØØØØØØØØØØØØØØÙ ØØØØØØØØØØØØØØØØØØØØÚ

Û Ü
Û ÛÜ

Û ÛÜ
Û Û

ÛÛ
Û Û
ÜÛArena1Arena0 Ý ØØØØØØØØØØØØØØØØØØØØÞØØØØØØØØØØØØØØØØØØØØß
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Let R bethefollowing closedcomputationof type 4 .

m ×ØØÙ ØØÚ 0 � v(w)?@xzyW>z<¢{BE�;
A@< �
1 � v(w)?@xzyW>z<Éà��);d=�D(y�� 3 m + � S�S�=@D(y�� 3 v(w)?@xzyW>z< =�w�y)<�X ‘ {B?�w�>z< + =
?Ð =(w�y)< � xFàLá)<�w(G
< �{BE(;BA@< � Sf=�D(y�� 3 v(w)?zx@yW>z<¢{BE�;
Az<@X ‘ {B?zwF>@< + =)?dâ � vBw
?@xzyW>@<9=�w�yF< X$ $ R 1 1 0 is a strategy for the | -first gameon Arena0 § . It describesthebehaviour of R when0 is

on thestack:| -move0 CBPV terminology R popsthe0 andthenproduces{(E(;
Az< .
gameterminology Playeranswersã Ó ¤ Ò � .$ $ R 1 1 1 is a strategy for the | -first gameon Arena1 § . It describesthebehaviour of R when

1 is on thestack:| -move0 CBPV terminology R popsthe1 andproducesà��F; of a thunk.

gameterminology SoPlayerpassestheanswer-tokencorrespondingto £¦��¤ .} -move1 gameterminology Now supposethat Opponentpoints to move 0 and passesthe
question-token.

CBPV terminology Thismeansthatthecontext pushesa thunk � andforcesthethunkit
hasjust receivedfrom R .

Whenever Playerforces � in future,this will berepresentedby a question-move pointing
to move 1, becauseit is in move 1 that � is passedto R ’s stack.| -move2 CBPV terminology R now popsthethunk � pushedin move1, pushestheoperand=�D(y�� 3 vBw
?@x@y�>@< =�w�y)< andforces � .

gameterminology SoPlayerpointsto move 1 andpassthequestion-token.} -move3 gameterminology Now supposethat Opponentpoints to move 2 and passesthe
question-token.

CBPV terminology Thismeansthatthecontext popsthethunkpushedin moved2 (actu-
ally =�D�y�� 3 vBw
?@xzyW>@<9=(w�y)< ) andforcesit.| -move4 CBPV terminology Then R produces=�w�y)< , to theconsumerthatwason thestack
in move 3.

gameterminology SoPlayerpointstomove3andpassestheanswer-tokencorresponding
to =�w�y)< .} -move5 gameterminology SupposethatOpponentpointsto move1 andpassesthequestion-
token.

CBPV terminology This meansthat thecontext pushesa thunk � andforcesthethunk
it hasjust receivedfrom R .| -move6 CBPV terminology Then R popsthethunk � pushedin move5,pushestheoperand=�D(y�� 3 vBw
?@x@y�>@< =�w�y)< andforces � .

gameterminology SoPlayerpointsto move 5 andpassesthequestion-token.

And soforth. Usingstore,we couldmodify R sothat in move 6 it forces � insteadof forcing� . In thatcasePlayerwill point to move1 insteadof pointingto move5, eventhoughthetoken
passedwill bethesame.
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This exampleillustrateshow “askingaquestion”in gameterminologycorrespondsto “forc-
ing a thunk” in CBPV terminology, andhow “answering”in gameterminologycorrespondsto
“producing” in CBPV terminology. Notice,however, thatthepushingandpoppingthatfeatures
in theCBPV descriptionof eventsis not reflectedin thepointergamenarrative. This is because
they aredeterminedby thetypestructure.For example,everycomputationof type  * 4 , whenä -expanded,beginswith poppinganoperandof type  . Sothereis no needfor thedenotational
semanticsto give usthis information.

As anotherexample,the valuetype ´¶4 ÖY´jµ¢ÕF?�?(; denotesan arenafamily of size2, de-
pictedthus×ØØØØØØØØØØØØØØØØØØØØØØØØØÙ ØØØØØØØØØØØØØØØØØØØØØØØØØÚ

Û Ü
Û ÛÜ

Û ÛÜ
Û Û

Û Û
ÜÛ

Ü
Û Û
ÜArena0

ÛÛ
Ü Arena1 Ý ØØØØØØØØØØØØØØØØØØØØØØØØØÞØØØØØØØØØØØØØØØØØØØØØØØØØß

Now à)�F;�=�D�y�� 3 R is a closedvalueof this type. It denotesS 0 �Kå X where å is a strategy for
the } -first gameon Arena0̈ . The0 representsthe tag £'�@¤ while å representsthebehaviour of=�D�y�� 3 R :} -move0 gameterminology SupposeOpponentpassestheleft question-root.

CBPV terminology This meansthatthecontext pushes0 andforces=�D�y�� 3 R .| -move1 CBPV terminology Thentheforcedthunkproduces{BE�;
Az< , to theconsumeron the
stackat thetime of move 0.

gameterminology SoPlayerpointsto move0 andpassestheanswer-tokencorresponding
to ã Ó ¤ Ò � .} -move0 gameterminology Alternatively, supposeOpponentpassestheright question-root.

CBPV terminology This meansthatthecontext pushes1 andforces=�D�y�� 3 R .| -move1 CBPV terminology Thentheforcedthunkproducesà)�F; of athunk,to theconsumer
on thestackat thetimeof move 0.

gameterminology SoPlayerpointsto move0 andpassestheanswer-tokencorresponding
to £¦��¤ .

etc.asabove

If, in an } -first game,we allowedOpponentto passa root again,aftertheinitial move, then
we could form strategies representinga thunk that behaves differently eachtime it is forced.
However, even with store,thereis no closedvalueof ´ type that behavesin this way. That is
why weallow Opponentto passa root in theinitial move only.
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9.2.4 Formal Representationof Strategies

Wenow makepreciseour informaldefinitionof the } -first and | -first games.

Definition 55 Let ~ beanarena.An } -first finiteplay ¯ on ~ ¨ consistsofP anonzeronumberæ ¯Oæ%�bç , calledthelengthof ¯ —wecall uè� $ æ ¯Oæ an } -movein ¯ if even,
a | -move in ¯ if odd,andthe initial move in ¯ if zero;P for eachmove u in ¯ , a token ���)� ��� ²gu in ~ called“the tokenpassedin move u ”—we
saythatmove u is a rootmove if ���)� ��� ²gu is a root token.P for eachnon-rootmove u in ¯ , amove ��� £'� � � � ² u in ¯ called“the pointerfrom move u ”

suchthatP thetokenpassedin theinitial move is a root token;P if u is a | -move then

– move u is nota root-move

– thepointerfrom move u is an } -move é½êëu
– thetokenpassedin move u is a successorof thetokenpassedin move é ;P if u is anon-initial } -move then

– move u is anon-rootmove

– thepointerfrom move u is a | -move éIêëu
– thetokenpassedin move u is a successorof thetokenpassedin move é .

Wesaythatafinite play ¯ isP awaiting-} if it its lengthis even(nonzero)P awaiting-| if its lengthis odd. �
It is alsopossibleto definean infinite play, which is eitheran infinite sequenceof movesor a
finite playfollowedby divergence.However, becauseweareworkingin thedeterministicsetting,
wewill not requireinfinite plays.

Proposition82 Let ¯ bean } -first finite play on ~ ¨ . For eachmove u in ¯P if u is an } -move, thetokenpassedin u is an } -tokenP if u is a | -move, thetokenpassedin u is a | -token. �
Thereare variousequivalentways of representinga strategy. Here is one of them, taken

from [HO94].

Definition 56 An } -first strategy for ~ ¨ is aset å of } -first finite playson ~ ¨ which is

contingent-complete if ¯É� å is awaiting-} and ì is aone-moveextensionof ¯ then ì«� å
prefix-closed if ¯b� å and ì is anonemptyprefixof ¯ then ì«� å
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deterministic if ì � ìÇc�� å arebothone-moveextensionsof ¯ which is awaiting-| then ìN�ÔìÍc . �
Wefrequentlydescribeastrategy by giving only theplaysthatareawaiting-} .

Thedefinitionof | -first finite play and | -first strategy is thesameas } -first , exceptthatP a | -first finite playcanbeemptyP a move in a | -first finite play is a | -move whenevenandan } -movewhenoddP a | -first finite play is awaiting-| whenits lengthis even,andawaiting-} whenits length
is odd.

9.2.5 Non-ClosedTerms—Rulesand Examples

Like a valuetype,a context Γ denotesa countablefamily of arenas.Theemptycontext hasthe
samedenotationas1, andcontext extensionis interpretedthesamewayas Q .

As in Sect.9.2.3,we will definethegamesbeforelookingat examples.
Suppose~ and ª arearenas.The } -first gamefrom ~É§ to ª�¨ is thegamewhoserulesare

asfollows:P PlayalternatesbetweenPlayerandOpponent.Opponentmovesfirst.P In eachmove,eitheratokenof ~ (asourcetoken) or atokenof ª (a targettoken) is passed.P In theinitial move,Opponentpassesa rootof ª .P Playermovesby either

– passinga rootof ~ , or

– pointingto aprevious } -move u andpassingasuccessorof thetokenpassedin moveu .P Opponentmoves (except in the initial move) by pointing to a previous | -move u and
passinga successorof thetokenpassedin move u .

It is alsopermittedfor eitherplayer to diverge insteadof moving, except for the initial move,
which Opponentmustplay. A consequenceof theserulesis thatPlayercanpassonly a | -token
of ~b§ or ªN¨ andOpponentcanpassonly an } -token. We write }Ò�� �fÓ � S,~b§ � ªN¨�X for thesetof
strategiesfor the } -first gamefrom ~b§ to ªN¨ . This canbedefinedformally asin Sect.9.2.4.

Suppose~ and ª arearenas.The | -firstgamefrom ~É§ to ª«§ is thegamewhoserulesareas
follows:P PlayalternatesbetweenPlayerandOpponent.Playermovesfirst.P In eachmove,eitheratokenof ~ (asourcetoken) or atokenof ª (a targettoken) is passed.P Playermovesby either

– passinga rootof ~ , or

– passinga rootof ª , or

– pointingto aprevious } -move u andpassingasuccessorof thetokenpassedin moveu .P Opponentmovesby pointingto aprevious | -move u andpassingasuccessorof thetoken
passedin move u .
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It is alsopermittedfor eitherplayerto divergeinsteadof moving. A consequenceof theserules
is that Playercanpassonly a | -token of ~b§ and ª8§ andOpponentcanpassonly an } -token.
We write |FÒ�� �2Ó �S/~ § � ª § X for thesetof strategiesfor the | -first gamefrom ~ § to ª § . This can
bedefinedformally asin Sect.9.2.4.

Weusethesegamesin thesemanticsof judgementsfor generalterms.P If $ $Γ 1 1 � � ~ - � -f_g` and $ $  1 1 � � ª · � ·%_�¸ then a value Γ � � � :  denotesan elementof
∏ -f_0` ∑·%_L¸ }	Ò�� �2Ó �8S,~b§- � ªN¨· X . Noticethattheseelementsform acpo.P If $ $Γ 1 1 � � ~ - � -f_g` and $ $Ì4 1 1 � � ª · � ·%_L¸ thena computationΓ ��:�R : 4 denotesanelement
of ∏ -2_0` ∏·%_�¸ |)Ò�� �2Ó �8S/~É§- � ª«§· X . Noticethattheseelementsform apointedcpo.

(Thecpo/cppostructureon themodelallowsusto interpretrecursiveandinfinitely deepterms.)
We give anexample.Let  bethetype ´jµ¢Õ)?(?(;NÖ¡´jµ¢ÕF?�?(; . This denotesthearenafamily

of size2 depictedthus: ×ØØØØØÙ ØØØØØÚ ÛÛ
Ü Ü

Û Û
Arena0 Arena1 Ý ØØØØØÞØØØØØß

Let � bethecomplex value+ : Ô� � v@Î + E
A Ð à)�F;dâ � à��);d=�D(y�� 3 S/{(?zw�>z< â©=
?¢í � vBw)?zx@y�>@<9=(w@yF<@X �à)�Bwjâ � à��);d=�D(y�� 3 vBw
?@x@y�>@<d{BE�;
Az< : 
If + is boundto à��F;j� , then � is à)�F;©�Ñc (where � and �îc arethunks).So $ $¼� 1 1 0 is S 0 �/å X

whereå is thefollowing strategy for the } -first gamefrom Arena0 § to Arena0̈ .} -move0 gameterminology SupposeOpponentpassesthetargetquestion-root.

CBPV terminology This meansthatthecontext forcesthethunk � c .| -move1 CBPV terminology Thenthetermforcesthethunk � .

gameterminology SoPlayerpassesthesourcequestion-root.} -move2 gameterminology Now supposeOpponentpointsto move 1 andpassesananswer
token.

CBPV terminology This meansthattheforcing of � in move 1 producesa booleaní .| -move3 CBPV terminology Thenthe term produces=(w@yF< to the consumeron the stackin
move 0.

gameterminology SoPlayerpointsto move 0 andpassesthetargetanswer-tokencorre-
spondingto =�w�yF< .

If + is boundto à��(wi� , then � is à��);É�Ñc (where � and �Ñc arethunks).So $ $Ì� 1 1 1 is S 0 �,ï X
whereï is thefollowing strategy for the } -first gamefrom Arena1 § to Arena0̈ .} -move0 gameterminology SupposeOpponentpassesthetargetquestionroot.

CBPV terminology This meansthatthecontext forcesthethunk � c .| -move1 CBPV terminology Thenthetermproduces{BE�;
A@< to theconsumeron thestackin
move 0.

gameterminology SoPlayerpointsto move 0 andpassesthetargetanswer-tokencorre-
spondingto ã Ó ¤ Ò � .
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9.2.6 Further Examples

CopycatStrategies
For every arena~ , thereis a canonical} -first strategy from ~É§ to ~¶¨ , calledthecopycatstrat-
egy. in whicheach | -move mimicsthepreceding} -move.P If Opponentpointsto an earlier | -move (ashe alwaysmust,exceptin the initial move),

thenPlayermimicsthisby pointingto thecorresponding} -move:

| } |ð�ð�ð}P If Opponentpassesa sourcetoken,thenPlayermimics this by passingthecorresponding
targettoken.P If Opponentpassesa target token, thenPlayermimics this by passingthecorresponding
sourcetoken.P In particular, in the initial move Opponentpassesa target root token,andPlayermimics
this by passingthecorrespondingsourceroot token.

Copycat strategiesareusedin the semanticsof identifiers. If  denotesthe arenafamily� ~ - � -2_0` thenthe identifier + : e� � + :  at � denotes� togetherwith thecopycatstrategy from~ §- to ~ ¨- . We canseewhy this shouldbe so by ä -expanding.For example,suppose is the
type ´hS�´¶µ¢ÕF?(?�; * µ¶Õ)?(?�;@X , whichdenotesthesingletonarenafamily×ØØØØØØØØØØÙ ØØØØØØØØØØÚ

Ü
Û ÛÜ

Û Û
Arena0 Ý ØØØØØØØØØØÞØØØØØØØØØØß

Theidentifier + : Ô��� + :  canbe ä -expandedas=�D(y�� 3 m)â �=�D�y�� 3 S/{(?zw�>z<dâj=)? Ð =�w�yF< � v(w)?zx@yW>z< =(w@yF<{(E(;
Az< � v(w)?zx@yW>z<¢{BE�;
Az<Ññ X ‘{B?zwF>@< + =
? Ð =(w�y)< � v(w)?@xzyW>z< =�w�y)<{BE(;BA@< � v(w)?@xzyW>z<¢{(E(;BA@<Ññ
Thecopycatbehaviour is describedin this ä -expansion.Hereis apossibleplay:} -move0 gameterminology SupposeOpponentpassesthetarget

�
-root.

CBPV terminology Thismeansthatthecontext pushesanoperandâ andforcestheterm.| -move1 CBPV terminology Thenthetermpushesa thunkandforces+ .
gameterminology SoPlayerpassesthesource

�
-root.} -move2 gameterminology Now supposeOpponentpointsto move 1 andpassesthesource�

-token.

CBPV terminology This meansthatthecontext forcesthethunkpushedin move 1.
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0.

gameterminology SoPlayerpointsto move 0 andpassesthetarget
�

-token.} -move4 gameterminology Now supposeOpponentpointsto move 3 andpassesthe target� -tokenfor � � �L� .
CBPV terminology This meansthatthethunk â forcedin move 3 produces� � �L� .| -move5 CBPV terminology Thenthethunkforcedin move 2 produces� � �0� .
gameterminology SoPlayerpointsto move 2 andpassesthesource� -tokenfor � � �L� .} -move6 gameterminology Now supposeOpponentpointsto move 1 andpassesthesource� -tokenfor � � �L� .
CBPV terminology This meansthatthethunk + forcedin move 1 produces� � �L� .| -move7 CBPV terminology Then the whole term, forced in move 0, produces� � �L� to the

consumerthatwason thestackin move 0.

gameterminology SoPlayerpointsto move 0 andpassestheanswer-token � � �L� .
And soforth.

Answer-MovePointing To Answer-Move

We give an exampleof a strategy in which an � -move pointsto an � -move, becausethis pos-
sibility hasnot beentreatedpreviously in the gamesliterature. Let 4 be thecomputationtype´¶µb?BAdµ¢ÕF?(?�; * µ¤�)Ez= . This denotesthesingletonarenafamily×ØØØØØØØØØØÙ ØØØØØØØØØØÚ Û ÛÛ

Ü Û Û ò òÌòArena0 Ý ØØØØØØØØØØÞØØØØØØØØØØß
A closedcomputationof this typeism + � S/{(?zwF>@< + =
?¢â � S�>LD)E6�BG
<
>z?
A	â ; v(w)?@xzyW>z< =(w@yF<@X�X
This (at 0) denotesa | -first strategy for Arena0 § , asfollows.| -move0 CBPV terminology Thecomputationpopsthethunk + andforcesit.

gameterminology SoPlayerplaystheroot
�

-token.} -move1 gameterminology Now supposeOpponentpointsto move0 andplaysthe � -token.

CBPV terminology Thismeansthatthethunk + , forcedin move 0, producesaconsumerâ to theconsumerthatwasthen(andin factstill is) on thestack.| -move2 CBPV terminology Thenthe computationproduces=(w@yF< to this consumerâ pro-
ducedin move 1.

gameterminology SoPlayerpointsto move 1 andpassesthe � -tokenfor � � �L� .
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9.2.7 Recovering CBN and CBV Models

FromtheCBPV modelwe have presented,we canrecover thestandardCBN andCBV models.
TheCBV caseis trivial. TheCBN caseis somewhatmorecomplicated,because,in theHyland-
Ong semantics,a CBN type denotesan arena(not a family of arenas)anda term denotesan} -first strategy. In our terminology, this is thesemanticsof thunks.

Proposition83 1. Let  be a CBN type, and  5 its translationinto CBPV. Then (up to
isomorphism)we canrecover theHyland-Ongsemanticsfor  asthesinglearenain the
singletonfamily denotedby ´hS,¶5�X .

2. Let Γ �hR : 4 beaCBN term.Then(up to isomorphism)wecanrecover theHyland-Ong
semanticsfor R asthesinglestrategy in thesingletonfamily denotedby theclosedvalue=�D(y�� 3 m & * + � R . �

As anexample,noticethat,thetype 4 givenin Sect.9.2.3is (thetranslationof) theCBN typeÕF?�?(; Π S�S�S2ÕF?�?(; * ÕF?�?(;@X * ÕF?�?(;@X(ÖIÕF?�?(;@X
and R is (thetranslationof) theCBN termm ×Ù Ú 0 � {(E(;
Az< �

1 � à)�F;jm + � S�à�{hS�=(w@yF< ‘ + X Ð =@DF<6� x�à0á)<zw�G)< �<�;
A@< à�{j{(E(;
Az< ‘ + =�D)<6�j=(w�y)<j<�;
Az<d=(w�y)< X
However, becauseforcingandproducingarenotmadeexplicit in CBN, it is difficult to formulate
from the CBN viewpoint a narrative comparableto that in Sect.9.2.3,explaining in detail the
denotationof R . This illustrateswell theadvantageof working with CBPV insteadof CBN.

As anotherexample,considerthefollowing statement,variantsof which arefoundthrough-
out thegamesliterature:

In gamesemantics,eachnumberis modelledasa simple interaction: the en-
vironmentstartsthe computationwith an initial move ó (a question: “What is the
number?”)and | mayrespondby playinganaturalnumber(ananswerto theques-
tion). [AM98b]

An exampleof this would be the denotationof the PCF term 3. But using Prop.83, we see
this strategy asthedenotationof theCBPV term =�D(y�� 3 vBw)?zx@y�>@< 3 (moreaccurately, thesingle
strategy in that singletonfamily). The initial } -move representsthecontext forcing the thunk,
andPlayer’s responserepresentstheprogramproducing3.

A furtherexampleof thedifficultiesthathavebeencausedby thebiastowardsCBN is linear
headreduction, a complicatedreductionstrategy reflectingtheinteractionpresentin CBN game
semantics[DHR96]. Ratherthansubstitutingfor every occurrenceof + simultaneously, like � -
reduction,linearheadreductionsubstitutesfor eachoccurrenceof + asit is used.Now, werecall
that + in CBN decomposesinto {B?�w�>@< + in CBPV, so we expecta question-move every time+ is usedin CBN. Linear headreductioncan be seenas an attemptto provide someexplicit
interactioncorrespondingto this move.

9.2.8 Properties

Theinterpretationof termconstructorsin detail,whichis longandtechnical,isgivenin Sect.B.5.1.
Thepropertiesbelow seemclearin thelight of similar resultsfor CBN andCBV, but it remains
to checkall thedetails.Thereforewehave calledthem“claim” ratherthan“proposition”.
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Claim 84 (equational soundness)Thegamesemanticswehavedescribedvalidatesall theequa-
tionsof CBPV, aswell astheequationsfor controlconstructsgivenin Sect.8.9.2.

�
Becausewe have in the languagebothcontroleffectsandgeneralstore(excludingequality

testingon cells), the form of theoperationalsoundness/adequacy theoremis somewhatcompli-
cated.

Claim 85 For aconfigurationô ����� R �Kõ , write $ $ ô ����� R �Kõ 1 1 for$ $ &Í&)&
&)&)&
&)&
&
&Ç*�F<�öjâ(� · : � � � · � S�>LD)E6�(G)<
>z?
A õ ; R÷X�$ &�&
&)&
&)&
&)&g*â(� ·�. >@<�;(;C�Cø 1T1 1
where � � · is thecontentsof  -storingcell ø in � . Thenwehave:

soundnessIf ô ����� R ��õúù ôdc ��� c � Rîc �Kõ c then $ $ ô ����� R ��õ 1 1 �#$ $ ôdc ��� c � Rîc ��õ c 1 1
adequacy If ô ����� R ��õ divergesthen $ $ ô ����� R ��õ 1 1 �aû . �
We canadaptthis for the fragmentsof the languagethat excludecontrol effectsand/orstore.
Finally, theresultsthatmake thepointergamemodeldistinctive:

Claim 86 Let Γ and  be w)<@{ -free.Let Γ denotes
� ~ - � -f_0` andlet  denote

� ª · � ·%_�¸ . Then

universality every elementof ∏ -f_g` ∑·%_L¸ }Ò�� �2Ó �9S/~É§- � ªN¨· X is thedenotationof somevalueΓ � �� :  .

full abstraction two valuesΓ � � � � � c :  have thesamedenotationiff they areobservationally
equivalent.

Similarly for computations.
�

9.3 Pointer GameModel For Jump-With-Ar gument

9.3.1 Two Interaction SemanticsFor CBPV

Wehavenow seentwo semanticsfor CBPVbasedon theinteractionbetweendifferentpartsof a
program.P In Sect.8.4.1we saw that the translationof CBPV into Jump-With-Argumentprovidesa

“jumping implementation”for CBPV. In particular, both {B?zwF>@< instructionsand vBw)?zx@y�>@<
instructionsin CBPV areimplementedasjump instructionsin JWA.P In Sect.9.2we gave a pointergamemodelfor CBPV, in which forcing is representedasa�

-move andproducingis representedasan � -move.

Thereseemsto bea relationshipbetweenthesetwo models:a jump in JWA is representedasa
move in thegamemodel. To elucidatethis relationship,we first give a pointergamemodelfor
JWA—this is interestingin its own right. We thenseethat the pointergamemodelfor CBPV
(exceptfor the

�
/ � distinction)canberecoveredfrom it.

This resultis hardlysurprising,becausewesaw in Sect.8.9thatCBPV+controlis equivalent
to JWA, so any model for CBPV+controlmustarisefrom a modelof JWA. Furthermore,the
semanticsof typesin the CBPV model exactly follows the form of a continuationmodel ( ´
and µ have thesamedenotation,andsoforth). But themodelfor JWA is moreintuitive thanthe
CBPVmodel,soourreductionof theCBPVmodelto theJWA modelachievesthegoaldescribed
in Sect.9.1.1—ofproviding anintuitiveexplanationfor thesemanticsof typesandjudgementsin



156 Chapter9. Pointer Games

pointergames—toanevengreaterextentthanweachievedit in Sect.9.2. In particular, weseein
theproofof Prop.87 thatthepreviouslyunmotivatednotionof arenafamily cannow understood
asa representationof theJWA typecanonicalform (8.4).

Thepointergamemodelfor JWA embodiesthefollowing intuitions:P a move representsa jumpP if move u pointsto prior move é , thenmove u representsa jump to a continuationre-
ceivedin move é .

Gamesemanticsis especiallyappositefor JWA, becausetheessentialintuitionsof thelanguage
areaboutjumping.Thefunctionalsemanticswesaw in Sect.8.2fails to capturetheseintuitions.

9.3.2 Unlabelled Ar enas

Thebasicdifferencebetweenthemodelfor CBPV andthemodelfor JWA is that, in the latter,
thereis no

�
/ � labellingof tokens.

Definition 57 An unlabelledarena ~ is astructureSf���
�8~ ��� �^~ � � � X .P ���)�8~ is acountablesetof tokens.P � �t~ is a subsetof ���
�d~ , whoseelementsarecalledrootsand �C� is a binary relationon���)�8~ , giving a forestasin Def. 51.

Wewrite � �^~ for thesetof rootsof ~ .
�

Thusanunlabelledarenais thatthesameasanarena,but without the
�

/ � labellingon tokens.
Unlabelledarenasarebuilt upusingthefollowing constructions.

Definition 58 (cf. Def. 52)

1. Let
� ~ - � -f_g` be a countablefamily of unlabelledarenas. We define �g� -2_0` ~ - to be the

unlabelledarenawith � roots and a copy of ~ - graftedunderneaththe � th root. More
formally, it hastokensP � ������� for each�����PU���0��� � S�� �,� X for each����� and � �����)�8~ -
whereP therootsarethetokens � �(�����P � �������C� ���0��� � Sf� �/� X , whenever � is a rootof ~ -PU���0��� � S�� �,� X6� �@�L�@� � S�� ��� X for � � � in ~ -

2. We definetheunlabelledarena~� i~ c to bethedisjoint unionof theunlabelledarenas~
and ~¢c . Formally, it hastokensPe£'��¤ � for each� �¥���)�8~Pe£'� �
� for each� �h���)�8~ c
whereP theroot tokensare £¦��¤ � , where� � � ��~ , and £¦� �
� , where� � � �^~ cPe£'��¤ � � £'�@¤ � when � � � �Pe£'� �
� � £¦� ��� when � � � � � �
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9.3.3 Semanticsof Types

A JWA typedenotesa countablefamily of unlabelledarenas.The typeconstructorsotherthanw)<@{ (whichwedealwith below) areinterpretedasfollows.P If  denotes
� ~ - � -f_g` , then M^ denotesthesingletonfamily

� �g� -f_g` ~ - � .P If, for each����� ,  - denotes
� ~ -¦· � ·%_�¸�ø , then∑ -f_g`  - denotes

� ~ -¦· � Î -2¹ · Ï _ ∑ -f_g`Lº - .P 1 denotesthesingletonfamily containingtheemptyarena.P If  denotes
� ~ - � -f_g` and  c denotes

� ª · � ·%_�¸ then eQb c denotes
� ~ -  iª · � Î -f¹ · Ï _g`0»@¸ .

For infinitely deeptypes,we saythat
� ~ - � -2_0` ¬ � ª · � ·%_L¸ when �b¬ º and ~ - is a sub-arena

of ª - for each���ü� . Theclassof arenafamilieshasall countabledirectedjoins, andsowe set
thedenotationof a type  to be ¾ HO¿�À/Á,� $ $ 4 1 1 . This canalsobeusedto interpretrecursive types,
asin [McC97].

Wecannow givea definabilityresultfor types.

Proposition87 Thetypecanonicalformsfor infinitary JWA aregivencoinductively by :: � ∑ -f_g` M� -
Everycountablefamily of arenas is isomorphicto thedenotationof sometypecanonicalformÂ� .

�
Proof Wedefine Â by guardedinduction:Â � ~ - � -f_g` � ∑ -f_g` M�Â � ~ - ° · � ·%_ È¼ý � ø
By standardcoinductivereasoning,thisequationhasauniquesolution.Weconstructtheisomor-
phism � ~ - � -f_g`ËÊ� $ $ Â � ~ - � -f_0`Í1 1
This is doneasin theproofof Prop.81,whichwerelegatedto Sect.B.6.

�
Thesignificanceof thisresultis thatwecanview anunlabelledarenafamily asbeingnothing

morethana representationof a typecanonicalform. Fromthis perspective, theinterpretationof
∑, of Q andof M areall clear.

It remainsto interpretw
<�{ : thedenotationof w)<@{d is thesameasthedenotationof MSKM^]ÖS,�Q�M 1X�X . Like in Sect.9.2.2,this is basedon Reynolds’ conceptionof a cell 3 asan “object
with two methods”: readingandassignment[Rey81]. Explicitly, we canconvert a value � of
type w
<�{¶ into avalue ˜� of type MS�S/M�¶X(ÖYS,aQ¥M 1X�X , definedby

˜���Yþ Ð à��F; 3W� w)<�E@xÉ�#E
A + � S +jÿ 3 Xà��Bw�S + ��3 X � � : � + ; S�SKX ÿ 3 X
Readingandassignmentcanthenberecoveredfrom ˜� asfollows:w)<�E@x©�îEBA + � R � S�à��); þ + � R÷X ÿ ˜�� : �a� ; R � à��Bw�SK� � þ�SKX � R÷X ÿ ˜�

3Recallfrom Sect.9.1.3thatwe excludedequalitytestingof cells from thelanguage.If we hadnot doneso,this
conceptionof cellswouldnot bevalid.
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9.3.4 Semanticsof Judgements

Like a type,a context Γ denotesa countablefamily of unlabelledarenas.Theemptycontext has
thesamedenotationas1, andcontext extensionis interpretedthesamewayas Q . Thesemantics
of judgementsis asfollows:P If $ $Γ 1 1 � � ~ - � -f_g` and $ $  1 1 � � ª · � ·%_�¸ then a value Γ � � � :  denotesan elementof

∏ -f_0` ∑·%_L¸ }	Ò�� �2Ó �8S,~b§- � ªN¨· X . Noticethattheseelementsform acpo.P If $ $Γ 1 1 � � ~ - � -f_0` thenanon-returningcommandΓ � 5 R denotesanelementof ∏ -f_0` |FÒ�� �2Ó ��~ §- .
Noticethattheseelementsform apointedcpo.

(Thecpo/cppostructureon themodelallowsusto interpretrecursiveandinfinitely deepterms.)
Wegive anexample.Considerthetypea�ÔM 2 Ö M	SKMNM 2 QhM 1 Ö 2X

It denotesanarenafamily of size2, depictedthus×ØØØØØØØØØØÙ ØØØØØØØØØØÚ
Arena0 Arena1 Ý ØØØØØØØØØØÞØØØØØØØØØØß

Now consider+ : Ô�O5�R , where R is thefollowing non-returningcommand:v@Î + E
A Ð à)�F;dâ � â � {BE�;
Az<à)�Bw©í � í � à��);hSfþFö � Sfö � =(w@yF<@X � þ�SKX � S,í � à��Bwj=�w�y)<�X�X$ $ R 1 1 0 is a strategy for the | -first gameon Arena0 § . It describesthebehaviour of R when+ is boundto à��F;j� :| -move0 JWA terminology R jumpsto � takingtheargument{BE(;BA@< .
gameterminology SoPlayerpassestheroot tokencorrespondingto ã Ó ¤ Ò � .$ $ R 1 1 1 is a strategy for the | -first gameon Arena1 § . It describesthebehaviour of R when+ is boundto à��Bwb� :| -move0 JWA terminology R jumpsto � andproducesà��); of apairof continuations.

gameterminology SoPlayerpassestheroot-tokencorrespondingto £'�@¤ .} -move1 gameterminology Now supposethatOpponentpointsto move0 andpassestheleft
token.

JWA terminology This meansthat the context jumpsto the first continuationthat it re-
ceivedin move 0, takingacontinuation� .| -move2 JWA terminology R jumpsto � —thecontinuationit receivedin move 1—taking=(w�y)< asargument.

gameterminology SoPlayerpointsto move1 andpassesthetokencorrespondingto � � �L� .} -move3 gameterminology Now supposethat Opponentpoints to move 0 and passesthe
right token.
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JWA terminology This meansthat the context jumpsto the secondcontinuationthat it
receivedin move 1, taking S/X asargument.| -move4 JWA terminology R jumpsto � taking à��(wj=(w�y)< asargument.

gameterminology SoPlayerpassestheroot-tokencorrespondingto £'� � � � �0� .
Thereis no pointer, becausethe continuationbeingjumpedto, viz. � , wasreceived not
duringplay but beforeplay began.

And soforth.

9.3.5 Properties

Theinterpretationof termconstructorsin detail,whichis longandtechnical,isgivenin Sect.B.5.3.
Thepropertiesbelow seemclearin thelight of similar resultsfor CBN andCBV, but it remains
to checkall thedetails.Thereforewehave calledthem“claim” ratherthan“proposition”.

Claim 88 (equational soundness)Thegamesemanticswehavedescribedvalidatesall theequa-
tionsof Jump-With-Argument.

�
Claim 89 For aconfigurationô ����� R , write $ $ ô ����� R 1 1 for$ $ &Í&)&
&)&
&)&
&)&
&Ç*�)<�öjâ(� · : � � � · � Rú$³&�&)&
&)&
&
&)&0*â�� ·�. >@<�;(;C�Cø 1T1 1
where � � · is thecontentsof  -storingcell ø in � . Thenwehave:

soundnessIf ô ����� R ù ô c ��� c � R c then $ $ ô ����� R 1 1 �Ñ$ $ ô c ��� c � R c 1 1
adequacy If ô ����� R diverges,then $ $ ô ����� R 1 1 �aû . �

We canadaptthis for the fragmentsof the languagethat excludestore. Finally, the results
thatmake thepointergamemodeldistinctive:

Claim 90 Let Γ and  be w)<@{ -free.Let Γ denotes
� ~ - � -f_0` andlet  denote

� ª · � ·%_�¸ . Then

universality every elementof ∏ -f_g` ∑·%_L¸ }Ò�� �2Ó �9S/~ §- � ª ¨· X is thedenotationof somevalueΓ �F�� :  .

full abstraction two valuesΓ � � � � � c :  have thesamedenotationiff they areobservationally
equivalent.

Similarly for non-returningcommands.
�

9.4 Obtaining The CBPV Model From The JWA Model, Which Is Simpler

UsingtheOPStransform,wecanobtaintheCBPVmodel—exceptfor the
�

/ � distinction—from
theJWA model.Theadvantageof this is thatthetypecanonicalformsof JWA aresimplerandwe
canimmediatelyseethatunlabelledarenasarerepresentationsof them. Furthermore,in CBPV
theconsumerthatweproduceto is implicit (asweexplainedin Sect.1.5.3),whereasin JWA the
destinationof a jump is alwaysexplicit. Thesetwo factsmake the JWA modelmoreintuitive
thantheCBPV model. Therefore,by reducingthe latter to the former, the intuitive motivation
for thedefinitionsis strengthened.

If ~ is an arena,write ãf� ��� � � � � ~ for the unlabelledarenaobtainedby discardingthe la-
belling functionon ~ .
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Proposition91 Let  be a CBPV value type, denotingthe arenafamily
� ~ - � -f_0` . Then its

OPStransform  denotes(up to isomorphism)the unlabelledarenafamily
� ãf� ��� � � � � ~ - � -f_g` .

Similarly for computationtypes.
�

Claim 92 1. SupposeΓ denotesthe arenafamily
� ~ - � -f_g` and  denotesthe arenafamily� ª · � ·%_L¸ . Wehave

∏ -2_0` ∑·%_�¸ }	Ò�� �2Ó �8S,~b§- � ªN¨· X6� ∏ -f_0` ∑·%_L¸ }	Ò�� �2Ó �8Sfãf� ��� � � � � ~ - § � ã2� ��� � � � � ª · ¨ X
Clearlya valueΓ ���t� :  denotesanelementof theLHS, while its OPStransformΓ �F�� :  denotesanelementof theRHS.Thesedenotationsarethesame.

2. SupposeΓ denotesthearenafamily
� ~ - � -2_0` and 4 denotesthearenafamily

� ª · � ·%_�¸ . We
have

∏ -f_g` ∏·%_L¸ |FÒ�� �2Ó �8S,~ §- � ª §· X Ê� ∏ Î -f¹ · Ï _0`g»@¸ |FÒ�� �2Ó �8Sfãf� ��� � � � � ~ -  jãf� ��� � � � � ª · X §
ClearlyacomputationΓ ��:CR : 4 denotesanelementof theLHS,while its OPStransform
Γ � 4 � 5 R denotesan elementof the RHS.Thesedenotationsarethe samemodulothe
isomorphism. �

It is alsopossibleto obtaintheJWA modelfrom theCBPVmodel,by embeddingJWA in CBPV
+
V �WA andthenreplacing

V ��A with �BwF>@?LÎ�Î . But becausetheCBPV modelis morecomplicated
thantheJWA model,thisdirectionis not very interesting.
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Chapter 10

Background: Models Of Effect-FreeLanguages

10.1 The GoalsOf Categorical Semantics

Weconsiderthebenefitsof categoricalsemanticsfor anequationaltheoryto beasfollows.

1. It simplifiesandorganizesthe taskof constructinga concretedenotationalmodelfor the
theory. Althoughit is possibleto describeamodeldirectly, this is oftenmessy.

2. If thetermmodelis aninstanceof thechosencategoricalstructure,thiscangiveadifferent
perspectiveon thestructureof theequationaltheory.

3. It placesmodelsof the theorywithin a wider mathematicalcontext (e.g. the theoryof
monads).

While not all categorical accountsachieve all of thesegoals,andsomeachieve othervaluable
goalsthatwe havenot listed,thesewill provideusefulguidelines.

Whatour categoricalaccountwill not provide is analternative motivationfor CBPV. We do
not believe thatCBPV canbemotivatedfrom a purelycategoricalperspective—theoperational
perspective is essential.

10.2 Overview Of Chapter

Beforewe canstudymodelsof CBPV, we needto studyaneasiersubject:modelsof effect-free
languages.This is thesubjectof this chapter. All thesemanticsin this chapterarewell known,
but ourorganizationandemphasisaresomewhatnovel.

Our first task is to establishthe basicprinciplesof categorical semantics.We do this by
looking, in somedetail, at the most familiar instanceof it: the characterizationof modelsofQ -calculus(a languagewith finite products)ascartesiancategories.

Wethenturnto semanticsof othertypeconstructors:countableproducts,exponentsandsum
types.All of thesecategoricalsemanticsarebasedonthetheoryof representablefunctors,which
wereview in Sect.10.3.However, thesemanticsfor sumtypesis basedonrepresentablefunctors
in a locally indexed setting(this appearsin [Jac99]), so after giving an ad hoc treatmentof
semanticsof sumtypesin Sect.10.5.3–10.5.4,welook atthetheoryof locally indexedcategories
in Sect.10.6.

10.3 RepresentableFunctors

We review thetheoryof representablefunctors,which is essentialto categoricalsemantics.For
thereader’sconvenience,wepresenteachdefinitionandresultbothfor covariantandcontravari-
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antfunctors.All of this sectionis standardmaterial,e.g.[Mac71].
Thebasicnotionis thehomsetfunctor:

Definition 59 Let � beacategory. We write �����
	 —or just � —for thefunctor

����^Q�� \ SetS�� ��� X * �ÉS�� ��� XS�� ��� X * m�� � S�� ; � ; � X �
Wealsoneedelementcategories:

Definition 60 covariant Let � bea functor from � to Set. We define ��¤ � (the “category of
covariantelementsof � ”) to bethecategory in whichP anobjectis apair S�� ��� X where� �����
� and � ����� ;P amorphismfrom S�� ��� X to S �«�� X isa � -morphism� � \ � suchthat S����CX � � .

contravariant Let � beafunctorfrom � �� to Set. Wedefine��¤ ��!� (the“categoryof contravari-
antelementsof � ”) to bethecategory in whichP anobjectis apair S�� ��� X where� �����
� and � ����� ;P amorphismfrom S�� ��� X to S �«�� X isa � -morphism� � \ � suchthat S����CX  �� . �

Proposition93 (Yonedalemma) Let � beacategory.

covariant Let � be a functor from � to Set, and let � be an objectof � . Thenwe have a
canonicalbijection

�½� Ê� $"� � Set1 S/m�� � �©SK� � �¡X � �lX
# * m�� � m$� � S%�&�6X #S,�N�iX £ �('*) �

Rider Given # �,+-�/. , thecorresponding� �,01�/. is anisomorphismiff S/� � # X is initial in��¤ � .

contravariant Let � bea functorfrom � �� to Set, andlet � beanobjectof � . Thenwehavea
canonicalbijection

�I� Ê� $2� �� � Set1 SKm�� � �ÉS�� � �ÉX � �üX
# * m�� � m$� � S%�&�6X #S,�N�iX £ �3'4) �

Rider Given # �5+��6. , thecorresponding�]�,06�6. is anisomorphismiff SK� � # X is terminal
in ��¤ ��7� .
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Therider is not usuallyincludedin theYonedaLemma,but it is crucial: we will useit to prove
Prop.94.

Definition 61 Let � beacategory.

covariant Let � : � &�* Setbea functor. A representationfor � consistsof

isomorphism style a � -object � (thevertex) togetherwith anisomorphism

�©SK� � �¡X Ê� ��� naturalin � .

elementstyle aninitial object SK� � # X in ��¤ � .

contravariant Let � : � �� &�* Setbea functor. A representationfor � consistsof

isomorphism style a � -object � (thevertex) togetherwith anisomorphism

�ÉS�� � �bX Ê� ��� naturalin �
elementstyle a terminalobject SK� � # X in ��¤ �� � . �

Proposition94 covariant Def.61(covariant,isomorphismstyle)andDef.61(covariant,element-
style)areequivalent.

contravariant Def. 61(contravariant, isomorphismstyle) andDef. 61(contravariant,element-
style)areequivalent. �

Proof Immediatefrom therider in Prop.93
�

It commmonlyhappensthatwe have describeda constructionon objectsasthevertex of a
functor’srepresentation.Wethenwishto extendtheconstructionto morphisms,giving afunctor.
For example,given � -objects  and 4 , the object ÏQ�4 canbe describedasthe vertex of a
representationof the functor m�� � S��ÉS�� � jX�Q&�©S�� � 4hX�X from � �� to Set. If we know that such
a representationexists for every  and 4 (asit mustin a cartesiancategory), thenwe want to
extend Q to a functorfrom ��Q�� to � .

Thegeneralresultthatenablesusto do this is thefollowing.

Proposition95 (Parametrized Representability) covariant Let � : 8hQ�� &W* Setbea func-
tor. Supposethatfor each�É��8 thereis a representation

�ÉS/�lS,�(X � �¡X Ê� ��S,� � �¡X naturalin � . (10.1)

Then � extendsuniquelyto a functorfrom 8 to � �� soasto make (10.1)naturalin � .
contravariant Let � : 8lQ5� �� &W* Set be a functor. Supposethat for each �l�98 thereis a

representation

�ÉS�� � ��S,�(X�X Ê� ��S,� � �¡X naturalin � . (10.2)

Then � extendsuniquelyto a functorfrom 8 to � soasto make (10.2)naturalin � . �
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Finally, we review theYonedaembedding.

Definition 62 Let � beacategory. Wewrite ˆ� for thepresheafcategory $"� �� � Set1 . TheYoneda
embeddingis thefunctor

� : \ ˆ�4 * m�� �<; S�� � 4hX
�ÉS/4 ��= X : S/4 �%= X \l$"� �� � Set1 SKm�� � �ÉS�� � 4hX � m�� � �©S�� �%= X�X

� * m�� � m$� � S�� ; �
X �
Proposition96 Thefunctor

:
is fully faithful.

�
Proof Putting 4 for � and

: = for � in Prop.93(contravariant),we learnthat
: S/4 ��= X is a

bijection.
�

10.4 Categorical SemanticsOf > -Calculus

10.4.1 The Theorem

As in Chap.6, we will begin by statinga plausibleresult,andthenconsiderwhatdefinitionsare
requiredto make it true.Hereis theresult:

Proposition97 Modelsof Q -calculusandcartesiancategoriesareequivalent.
�

By Q -calculus,we meantheequationaltheorypresentedin Fig. 10.1. We have useda pattern-
matchsyntax,but aprojectionsyntaxwouldbeequallyacceptable.

Types  :: � 1 æ8eQb
Terms

Γ � + :  � Γ c � + :  Γ �¥R :  Γ � + : Ô�h7 : 4
Γ ��;�<z= + Õ)<¶R � 7 : 4

Γ �¥R :  Γ �¥R c :  c
Γ �IS/R � R c X : eQb c Γ �hR : eQb c Γ � + :  � â :  c �¥7 : 4

Γ �bv@ÎhR EBAbS + � â)X � 7 : 4
Equations,using conventionsof Sect.1.4.2Sf��X ;(<z= + ÕF<¶R � 7 � 7�$ÌR .L+@1Sf��X v@ÎIS,R � R c X^E
AbS + � â)X � 7 � 7 $ R .0+ � R c . â 1S ä X 7�$ÌR . í 1 � v@ÎhR E
AbS + � â
X � 7 $TS + � â)X . í 1

Figure10.1:The Q -Calculus

Prop.97 shouldperhapsbecalledthe“FundamentalTheoremof CategoricalSemantics”,at
leastfor simply typed languages.The restof Sect.10.4 canbe omittedby the readerwho is
contentto understandProp.97 informally.

Ourfirst stepis to describethesemanticsof types:
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Definition 63 A semanticsof typesfor Q -calculus, alsocalleda Q objectstructure is a tupleï �#S ï Å!? � 1 � QtX consistingofP aclassï Å7? , whoseelementswe call objects;P anobject1;P abinaryoperation Q : ï Å7? Q ï Å7? &W* ï Å!? �
We cannow replaceProp.97 by thefollowing strongerstatement;like Prop.97 it is not precise
becausewehavenot yet defined“modelof Q -calculus”.

Proposition98 Let ï bea Q objectstructure.ThenP modelsof Q -calculuswith semanticsof typesgivenby ï , andP cartesiancategorieswith objectstructureï .

areequivalent.
�

This statementwill be easierto make precisethanProp.97. We will form two categoriesand
they will beequivalent.

10.4.2 Cartesian Categories

Definition 64 1. A cartesiancategory is a category ; with a distinguishedterminalobject
anddistinguishedbinaryproducts.

2. Theobjectstructureof a cartesiancategory ; is the Q objectstructureSf��� ;9� 1 � QtX whereP 1 is thedistinguishedterminalobjectof ; ;P eQbdc is thevertex of thedistinguishedproductof the ; -objects and  c . �
Wecannow make preciseonehalf of Prop.98.

Definition 65 Let ï bea Q objectstructure.ThecategoryCartCat @ is definedasfollows:P anobjectis acartesiancategorywith objectstructureï .P amorphismis anidentity-on-objectsfunctorpreservingall structure. �
Noticethatthefixing of ï hasallowedusto sidestepthequestionof whethera generalcartesian
functorshouldpreserve structureon thenoseor up to isomorphism,becausetheonly cartesian
functorsweuseareidentity-on-objects.



168 Chapter10. Background:ModelsOf Effect-FreeLanguages

10.4.3 Dir ect Models Of Q -Calculus

Therealproblemin makingProp.98 preciseis to give, direct from theequationaltheory, ana
priori notionof “model for Q -calculus”.Theapproachthatweusewasdevelopedindependently
in [Jef99] andin [Lev96].

Definition 66 Let ï bea Q objectstructure(asin Sect.10.4).

1. A ï -multigraph � consistsof a set � S, 0 ���������  k ! 1; 4hX (whoseelementsarecallededges
from  0 ���������  k ! 1 to 4 ) for eachfinite sequenceof ï -objects 0 ���������  k ! 1 andeachï -
object 4 .

2. We write A�B �2Ó �DC @ for thecategoryof ï -multigraphsfor ï , with theobviousmorphisms.�
It is clear that, given semanticsof types ï , a semanticsof the � judgementfor Q -calculusis
preciselya ï -multigraph � . For � tells us that a term  0 ���������  k ! 1 �]R : 4 will denotean
edgefrom $ $  0

1 1 ��������� $ $  k ! 1
1 1 to $ $Ì4 1 1 , but doesnot tell us which edge—thatwill dependon the

particularterm R .
Theterm“multigraph” is usedbecauseof thesimilarity with graphs.Theonly differenceis

that in a graph,thesourceof anedgeis a singleobject,whereasin a multigraphit is a sequence
of objects.

We still needa way of characterizinga semanticsof termsfor the Q -calculus. The key
fact is that, for eachobjectstructureï , the termsand equationsof Q -calculusdefinea monadE

on A�B �fÓ �DC @ . To seethis, supposethat � is a ï -multigraph;we will build from � anotherï -multigraph
E � as follows. We think of � as a signature—eachedgein � is regardedas a

“function-symbol”. We inductively definethe termsbuilt from the signature � , usingthe rules
from Fig. 10.1,togetherwith therule

Γ �¥R 0 : 4 0 ����� Γ �¥Rëk ! 1 : 4 k ! 1

Γ �F��S,R 0 ��������� R k ! 1 X : =
for eachedge� from 4 0 ��������� 4 k ! 1 to = in � . We define

E � to bethe ï -multigraphin which an
edgefrom Γ to 4 is anequivalenceclass(underprovableequality, usingtheequationsgiven in
Fig. 10.1)of termsΓ ��R : 4 built from thesignature� . This new multigraphcanbethoughtof
asthe“free Q -calculusmodelgeneratedby � ”, keepingï fixedthroughout.

Therestof themonadstructureis givenasfollows:P ä � takesanedge� in � to theterm �^S + 0 ��������� + k ! 1 X ;P n � is the “flattening transform”: it takes � S,R 0 ��������� R k ! 1 X , where � is an edgein
E � , to��$³&/&
&)&)&
&)&f*Sfn � X�R -,.L+�-21 . It preservesall otherterm constructors;for example,it maps S,R � R c X toS�S�n � X�R � S�n � X�R c X .P If � � \ � c is a multigraphhomomorphism,then

E � replaceseachoccurrence
of a function symbol � in a term built from � by �/� . Thus it takes ��S,R 0 ��������� R k ! 1 X ,
where � is an edgein � , to �	S��6X%S�S E �NX�R 0 ��������� S E �NX�R k ! 1 X , and it preserves all other
termconstructors.

We omit theproof that
E

preservesidentity andcomposition,ä and n arenaturaland S E � ä � n�X
satisfiesall themonadlaws. Theseareall straightforwardinductions.

Now let usthink whatinformationadirectmodelfor Q -calculusshouldprovide.

semanticsof types It shouldprovide a Q objectstructureï .
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semanticsof judgement It should provide a ï -multigraph � . Then we know that a term 0 ���������  k ! 1 ��R : 4 is goingto denoteanedgefrom $ $  0
1 1 �������L� $ $  k ! 1

1 1 to $ $Ì4 1 1 .
semanticsof terms Givena term  0 ���������  k ! 1 �lR : 4 generatedfrom signature� , it should

specifytheedgefrom $ $  0
1 1 ��������� $ $ 9k ! 1

1 1 to $ $Ì4 1 1 in � that R denotes.Furthermore,prov-
ablyequaltermsshoulddenotethesameedge.Thusthemodelshouldprovideamultigraph
homomorphismÂ from

E � to � .
In fact, S ��� ÂzX shouldbeanalgebrafor the

E
monad.Wesummarize:

Definition 67 1. A directmodelfor Q -calculus consistsofP a Q objectstructureï ;P analgebraS ��� ÂzX for the
E

monadon A�B �2Ó �3C @ .
2. We write Dir ect@ for thecategory of directmodelsfor Q -calculuswith objectstructureï .

Morphismsarealgebrahomomorphisms. �
10.4.4 EquivalenceOf Dir ect Models And Cartesian Categories

Wecannow formulateProp.98precisely.

Proposition99 Let ï be a Q objectstructure.Thenthe categoriesDir ect@ andCartCat @ are
equivalent.

�
Proof(outline)Wewrite  0 Q�������Qb k ! 1 for theobject S�������S 1 Qb 0 X(������X�Qb k ! 1.P Let ; bea cartesiancategory basedon ï . Thenwe constructa ï -multigraph � by setting� S, 0 ���������  k ! 1; 4hX to be ; S, 0 Q]�����BQ� k ! 1 � 4hX . We definea structure Â on � in the

evidentway, by inductionover termsbuilt from thesignature� , andverify all therequired
equations.P Let S ��� ÂzX bea directmodelbasedon ï . Thenwe constructa cartesiancategory ; based
on ï by setting ; S, � 4hX to be � S� ; 4hX . Thestructureis definedin theevidentway andall
requiredequationsverified.P Theseoperationsareinverseup to isomorphism. �

Our fixing of objectstructurein Prop.99 sidestepssomesubtlecoherenceissues.Observe,
for example,that if insteadof Def. 64 we haddefined“cartesiancategory” to be“category with
distinguishedé -ary productsfor every é ��ç ”—which is clearlyanacceptabledefinition—then
ourapproachwould notwork. However, we will not considertheseissuesfurther.

10.5 Adding Type Constructors

10.5.1 Countable Products

Supposewe extend Q -calculuswith countableproducts,as shown in Fig. 10.2. We call this
extendedcalculus Q ∏-calculus.Althoughwe have alreadyincludedfinite products,they areso
closelyintertwinedwith context formationin Prop.97 thatit is reasonableto considercountable
productsseparately.

To giveacategoricalsemantics,we recallthefollowing definition:

Definition 68 Let
�  - � -f_g` bea family of objectsin � . Thena product for

�  - � -2_0` is a repre-
sentationfor thefunctor m�� �∏ -f_g` �ÉS�� �  - X from � �� to Set.

�
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Types  :: � 1 æ8aQi æ ∏ -f_0`  -
Extra Terms ����� Γ �¥R - : 4 - �����

Γ ��m � �����z� � � R - ������� � : ∏ -f_0` 4 - Γ �hR : ∏ -f_0` 4 -
Γ � ˆG ‘ R : 4 ˆH

Extra Equations,using conventionsof Sect.1.4.2Sf�NX ˆG ‘ m � ������� � � R - �������³� � R ˆHS ä X R � m � ������� � � � ‘ R �������'�
Figure10.2:Extending Q -calculuswith countableproducts,to give Q ∏-calculus

SinceDef. 61 providestwo equivalentdefinitionsof “representation”,we canthink of a product
for

�  - � -f_g` in two ways:

isomorphism style asanisomorphism

�©S�� � �bX Ê� ∏ -f_g` �ÉS�� �  - X naturalin � (10.3)

elementstyle asa terminalobjectin thefollowing category:P anobjectis aconei.e.a family of morphisms� � - \© - with thesamesource� ;P a morphismfrom thecone � � - \j - to thecone � � - \j - is a mor-

phism � � \ � suchthat

�  -IKJ
L

�
� M NPO Q commutesfor all ����� .

Of thesetwo descriptions,it is the isomorphismstyle which is more valuableto us, because
(10.3)clearlydescribesthereversiblederivationfor ∏����� Γ �¥4 - ������J�)�
�)�)�
�
�)�
�J�

Γ � ∏ -2_0` 4 -
Furthermore,thefactthat(10.3)is naturalin � correspondsto thefactthatthereversiblederiva-
tion preservessubstitutionin Γ (in thesenseof Sect.4.5).

Thefollowing resultis thereforenot surprising.

Proposition100 Modelsof Q ∏-calculusandcategorieswith countableproductsareequivalent.�
Wecanmakethispreciseandprove it in thesamewaythatwemadeProp.97preciseandproved
it (in outline).
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Noticethatin acategorywith countableproducts,theisomorphism

; S�� � ∏ -f_g`  - X Ê� ∏ -f_g` ; S�� �  - X
canbe said to be naturalin each  - aswell as in � . This is just a consequenceof Prop.95.
But it is only thenaturalityin � thatneedsto becheckedwhenconstructinga model,andthat
actuallysayssomethingaboutthe language(viz. that the reversiblederivation commuteswith
substitution).

10.5.2 Exponents

Supposewe extend Q -calculuswith exponents,asshown in Fig. 10.3. We call this extended
calculus Q * -calculus.

Types  :: � 1 æ8eQb æ8 * 
Extra Terms

Γ � + : a�hR : 4
Γ ��m + � R :  * 4 Γ �¥R :  Γ �¥7 :  * 4

Γ �¥R ‘ 7 : 4
Extra Equations,usingconventionsof Sect.1.4.2Sf�NX R ‘ m + � 7 � 7 $ R .L+�1S ä X R � m + � S + ‘ R÷X

Figure10.3:Extending Q -calculuswith exponents,to give Q * -calculus

To giveacategoricalsemanticsfor exponents,we make thefollowing definition:

Definition 69 1. Let  and 4 beobjectsin a cartesiancategory ; . An exponentfrom  to4 is a representationfor thefunctor m�� �<; S�� Qb � 4hX from ; �� to Set.

2. A cartesianclosedcategory is a cartesiancategory with a distinguishedexponentfrom 
to 4 for each � 4î����� ; . �

SinceDef. 61 providestwo equivalentdefinitionsof “representation”,we canthink of anexpo-
nentfrom  to 4 in two ways:

isomorphism style asanisomorphism

; S�� � �bX Ê� ; S�� Qi � 4hX naturalin � (10.4)

elementstyle asa terminalobjectin thefollowing category:P anobjectis apair S�� � �6X where� Qb � \©4 ;P amorphismfrom S�� � �6X to S �t� �
X is amorphism� � \ � suchthat

� Qi 4I
L

� Qb� Qb M N Q commutes.
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Of thesetwo descriptions,it is the isomorphismstyle which is more valuableto us, because
(10.4)clearlydescribesthereversiblederivationfor *

Γ � Ô�¥4�)�
�)�)�
�)�
�
Γ �h * 4

Furthermore,thefactthat(10.4)is naturalin � correspondsto thefactthatthereversiblederiva-
tion preservessubstitutionin Γ (in thesenseof Sect.4.5).

Thefollowing resultis thereforenot surprising.

Proposition101 Modelsof Q * -calculusandcartesianclosedcategoriesareequivalent.
�

Wecanmakethispreciseandprove it in thesamewaythatwemadeProp.97preciseandproved
it (in outline).

Noticethatin a cartesianclosedcategory, theisomorphism

; S�� �  * 4hX Ê� ; S�� Qb � 4hX
canbe saidto be naturalin  and 4 aswell asin � . This is just a consequenceof Prop.95.
But it is only thenaturalityin � thatneedsto becheckedwhenconstructinga model,andthat
actuallysayssomethingaboutthe language(viz. that the reversiblederivation commuteswith
substitution).

Whenwe addboth countableproductsandexponentsto Q -calculus,we obtainthe Q ∏ *
calculus.Its categoricalsemanticsis straightforward:

Definition 70 A countablycartesianclosedcategory is a cartesianclosedcategory with a dis-
tinguishedproductfor every countablefamily of objects.

�
Proposition102 Modelsof Q ∏ * -calculusandcountablycartesianclosedcategoriesareequiv-
alent.

�
Wecanmakethispreciseandprove it in thesamewaythatwemadeProp.97preciseandproved
it (in outline).

10.5.3 Element-StyleSemanticsfor Sum Types

Supposewe extend Q -calculuswith countablesumtypes,asshown in Fig. 10.4. We call this
extendedcalculus Q ∑-calculus.

Types  :: � 1 æ8aQi æ ∑ -f_0`  -
Extra Terms

Γ ��R :  ˆH
Γ �IS ˆG � R÷X : ∑ -f_0`  - Γ ��R : ∑ -f_g`  - ����� Γ � + :  - �¥7 - : 4 �����

Γ �Év@ÎhR E
A � ������� Sf� � + X � 7 - ������� � : 4
Extra Equations,using conventionsof Sect.1.4.2Sf�NX v@Î½S ˆG � R÷X�E
A � ������� Sf� � + X � 7 - ������� � � 7 ˆH $ÌR .L+@1S ä X 7 $ R . í 1 � v@ÎhR E
A � ������� Sf� � + X � 7 $TSf� � + X . í 1 �������¼�

Figure10.4:Extending Q -calculuswith sumtypes,to give Q ∑-calculus

Wecangive asimplecategoricalsemanticsfor Q ∑-calculususingthefollowing.
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Definition 71 1. Let ; beacartesiancategory. A distributivecoproduct for
�  - � -f_g` consists

of an object � togetherwith morphisms - £'� - \É� suchthat for any family of

morphismsΓ Qi - � - \R� thereis a uniquemorphismΓ Qh� � \S� suchthat
for each����� thediagram

Γ Qh�
Γ Qb - Γ T U�V

O Q

�
�
MIWJ L

commutes.

Noticethatthisdefinitionis in elementstyleonly.

2. A distributivecategory is acartesiancategory ; with adistinguisheddistributivecoproduct
for every finite family of objects. (This is roughly the sameas, and equivalent to, the
definitionin [CLW93, Coc93].)

3. A countablydistributivecategory is acartesiancategory ; with adistinguisheddistributive
coproductfor every countablefamily of objects. �

Wenotetherelationshipbetweendistributivecoproductsandordinarycoproducts.

Proposition103 Let ; beacartesiancategory.

1. Every distributivecoproductin ; is a coproduct.

2. If ; is cartesianclosed,thenevery coproductin ; is adistributivecoproduct. �
[CLW93] givesthe category of vectorspacesasan exampleof a cartesiancategory with finite
coproductswhich is notdistributive.

Wecannow formulatea categoricalsemanticsfor Q ∑-calculus.

Proposition104 Modelsof Q ∑-calculusandcountablydistributive categoriesareequivalent.�
Wecanmakethispreciseandprove it in thesamewaythatwemadeProp.97preciseandproved
it (in outline).

Whenwe addcountableproducts,exponentsandsum typesto Q -calculus,we obtain theQ ∑∏ * -calculus.

Definition 72 1. A bicartesianclosedcategory is a cartesianclosedcategory with distin-
guishedfinite coproducts.

2. A countablybicartesianclosedcategory is acountablycartesianclosedcategorywith dis-
tinguishedcountablecoproducts. �

Becauseof Prop.103(2),wedo notneedto requiredistributivecoproductsin Def. 72.

Proposition105 Modelsof Q ∑∏ * -calculusandcountablybicartesianclosedcategoriesare
equivalent.

�
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Wecanmakethispreciseandprove it in thesamewaythatwemadeProp.97preciseandproved
it (in outline).

Thecategoryof countablesetsandfunctionsprovidesanexampleof acountablydistributive
category thatis not cartesianclosed.A moreimportantexamplefor ourpurposesis thecategory
SEAM of SEAM predomainsandcontinuousfunctions,definedin Def. 23. This is thecategory
in whichvaluesareinterpretedin theScottmodel.

We seethatdistributivecoproductshave moreimportancefor usthanthey would have if we
wereprimarily concernedwith effect-freelanguages,wherethepresenceof exponentsmakesit
possibleto useordinarycoproductsinstead.

Herearesomeusefulresults,basedon resultsin [Coc93].

Proposition106 1. Suppose0 is a distributive initial object(i.e. thevertex of a distributive
coproductof theemptyfamily of objects)in acartesiancategory. Thenall morphismsto 0
areequal.

2. SupposeSK� � � £'�YX � -f_0` X is a distributive coproductin a cartesiancategory. Theneach £'�ZX is
monic.

3. In Q ∑-calculus,any two termsΓ �hR � 7 : 0 areprovably equal.

4. If Γ �IS ˆG � R÷X6�#S ˆG � 7�X : ∑ -f_0`  - is provablein Q ∑-calculusthen R �a7 is provable. �
Proof Weprove (3) by takinganidentifier í : 0 not in Γ. ThenR �ÔRú$ÌR . í 1 �YvzÎ¥R EBA � � �Ô7�$ÌR . í 1 �Ô7
is provable.(1) is provedsimilarly.

To prove (4), wenoticethatR � v@Î½S ˆG � R÷X�E
A � ������� Sf� � + X � R �������0� S ˆG � + X � + �������'�� v@Î½S ˆG � 7 X�E
A � ������� S�� � + X � R �������L� S ˆG � + X � + �������³�� 7
(2) is provedsimilarly.

�
10.5.4 Isomorphism-StyleSemanticsFor Sum Types

Wesaw in Sect.10.3thatarepresentationof afunctorcanbedescribedin twoways:isomorphism
style andelementstyle. We thensaw in Sect.10.5.1–10.5.2that, for categorical semantics,it
is the isomorphismstyle which is appropriate,becauseit matchesa reversiblederivation. By
contrast,theelementstyleappearsadhoc.

Unfortunately, in Def. 71, we defined“distributive coproduct”in elementstyle only. We
would likea definitionin isomorphismstylethatmatchesthereversiblederivation����� Γ �  - �¥4 ������0�
�)�
�)�)�
�
�)�
�)�g�

Γ � ∑ -f_g`  - �¥4
A plausibleattemptat this is thefollowing

Definition 73 Let ; bea cartesiancategory. A pseudo-distributivecoproductfor
�  - � -�[%` con-

sistsof anobject � togetherwith anisomorphism

; S Γ Q¥� � �¡X Ê� ∏ -f_0` ; S Γ Qb - � �¡X naturalin Γ � ; �� and � � ; . �
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While every distributive coproductgivesa pseudo-distributive coproduct,theconverseis prob-
ably false(we have not founda counterexample,but expectthatoneexists). Theproblemwith
Def. 73 is that, while the conditionof naturality in Γ is correct(it just saysthat the reversible
derivationcommuteswith substitutionin Γ), theconditionof naturalityin � � ; is tooweak.

Hereis thecorrectisomorphism-styledefinition:

Definition 74 Let ; beacartesiancategory. A distributivecoproductfor
�  - � -\[ ` consistsof an

object � togetherwith anisomorphism

; S Γ Qh� � �¡X Ê� ∏ -f_g` ; S Γ Qi - � �¡X naturalin Γ � ; �� , andnaturalin � in thefollowing strongsense:

for every ; -morphismΓ Q]� � \ � , thediagram

; S Γ Qh� � �¡X Ê� ∏ -f_0` ; S Γ Qb - � �¡X
; S Γ Qh� ��� X; S Γ Qh� � �CX M Ê� ∏ -f_g` ; S Γ Qi - ��� X∏ -f_g` ; S Γ Qi - � �6XM commutes (10.5)

wherewe write ; S Γ Qh � �6X —abusingnotation—forthe function that takesΓ Qb � \R�
to

Γ Qi S�^ � �)X \ Γ Q]� � \ � �
Proposition107 Def. 71andDef. 74areequivalent.

�
Prop.107is aconsequenceof Prop.113(1)asweexplain in Sect.10.6.6.

Notice that the only differencebetweenDef. 73 and Def. 74 is that Def. 73 requiresthe

commutativity of (10.5)only for morphisms� � \ � , whereasDef. 74 requires(10.5)

for all morphismsΓ Q]� � \ � —a strongercondition. This strongnaturalitycondition
canbeseenin syntacticform asthe“commutingconversion”equation7�$ v@Î + EBA � �����z� S�� � â)X � R - �������³� . í 1 �Yv@Î + E
A � ������� S�� � â)X � 7�$ÌR -�. í 1 �������³� (10.6)

for any termΓ � í : 4#�h7 : = .
We have now achieved an isomorphism-stylecharacterizationof “distributive coproduct”.

But a largepartof thepictureis missing,becauseDef. 74 is not just theisolateddefinitionthatit
appearsto be.By studyingindexedcategories,wewill seethatDef. 74 is actuallyaninstanceof
thenotionof “indexedcoproduct”.This achievesgoal3 of Sect.10.1.

10.6 Locally Indexed Categories

10.6.1 Intr oduction

It is well-known thatindexedcategoriesareimportantfor studyingdependentlytypedlanguages.
But they are also important for studyingfeaturesof simply typed languages,especiallysum
typesandcomputationaleffects. Although it is possibleto study both thesefeatureswithout
usingindexed categories(aswe did for sumtypesin Sect.10.5.3–10.5.4),the treatmentusing
indexedcategoriesis simpler—andsimplicity is aprimarygoalof categoricalsemantics.
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Fortunatelythe indexed categoriesusedfor simply typed languagesareof a specialkind,
wherethe morphismsareindexed but the objectsarenot. For this reasonwe call them locally
indexedcategories. They areeasierto work with thangeneralindexedcategories: in particular,
thereareno coherenceissues.

Ouraimsin thissectionareP tomakethereaderascomfortablewith locally indexedcategoriesaswith ordinarycategories—
in particular, lookingatanaloguesof definitions,resultsandidiomsfrom ordinarycategory
theory;P to show how locally indexedcategory theorysimplifiesDef. 74 (following [Jac99]).

10.6.2 Basics

Let ; beacategory.

Definition 75 A locally ; -indexedcategory _ consistsofP a classof objects���]_ —we will underlinetheseobjects,exceptwherethey arethesame
astheobjectsof ; ;P for eachobjectΓ �i��� ; andeachpairof objects� ��� �b���`_ , aset(“homset”) _ Γ S�� ��� X
of morphismsfrom � to � over Γ—if � is suchamorphism,we write � �

Γ
\ �P for eachobjectΓ �É��� ; andeachobject� �j���a_ , anidentitymorphism� £ �

Γ
¹ b

Γ
\R�P for eachmorphism � �

Γ
\ � andeachmorphism � �

Γ
\dc , a composite

morphism� � ; �
Γ

\]eP for each _ -morphism � �
Γ

\ � andeach ; -morphismΓ c f \ Γ, a rein-

dexed _ -morphism� f-g �
Γ c \ �

suchthat £ � ; � � �� ; £ � � �S�� ; �
X ; � � � ; S�� ; � Xf g £ � � £ �f g S�� ; �)X � S f g �CX ; S f g �
X£ � g � � �S�h ; f X g � � h g S f g �CX �
Definition 76 Let _ bea locally ; -indexedcategory.

1. For each ; -morphismΓ, we write _ Γ (the“fibre over Γ”) for thecategory whoseobjects
are _ -objectsandwhosemorphismsare _ -morphismsover Γ.
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2. For each; -morphismΓ c f \ Γ, we write _Ri (the“reindexing functorover � ”) or� g for theidentity-on-objectsfunctorfrom _ Γ to _ Γ � givenonmorphismsby
f g

.

_ thusgivesriseto a functorfrom ; �� to Set.
�

A functorfrom ; �� to Set is oftencalleda strict ; -indexedcategory [Cro94]. Theword “strict”
distinguishesit from a general; -indexed category, which is a pseudofunctorfrom ; �� to Set,
meaningthatit canpreservecompositionup to isomorphism,ratherthanon thenose.

Here are someinterestingcharacterizationsof locally indexed categories,not usedin the
sequel.

Proposition108 1. A locally ; -indexedcategorywith classof objectsj is preciselyastrict; -indexedcategorywhereall fibreshaveclassof objectsj andall reindexing functorsare
identity-on-objects.

2. A locally ; -indexedcategory is preciselya $ ; �� � Set1 -enrichedcategory. �
Themostimportantexamplesof locally indexedcategoriesaregivenby the following con-

struction(sometimescalledthesimplefibration):

Definition 77 Let ; be a cartesiancategory. We form a locally ; -indexed category Ò ��¤ ã ; as
follows:P theobjectsare ��� ; ;P amorphism� �

Γ
\ � is a ; -morphismΓ Q]� � \ � ;P theidentityon � over Γ is givenby Γ Q]� ^ c \R� ;P thecompositeof

� �
Γ

\ � �
Γ

\]e
is givenby

Γ Q]� S�^ � �CX \ Γ Q � � \keP thereindexing of � �
Γ

\ � alongΓ c f \ Γ is givenby

Γ c Q]� f Q]� \ Γ Q]� � \ �
It is easyto verify theidentity, associativity andreindexing laws.

�
As with ordinarycategories,we canform productsandoppositesof locally ; -indexedcate-

gories:

Definition 78 1. Given two locally ; -indexed categories _ and _hc , we definethe locally; -indexedcategory _ Q�_ c by ���ÉS%_ Q�_ c X � ���R_÷QÉ���
_ cS%_ Q�_ c X Γ S�S, �  c X � S/4 � 4 c X�X � _ Γ S, � 4hX�Q�_ cΓ S� c � 4 c X
with theevidentidentities,compositionandreindexing.
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2. Givena locally ; -indexedcategory _ , definethelocally ; -indexedcategory _ �� by���
_l�� � ���
__ ��Γ S� � 4¥X � _ Γ S,4 � jX
with theevidentidentities,compositionandreindexing. �

Definition 79 Let _ and _ c be locally ; -indexedcategories.A (locally ; -indexed) functor µ
from _ to _ c associatesP to eachobject � �����R_ anobject µR� �����
_ c ;P to eachmorphism� �

Γ
\ � in _ amorphismµR� µ]�

Γ
\Éµ � in _¥c

suchthat µ £ � � £ �µ�S�� ; �
X � S/µ]�CX ; S,µ
�)Xµ�S f g �6X � f g S/µ]�CX �
Definition 80 A functor _ µ \l_ c is fully faithful functorif f for every µR� �

Γ
\Éµ �

thereis aunique� �
Γ

\ � suchthat µ
�j�m� .
�

Definition 81 Let _ and _ c belocally ; -indexedcategoriesandlet µ and n befunctorsfrom_ to _ c . A (locally ; -indexed)natural transformation� from µ to n provides,for eachobject

Γ ����� ; andeachobject � �¥���
_ amorphismµR� � Γ �
Γ

\kn
� suchthatP for eachΓ c f \ Γ in ; andeach� �5_ we have
f�g � Γ � � � Γ � � ;P for eachΓ ����� ; andeach� �

Γ
\ � thediagramµS� � Γ � \]nR�

µ �µ]�
M � Γ � \]n � n]�M

commutes.

�
Notice that, if ; hasa terminal object 1, then � Γ � needbe specifiedonly for Γ � 1—this
determinestherestof � .

By analogywith the2-category Cat of ordinarycategories,functorsandnaturaltransforma-
tionswecanform a2-categoryof locally ; -indexedcategories,functorsandnaturaltransforma-
tions.
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10.6.3 HomsetFunctors And The OpGrothendieckConstruction

Homsetfunctorsareof centralimportancein thetheoryof representablefunctors(aswe saw in
Sect.10.3)andalsoin thetheoryof adjunctions.Sowecertainlyneedto adaptthemto thelocally
indexedsetting. But thereis a problem: for a locally indexed category _ , it is meaninglessto
look for a functor from _ �� Qo_ to Set, because_ �� Q�_ is a locally indexedcategory whereas
Set is anordinarycategory.

To surmountthis problem,we needa way to obtainanordinarycategory from a locally in-
dexedcategory _ . WeusetheopGrothendieck construction. (TheopGrothendieckconstruction
is dualto thewell-known Grothendieckconstruction,whichweshallnotuseatall.)

Definition 82 Let _ bea locally ; -indexedcategory. Then �
�pB � ���WCR_ is theordinarycategory
definedasfollows:P anobjectof �
�pB � ���WC
_ is apair Γ � whereΓ ����� ; and � �����
_ ;P amorphismfrom Γ � to Γ � � in �)�YB � ���WCq_ consistsof apair rs� whereΓ c f \ Γ in

; and � �
Γ c \ � in _ ;P theidentityon Γ � is givenby X t�£ � ;P thecompositeof

Γ � rs� \ Γ � � u � \ Γ � � e
is givenby u ; r�S�S�h g �CX ; �
X .

It is easyto verify theidentityandassociativity laws.
�

Wecannow definethehomsetfunctor, by analogywith Def. 59.

Definition 83 Let _ be a locally ; -indexed category. We write �����
v —or just _ —for the
functor �)�YB � ���7CBS�_ �� Q�_�X \ Set

Γ S�� ��� X * _ Γ S�� ��� X
r�S�� ��� X * m�� � S�� ; S f g �
X ; � X �

Thefollowing will beusedonly in Sect.14.6.4.

Lemma 109 Let _ bea locally ; -indexedcategory. Theneach ; -morphismΓ c f \ Γ
inducesamorphismin �)�YB � ���7CR_

Γ � r � \ Γ � f g � naturalin � �5_ Γ �



180 Chapter10. Background:ModelsOf Effect-FreeLanguages

10.6.4 Naturality In Several Identifiers

Onefrequentlyusestheidiom “ �	S�� ��� X is naturalin � and � ”, withoutspecifyingjointly natu-
ral orseparatelynatural. As is well-known, thisusageis justifiedbecause,for productcategories,
joint naturalityandseparatenaturalityareequivalent:

Proposition110 Let � and � c becategories,andlet � and w befunctorsfrom �ÔQo� c to Set.
(Any categorycanbeusedin placeof Set, but only thecaseof Setis relevantto us.)Supposewe

aregivena function ��S�� ��� X �	S�� ��� X \kw¥S�� ��� X for each� �����d� and � �����R�c . Then � is
anaturaltransformationfrom � to w if fP �S�� ��� X is naturalin � �5� for each� �¥���
� c ;P �S�� ��� X is naturalin � �5�	c for each� �����
� . �
In a similar way, we wantto useanidiom “ � Γ � is naturalin Γ and � ”. Sowe adaptProp.110
from productcategoriesto � � � categories.

Proposition111 Let _ be a locally ; -indexed category, and let � and w be functors from�)�YB � ���WCR_ to Set. Supposewe aregivena function � Γ � � Γ � \xw Γ � , for eachΓ ����� ; and� �����
_ . Then � is anaturaltransformationfrom � to w if fP � Γ � is naturalin Γ � ; �� for each� �����R_ ;P � Γ � is naturalin � �5_ Γ for eachΓ ����� ; . �
Finally, we canadaptProp.110andProp.111to allow usto usetheidiom “ � Γ S�� ��� X is natural
in Γ, � and � ”.

Proposition112 Let _ and _ c be locally ; -indexed categories,andlet � and w be functors

from �)�YB � ���7CBS�_ÏQ]_hc X to Set. Supposewearegivenafunction � Γ S�� ��� X � Γ S�� ��� X \kw Γ S�� ��� X ,
for eachΓ �h��� ; , � �h���y_ and � �h���q_ c . Then � is anaturaltransformationfrom � to w if fP � Γ S�� ��� X is naturalin Γ � ; �� for each� �����
_ and � �¥���R_hc ;P � Γ S�� ��� X is naturalin � �5_ Γ for eachΓ �¥��� ; and � �����R_ c ;P � Γ S�� ��� X is naturalin � ��_¥cΓ for eachΓ ����� ; and � �����R_ . �
10.6.5 Representableand  -RepresentableFunctors

NoteWehenceforthassumethattheindexing category ; is cartesian.
Werecallfrom Sect.10.3thattherearetwo definitionsof representablefunctor: isomorphism

styleandelementstyle,andthat the former is moreimportantfor categorical semantics.So in
this section,we define“representablefunctor” in thesettingof locally indexedcategories,using
isomorphismstyleonly. Theelementstyledefinition,whichis lessimportant,is givenin thenext
section.

Theanalogueof Def. 61 (isomorphismstyle)for locally indexedcategoriesis asfollows.

Definition 84 Let _ bea locally ; -indexedcategory.
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covariant Let � be a functor from �)�YB � ���7Co_ to Set. A representationfor � consistsof a_ -object � (thevertex) togetherwith anisomorphism

_ Γ S/� � � X Ê� � Γ � naturalin Γ and � .

contravariant Let � bea functor from �)�YB � ���7C(S%_ �� X to Set. A representationfor � consists
of _ -object � (thevertex) togetherwith anisomorphism

_ Γ S�� � � X Ê� � Γ � naturalin Γ and � . �
Isomorphismstyle definitions in the literatureusually replacenaturality in Γ with the Beck-
Chevalley condition, to which it is equivalent. However, we considernaturalityin Γ to bemore
intuitive.

We will alsoneedthenotionof  -representablefunctor, where is anobjectof ; . As with
representablefunctors,we provideonly anisomorphism-styledefinitionin thissection.

Definition 85 Let _ bea locally ; -indexedcategoryandlet  beanobjectof ; .

covariant Let � bea functorfrom �
�pB � ���WCR_ to Set. An  -representationfor � consistsof a_ -object � (thevertex) togetherwith anisomorphism

_ Γ S/� � � X Ê� � Γ
» �z^ gΓ ¹ � � naturalin Γ and � .

contravariant Let � bea functor from �)�YB � ���7CBS�_ �� X to Set. An  -representationfor � con-
sistsof _ -object � (thevertex) togetherwith anisomorphism

_ Γ S�� � � X Ê� � Γ
» �z^ gΓ ¹ � � naturalin Γ and � . �

Def. 84 andDef. 85areobtainablefrom eachother:P a representationfor � is a 1-representationfor � ;P an  -representationfor � is a representationfor thefunctor

� � �am Γ � � � Γ
» �z^ gΓ ¹ � �

Herearesomeexamplesof representationsand  -representations.

Definition 86 Let _ bea locally ; -indexedcategory.

1. A coproduct for a family of _ -objects
�  - � -2_0` is a representationfor the functorm Γ � �∏ -f_0` _ Γ S, - � � X from �)�YB � ���WC
_ to Set. Explicitly, it is anisomorphism

∏ -f_0` _ Γ S, - ��� X Ê� _ Γ S/� ��� X naturalin Γ and �
2. A product for a family of _ -objects

�  - � -f_g` is a representationfor the functorm Γ � �∏ -f_0` _ Γ S�� �  - X from �)�YB � ���WC(S%_ �� X to Set. Explicitly, it is anisomorphism

∏ -f_g` _ Γ S�� �  - X Ê� _ Γ S�� � � X naturalin Γ and �
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3. Let  be a ; -object. An  -coproduct for a _ object 4 is an  -representationfor the
functor m Γ � � _ Γ S,4 � � X from �)�YB � ���7CR_ to Set. Explicitly, it is anisomorphism

_ Γ
» �	S,4 � ^ gΓ ¹ � � X Ê� _ Γ S/� ��� X naturalin Γ and �

4. Let  bea ; -object.An  -productfor a _ -object 4 is an  -representationfor thefunctorm Γ � � _ Γ S�� � 4 X from �)�YB � ���7C(S%_ �� X to Set. Explicitly, it is anisomorphism

_ Γ
» � S�^ gΓ ¹ � � � 4 X Ê� _ Γ S�� � � X naturalin Γ and � �

We examinewhat thesestructuresmeanin the specialcaseof Ò ��¤ ã ; , the locally indexed
categorydefinedin Def. 77.

Proposition113 1. A coproductfor
�  - � -f_g` in Ò ��¤ ã ; is adistributivecoproductfor

�  - � -2_0`
in ; .

2. A productfor
�  - � -f_0` in Ò ��¤ ã ; is aproductfor

�  - � -f_g` in ; .

3. Ò ��¤ ã ; has,for every  and 4 , an  -coproductof 4 with vertex aQi4 .

4. An  -productof 4 in Ò ��¤ ã ; is anexponentfrom  to 4 in ; . �
Prop.113 is easyto prove usingthe elementstyle definitionsin the next section. For (1), the
isomorphism-styledefinitionof coproductin Ò ��¤ ã ; is exactlytheisomorphism-styledefinitionof
distributivecoproduct(Def. 74). We have thusachievedwhatwasour maingoalwhile studying
locally indexedcategories:to give a simplecategoricalsemanticsfor sumtypes.Thefollowing
will beusefulin Chap.14.

Definition 87 A locally ; -indexedcategory is closedif it has  -productsfor each������ ; . It
is countablyclosedif it is closedandhasall countableproducts.

�
10.6.6 YonedaLemma

Wegivetwo formsof theYonedaLemma,onefor representationsandonefor  -representations.
Botharesimilar to theYonedaLemmafor ordinarycategories(Prop.93).

Proposition114 (cf. Prop.93)Let _ bea locally ; -indexedcategory.

covariant Let � be a functor from �)�YB � ���7Cx_ to Set, andlet � be an objectof _ . Thenwe
have acanonicalbijection

� 1 � Ê� $ �
�pB � ���WC
_ � Set1 S/m Γ � � _ Γ SK� � � X � �üX
# * m Γ � � m{� � S��/| Ï �6X #S�� 1 � X £ �3' ) �

Rider Given # �}+-�/. , thecorresponding�¡�~01�6. is an isomorphismiff SK� � # X satisfies
thefollowing “initiality” property:for any Γ �i��� ; and � �b���`_ andany � ��� Γ � there

is aunique � �
Γ

\
� suchthat S%� | Ï �6X # � � .
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contravariant Let � beafunctorfrom �
�pB � ���WC(S%_ �� X to Set, andlet � beanobjectof _ . Then
we haveacanonicalbijection

� 1 � Ê� $ �
�pB � ���WC�S%_l��ÇX � Set1 S/m Γ � � _ Γ S�� � � X � �üX
# * m Γ � � m$� � S%� | Ï �6X #S�� 1 � X £ �3' ) �

Rider Given # �}+-�/. , thecorresponding�¡�~01�6. is an isomorphismiff SK� � # X satisfies
the following “terminality” property: for any Γ �l��� ; and � �l���k_ andany � �9� Γ �
thereis aunique� �

Γ
\É� suchthat S%�6| Ï �CX # � � . �

As in Sect.10.3,wecandefinearepresentationof � in element-styleto beapair SK� � # X satisfying
the“initiality” property(or “terminality” property, in thecontravariantcase)statedin therider,
andthe equivalenceof the isomorphism-styleandelement-styledefinitionsis immediatefrom
therider.

Prop.107 is a corollary of this equivalence. Proof We set _ to be Ò ��¤ ã ; and we set �
to be m Γ � ∏ -f_g` S�Ò ��¤ ã ; X Γ S, - � � X . A distributive coproductin the senseof Def. 71(1) is an
element-stylerepresentationfor � , while a distributive coproductin the senseof Def. 74 is
an isomorphism-stylerepresentationfor � . Hencethetwo definitionsof distributive coproduct
areequivalent,asclaimed.

�
TheYonedaLemmafor  -representationsis givenasfollows. We recall from (10.6.5)that

wewrite � � is anabbreviation for m Γ � � ^ gΓ ¹ � � .

Proposition115 (cf. Prop.93)Let _ bea locally ; -indexedcategory, andlet  beanobjectof

; . We write � for theisomorphism S�S/X � £ � �NX \ 1 Qb .

covariant Let � be a functor from �)�YB � ���7Cx_ to Set, andlet � be an objectof _ . Thenwe
have acanonicalbijection

�6��� Ê� $ �)�YB � ���7C
_ � Set1 S/m Γ � � _ Γ SK� � � X � � � X
# * m Γ � � m$� � S%��� �Γ � � ^ gΓ ¹ � �CX #� g S�S,� 1 � X £ �(' X ) �

Rider Given # �}+-�/. , thecorresponding�¡�~01�6. is an isomorphismiff SK� � # X satisfies
thefollowing “initiality” property:for any Γ �l��� ; and � �l���]_ andany � �9� Γ

» � �
thereis aunique � �

Γ
\S� suchthat S%��� �

Γ � � ^ gΓ ¹ � �6X # � � .

contravariant Let � beafunctorfrom �
�pB � ���WC(S%_ �� X to Set, andlet � beanobjectof _ . Then
we haveacanonicalbijection

�6��� Ê� $ �)�YB � ���7C(S%_l���X � Set1 S/m Γ � � _ Γ S�� � � X � � � X
# * m Γ � � m$� � S%��� �Γ � � ^ gΓ ¹ � �CX #� g S�S�� 1 � X £ �(' X ) �
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Rider Given # �}+-�/. , thecorresponding�¡�~01�6. is an isomorphismiff SK� � # X satisfies
thefollowing “terminality” property:for any Γ �i��� ; and � �i���`_ andany � �o� Γ

» ���
thereis aunique� �

Γ
\É� suchthat S�� � �

Γ � � ^ gΓ ¹ � �6X # � � . �
Onceagain,wecandefinean  -representationof � in element-styleto beapair SK� � # X satisfying
the “initiality” property(or “terminality” property, in thecontravariantcase)statedin the rider,
andthe equivalenceof the isomorphism-styleandelement-styledefinitionsis immediatefrom
therider.

We adapttheParametrizedRepresentabilityTheoremfrom ordinaryto locally indexedcate-
gories.

Proposition116(Parametrized Representability) (cf. Prop.95) Let 8 and _ be locally ; -
indexedcategories.

covariant Let � : �)�YB � ���WC(S�8hQ�_�X &�* Setbea functor. Supposethatfor each�b�o8 thereis a
representation

_ Γ S/� S��BX � � X Ê� � Γ S�� � � X naturalin Γ and � . (10.7)

Then � extendsuniquelyto a functorfrom 8 to _ soasto make (10.7)naturalin � .
contravariant Let � : �)�YB � ���WC(S�8©Ql_ �� X &W* Setbeafunctor. Supposethatfor each�¢�k8 there

is a representation

_ Γ S�� � � S��BX�X Ê� � Γ S�� � � X naturalin Γ and � . (10.8)

Then � extendsuniquelyto a functorfrom 8 to _ �� soasto make (10.8)naturalin � . �
Finally, we adapttheYonedaembeddingfrom ordinaryto locally indexedcategories. This

will beusefulin Sect.15.6.

Definition 88 Let ; be a cartesiancategory, and let _ be a locally ; -indexed category. We
define ˆ_ to bethelocally ; -indexedcategorywhereP anobjectis a functorfrom �)�YB � ���7C(S%_ �� X to Set;P a morphismfrom µ to n over = is anaturaltransformationfrom µ to nd�
with theevidentidentities,compositionandreindexing. TheYonedaembeddingis thefunctor

_ : \ ˆ_4 * m Γ � � _ Γ S�� � 4 X
_d�8S/4 �%= X : � S/4 �%= X \l$ �)�YB � ���7C(S%_l���X � Set1 S/m Γ � � _ Γ S�� � 4 X � m Γ � � _ Γ

» �8S�^ gΓ ¹ � � �%= X�X
� * m Γ � � m$� � S�^ gΓ ¹ � � ; ^ c gΓ ¹ � �)X

This is easilycheckedto bea functor.
�

Proposition117
:

is fully faithful.
�

Proof Putting 4 for � and
: = for � in Prop.115(contravariant),we learnthat

: �	S/4 ��= X is a
bijection.

�
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Chapter 11

Models Of CBPV: Overview

11.1 The Big Picture

Justaswedefinedobjectstructurefor Q -calculus(Def. 63),sowecandefineit for CBPV.

Definition 89 A semanticsof typesfor CBPV, alsocalledaCBPVobjectstructure, is a tupleï �#S ï ��ÃÇÄ Å!? �,ï :KÅ ÐOÆ Å7? � ´ � ∑ � 1 � Q � µ � ∏ � * X consistingofP aclassï ��ÃÇÄ Å!? , whoseelementswecall valueobjectsP aclassï :KÅ ÐOÆ Å7? , whoseelementswecall computationobjectsP a function ´ : ï :KÅ ÐOÆ Å7? &�* ï ��ÃÇÄ Å!?P a function∑ -f_g` : ï `��ÃÇÄ Å!? &W* ï ��Ã�Ä Å!? for every countableset �P avalueobject1P abinaryoperation Q : ï ��ÃÇÄ Å7? Q ï ��ÃÇÄ Å7? &�* ï ��Ã�Ä Å!?P a function µ : ï ��ÃÇÄ Å7? &W* ï :KÅ ÐOÆ Å7?P a function∏ -f_g` : ï `:KÅ ÐOÆ Å7? &�* ï :/Å ÐOÆ Å7? for every countableset �P abinaryoperation* : ï ��ÃÇÄ Å7? Q ï :KÅ Ð�Æ Å!? &W* ï :KÅ ÐOÆ Å7? . �
For the remainderof Part III, we aregoing to constructandexplain the diagramshown in

Fig. 11.1,for any CBPVobjectstructureï .
Lookingat this diagram,we see4 equivalentcategories:P Dir ect@ is the category of direct modelsfor CBPV basedon ï . We definethesemodels

from the CBPV equationaltheory, just aswe defineddirect modelsfor Q calculus—an
outlineis givenin Sect.11.2P RestrAlg @ is thecategoryof restrictedalgebra modelsbasedon ï . Theseareexplainedin
Chap.12.P ValProd@ is the category of value/producermodelsbasedon ï . Theseareexplainedin
Chap.13.
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Adj @

�
full

reflection

StaggAdj@M
� ValProd@ � RestrAlg @

�

Dir ect@
�

Recall[Mac71] thata full reflectionis anadjunctionin which thecounit is an isomorphism,or,
equivalently, theright adjointis fully faithful.

Figure11.1:Modelsfor CBPVP StaggAdj@ is thecategoryof staggeredadjunctionmodelsbasedon ï . Theseareexplained
in Sect.14.8.

We alsohave Adj @ , thecategory of adjunctionmodelsbasedon ï . Thesemodels,which are
explainedin Chap.14, arethe mostelegant. UnfortunatelyAdj @ is not equivalentto the other
categories;it is relatedto themby a full reflection.

The variouskinds of modelsaresimilar to, andinfluencedby, the variousmodelsof CBV
thatarelistedandshown equivalentin [PT99,PT97].

All our treatmentof categoricalsemanticsworkswith infinitely wideCBPV. Thereaderwho
prefersto work with finitely wideCBPVshouldsubstitute“finite” for “countable”throughout.

11.2 Dir ect Models For CBPV

Let ï bea CBPV objectstructure.We proceedasin Sect.10.4.3.By analogywith Def. 66 we
have

Definition 90 1. A ï -multigraph � consistsofP aset � ��Ã�Ä S� 0 ���������  k ! 1 � 4hX (whoseelementsarecalledvalueedgesfrom  0 ���������  k ! 1

to 4 ) for eachfinite sequenceof valueobjects 0 ���������  k ! 1 andeachvalueobject4 ;P a set � :KÅ Ð�Æ S, 0 ���������  k ! 1 � 4 X (whoseelementsarecalled computationedges from 0 ���������  k ! 1 to 4 ) for eachfinite sequenceof valueobjects 0 ���������  k ! 1 andeach
computationobject 4 ;

2. We write A�B �2Ó �DC @ for thecategoryof ï -multigraphsfor ï , with theobviousmorphisms.�
As in Sect.10.4.3,thetermsandequationsof CBPVdefineamonadon A�B �2Ó �3C @ . Wedefine

inductively the “terms built from the signature� ”, usingthe term constructorsof CBPV-with-
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complex-values,with theadditionalrules

Γ � � R 0 : 4 0 ����� Γ � � R k ! 1 : 4 k ! 1

Γ � � �^S/R 0 ��������� R k ! 1 X : =
for eachvalueedge� from 4 0 ��������� 4 k ! 1 to = in � , and

Γ � � R 0 : 4 0 ����� Γ � � Rëk ! 1 : 4 k ! 1

Γ � : �^S/R 0 ��������� R k ! 1 X : =
for eachcomputationedge� from 4 0 ��������� 4 k ! 1 to = in � . Wedefine

E � to bethe ï -multigraph
in which a valueedgefrom Γ to  is an equivalenceclass(underprovableequality)of values
Γ �F�� : 4 built from the signature� , anda computationedgefrom Γ to 4 is an equivalence
class(underprovableequality)of computationsΓ �W:«R : 4 built from the signature� . This
new multigraphcanbe thoughtof asthe “free CBPV modelgeneratedby � ”, keeping ï fixed
throughout.

The restof the monadstructureis definedin the sameway asin Sect.10.4.3. By analogy
with Def. 67we have

Definition 91 1. A directmodelfor CBPVconsistsofP aCBPV objectstructureï ;P analgebraS ��� ÂzX for the
E

monadon A�B �2Ó �3C @ .
2. We write Dir ect@ for thecategory of directmodelsfor CBPV basedon ï . Morphismsare

algebrahomomorphisms. �
Like theCBPV term modeldiscussedin Chap.4, directmodelshave the reversiblederiva-

tionslistedin Prop.23.

11.3 The Value Category

Thereis onepartof thecategoricalsemanticsfor CBPVthatis alreadyapparentfrom theresults
in Chap.10. Since,aswe explainedin Sect.4.8, Q ∑-calculusis a fragmentof CBPV (replacing� by � : ), a CBPV modelmustincludea countablydistributive category. This category is called
the valuecategory of the model. For example,in eachof the CBPV modelsof Chap.6, the
valuecategory is eitherSetor Cpo. Weusethetermsvalueobjectsandvaluemorphismsfor the
objectsandmorphismsof thevaluecategory.

Thefactthatthevaluecategoryhascountabledistributivecoproductsis all thatwewill need
to sayaboutthesemanticsof ∑ in CBPV. Thismayseemsurprising,because∑ hasanelimination
rulewhich is not includedin the Q ∑-calculusfragment,viz.

Γ � � � : ∑ -f_g`  - ����� Γ � + :  - �W:�R - : 4 �����
Γ � : v@Î¥�ÑE
A � ������� S�� � + X � R - ������� � : 4 (11.1)

But we do not needto regard this as a primitive rule. Instead,we can regard the following
provableequationv@Î¥�ÑE
A � ������� Sf� � + X � R - ������� � �Ô{B?�w�>z<9v@Î¥�îEBA � ������� Sf� � + X � =�D(y�� 3 R - �������³� (11.2)

asproviding adefinitionfor theLHS. For this to bevalid, wemustbesurethatthe � - and ä -laws
for (11.1) vzÎIS ˆG � �iX�E
A � ������� Sf� � + X � R - ������� � � R ˆH $¼� .0+�1Rú$¼� . í 1 � v@Î¥�îEBA � ������� Sf� � + X � R $ S�� � + X . í 1 �������Ì�
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areconsequencesof (11.2)—assumingall theotherlawsof Fig. 4.1—andthis is easilyverified.
Thisdesugaringis unsuitablefor operationalsemantics,becauseit usescomplex values.But

for ourcategoricalpurposes,it is acceptable.It canbeseenasdecomposingthereversiblederiva-
tion ����� Γ �  - � : 4 ��������
�
�)�
�)�)�
�)�
�
�)���

Γ � ∑ -2_0`  - ��:�4
into thecompositereversiblederivation����� Γ �  - � : 4 ������@�
�
�)�
�)�)�
�
�)�
�)�)�z������ Γ �  - � � ´¶4 ������@�
�
�)�
�)�)�
�
�)�
�)�)�z�

Γ � ∑ -f_g`  - � � ´j4�@�
�
�)�
�)�)�
�
�)�
�)�)�z�
Γ � ∑ -2_0`  - � : 4

11.4 Tri vial CBPV Models

We explainedin Sect.4.8 thateffect-freeCBPV collapsesinto Q ∑∏ * -calculus,via the trivi-
alizationtransform. Consequently, every countablybicartesianclosedcategory ; givesa model
for CBPV. Thedetailsareasfollows.P Thevaluecategory is ; .P A computationtype(likeavaluetype)denotesanobjectof ; .P A computationΓ ��:�R : 4 denotesa ; -morphismfrom $ $ Γ 1 1 to $ $Ì4 1 1 .
Thesemanticsof typesis givenby $ $'´¶4 1 1 � $ $Ì4 1 1$ $Ìµj 1 1 � $ $  1 1$ $∏ -f_g` 4 - 1 1 � ∏ -f_g` $ $ 4 - 1 1$ $  * 4 1 1 � $ $  1 1 * $ $Ì4 1 1
Suchmodelsof CBPVarecalledtrivial models.
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Chapter 12

Models In The Style Of Moggi

12.1 Intr oduction

Moggi [Mog91] explainedhow a strongmonadcanbeusedto give a semanticsfor CBV. In this
chapter, weextendhiswork by showing how astrongmonadcanbeusedto constructanalgebra
modelfor CBPV. Thereadermayhavenoticedastrikingsimilarity betweenthefollowing CBPV
models:P printingP divergence(theScottmodel)P errorsP printing + divergence

All theseareexamplesof algebramodels.
Moggi went further thantheseexamplesby suggestingthatmonadsbeusedto modelother

effects suchas global store. We explain and criticize this view (in the context of CBPV) in
Sect.12.6.

12.2 Strong Monads

Definition 92 Let � beacategoryor a locally indexedcategory. A monadon � consistsofP anendofunctor� on � ;P anaturaltransformationä from £ � 	 to � ;P anaturaltransformationn from � 2 to �
suchthatthefollowing diagramscommute:

�  ä �9 \R� 2 
� 2 � ä  M nO \R�  nOM

� ��� � �
� 3  n��9 \S� 2 
� 3 �9nO M nO \R�  nOM �



190 Chapter12. ModelsIn TheStyleOf Moggi

Definition 93 Let S�� � ä � n�X be a monadon a cartesiancategory ; . A strengthfor this monad
consistsof a naturaltransformation� S� � 4hX from UQk�d4 to �bS�UQ¥4hX suchthat thefollowing
diagramscommute:

1 Q]�9 � S 1 � ¶X \R�bS 1 QbjX S,aQh4hX�Qk� = � S,aQi4 ��= X \
�bS�S�eQi4hX�Q = X
�9m�� 
M � ���q� eQüS,4ÑQ]� = X eQÉ� S,4 �%= X \� ��� �a� �

� �y�(� eQ]�bS,4ÑQ = X � S, � 4#Q = X \
�bS,aQüS/4ÑQ = X�X
�9�S� � 4 ��= X M

eQi4 eQ]� 2 4 �%S, � �d4hX \R�ÉS,eQ]� 4¥X �9�%S, � 4hX \R� 2 S�eQi4hX
eQ]�d4aQ ä 4

M � S, � 4hX \R�bS�eQi4hX
�s����  ¡-¢

£ eQ]� 4 �%S, � 4hX \
¤,¥z¦1§

¨ �bS�eQi4hXntS,aQi4¥X M
A monadtogetherwith a strengthis calleda strong monad. We often refer to a strongmonadS�� � ä � n � ��X just as � .

�
Justas,in Prop.113(1),we replaced“distributivecoproductin ; ” by “coproductin Ò ��¤ ã ; ”,

sonow we canreplace“strongmonadin ; ” by “monadin Ò ��¤ ã ; ”. This resultwasremarkedby
Plotkin andstatedin [Mog91]:

Proposition118 Let ; beacartesiancategory. Thenastrongmonadon ; is preciselyamonad
on Ò ��¤ ã ; .

�
We make no furtheruseof locally indexedcategoriesin this chapter, althoughwe mentionthem
in Def. 95(3).

Thereare4 strongmonadswewill beespeciallyconcernedwith:

printing the j g Q & strongmonadonSet;

divergence thelifting strongmonadon Cpo;

errors the & Öª© strongmonadon Set;

printing + divergence the n�� � S & Ö&jîQ]�¡X¬« strongmonadon Cpo.

12.3 Monad Models for CBV

It is helpful to look at Moggi’s monadmodelsfor CBV beforewe look at monadmodelsfor
CBPV.

Definition 94 A CBVmonadmodelconsistsof

1. a countablydistributivecategory ; ;

2. a strongmonad S�� � ä � n � ��X on ; ;

3. Kleisli exponentsi.e. for eachpairof objects and 4 anexponentfrom  to �d4 ;



12.4. Algebras 191

4. countableproductsof Kleisli exponents. �
Wenow describethesemanticsof CBV in suchamodel.NoticethattheCBV printingsemantics
andCBV Scottsemanticsdescribedin Chap.2 areinstancesof this.P A typedenotesanobjectof ; .P In particular * 4 denotes$ $  1 1 * $ $ � 4 1 1 .P A context  0 ���������  k ! 1 denotes$ $  0

1 1 Ql�����LQ½$ $  k ! 1
1 1 .P A valueΓ �¥� :  denotesamorphism $ $Γ 1 1 $ $Ì� 1 1 ��Ã�Ä \�$ $  1 1 .P A producerΓ �hR :  denotesa morphism $ $Γ 1 1 $ $ÌR 1 1 Æ È Å t \�$ $  1 1 .

Although the countableproductsof Kleisli exponentsrequiredby Def. 94 arenot neededfor
the small CBV calculusof Chap.2, andwerenot requiredby Moggi, they areneededfor the
infinitely wideCBV languageof AppendixA.

12.4 Algebras

Ourmonadmodelsfor CBPVarebasedontheprinciplethatcomputationtypesdenotealgebras.

Definition 95 [Mac71]

1. Let S�� � ä � n�X bea monadon a category ; . A � -algebra consistsof a pair S�� � ÂzX , where�
is anobjectof ; , Â is amorphismfrom �`� to � , and

� ä � \R�`�® n�� � 2 �

�
Â
M  Â

¯ ° �
�`�
�dÂ
M

(12.1)

commutes.� is calledthecarrier and Â thestructuremapof thealgebra.

2. Let S�� � ÂzX and S �t��± X be � -algebras.A � -algebra homomorphismfrom S�� � ÂzX to S �«��± X
is a ; -morphism� � \ � suchthat

�`� �
� \S� �
�
Â
M

� \ � ±M commutes.

We write ;/² for the Eilenberg-Moore category of � -algebrasand � -algebrahomomor-
phisms.
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3. Given a strength � for the monad S�� � ä � n�X , we can adapt(2) to the locally ; -indexed
setting,asfollows. Let S�� � ÂzX and S �«��± X be � -algebrasandΓ a ; -object. A � -algebra

homomorphismfrom S�� � ÂzX to S �«��± X overΓ is a ; -morphismΓ Q]� � \ � suchthat

Γ Q]�³� � S Γ � �¡X\R�bS Γ Q]�¡X �
� \S� �
Γ Q]�Γ QiÂ
M

� \ � ±M commutes.

We write ; ² for theEilenberg-Moore locally ; -indexedcategory of � -algebrasandho-
momorphisms. �

In this chapter, we will make no useof Def. 95(3),andtheonly usewe will make of Def. 95 (2)
is thenotionof algebraisomorphismthatit givesus.

We observe that, in theCBPV modelslisted in Sect.12.1,computationtypesindeeddenote
algebras.

Proposition119 1. An algebrafor the j g Q & monadonSetis preciselyan j -set.A homo-

morphismfrom S�� �µ´ X to S �«�¬´ X over thesetΓ is a functionΓ Qk� � \ � suchthat��S�¶ ��·z´$� X6� ·�´ �^S�¶ ��� X , asin Def. 10.

2. An algebrafor the lifting monadon Cpo is preciselya cppo. A homomorphismfrom the

cppo � to thecppo � over thecpoΓ is a continuousfunctionΓ Q�´
� � \h´ � such
that �^S�¶ � ûjX6�aû , asin Def. 12.

3. An algebrafor the & Ö}© monadon Set is preciselyan © -set. A homomorphismfromS�� � � �/� � � X to S �t� � �/� � � X overthesetΓ isafunctionΓ Q]� � \ � suchthat �^S�¶ � � �K� � �p¸ X)�� �/� � �¹¸ .
4. An algebrafor the n�º � S & Ö9j QFº
X¬« on Cpo is preciselyan j -cppo. A homomorphism

from S�� �¬´ X to S � �µ´ X over thecpo Γ is a continuousfunction Γ Q�´q� � \i´ � such
that �^S�¶ � ûjX6�aû and �^S�¶ ��·�´»� X6� ·�´ �^S�¶ ��� X . �

We thusrequirewaysof constructingalgebrasanalogousto thewaysof constructingj -sets
etc.

Definition 96 Let S�� � ä � n � ��X beastrongmonadon acartesiancategory ; .

1. Let  beanobjectof ; . Thefree � -algebra on  hascarrier �  andstructurenO .

2. Let
� S� - � Â - X � -f_0` be a family of � -algebras,and supposetheir carriers

�  - � -2_0` have a
product �d�îS/� � � ^ - � -2_0` X . Thenwe write ∏ -f_g` S, - � Â - X @Æ for the � -algebrawhosecarrier

is � andwhosestructureis theunique ; -morphism�d� ± \É� suchthat for each
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�¢� ± \É�
�9 -�`^ -
M Â - \© - ^ -M

3. Let  be an object of ; , let S,4 � ÂzX be a � -algebra,and supposethere is an exponent� �ÑSK� � �7¼ X from  to 4 . Thenwe write  * S/4 � ÂzX @! for the � -algebrawhosecarrieris� andwhosestructureis theunique; -morphism�¢� ± \É� suchthatthefollowing
commutes: eQ]�¢� � S, � �bX \R�bS,aQh�hX � ˜�W¼ \R� 4

eQh�eQ ± M
˜�W¼ \©4 ÂM

wherewewrite ˜�W¼ for thecompositeeQh� Ê� \b�ÏQi �W¼ \©4 �
Lemma 120 Def. 96(2)–(3)is givenup to � -algebraisomorphism,in thefollowing sense.

(2) Let
� S� - � Â - X � -f_0` beafamilyof � -algebras,andsupposetheircarriers

�  - � -f_g` haveaproduct� in ; . Thenfor any � -algebraS/� ��± X thefollowing correspond:P a � -algebraisomorphismS/� ��± X Ê� ∏ -f_g` S� - � Â - X @ÆP aproduct � c for thecarriers
�  - � -2_0` suchthatS/� ��± X6� ∏ -2_0` S� - � Â - X @Æ �

(3) Let  beanobjectof ; , let S/4 � ÂzX bea � -algebra,andsupposethereis anexponent� from to 4 . Thenfor any � -algebraS/� ��± X thefollowing correspond:P a � -algebraisomorphismS/� ��± X Ê�  * S,4 � ÂzX @!P anexponent� c from  to 4 suchthatSK� ��± X6�  * S,4 � ÂzX @! � �
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12.5 Algebra Models

12.5.1 Unrestricted Algebra Models

Def. 96 suggeststhat,providedwe have enoughproductsandexponentsin ; , we caninterpret
CBPV.

Definition 97 An unrestrictedalgebra modelconsistsofP a countablydistributivecategory ; ;P a strongmonad S�� � ä � n � ��X on ; ;P for eachcountablefamily
� S, - � Â - X � -f_g` of � -algebras,aproductfor

�  - � -2_0` ;P for each; -object  and � -algebraS/4 � ÂzX , anexponentfrom  to 4 . �
Fromanunrestrictedalgebramodelweobtaina semanticsfor CBPVasfollows:P a valuetype(andhenceacontext) denotesanobjectof ; ;P a computationtypedenotesa � -algebra;P a valueΓ � � � :  denotesa ; -morphismfrom $ $Γ 1 1 to $ $  1 1 ;P if 4 denotesthealgebraS �t��± X thenacomputationΓ ��:CR : 4 denotesa ; -morphismfrom$ $Γ 1 1 to � .

Themostimportantclausesin thesemanticsof termsareasfollows:P If Γ �F�t� :  then v(w)?zx@yW>z<¶� denotesthecomposite$ $Γ 1 1 $ $¼� 1 1 \�$ $  1 1 ä $ $  1 1 \R�i$ $  1 1P If Γ � : R : µj andΓ � + : e� : 7 : 4 and 4 denotesthealgebraS �t��± X then R =
? + � 7
denotesthecomposite$ $Γ 1 1 S £ � � $ $ÌR 1 1 X \l$ $ Γ 1 1 Q]�i$ $  1 1 �%SÇ$ $ Γ 1 1 � $ $  1 1 X \R�bS�$ $Γ 1 1 Q½$ $  1 1 X �i$ $ 7 1 1 \S� � ± \ �P For the  * 4 constructs,suppose denotesthe object � and 4 denotesthe algebraS �«��± X , andthegivenexponentfrom � to � is

; S Γ Q]� ��� X Ê� ; S Γ � �bX naturalin Γ (12.2)

– If Γ � + : Y�W:CR : 4 then m + � R denotesthemorphism$ $Γ 1 1 \É� correspond-
ing to $ $ÌR 1 1 along(12.2).

– If Γ �F�t� :  andΓ � : R :  * 4 , then � ‘ R denotesthecomposite$ $ Γ 1 1 S £ � � $ $Ì� 1 1 X \l$ $ Γ 1 1 Q]� � \ �
where � correspondsto $ $ÌR 1 1 along(12.2).P =�D(y�� 3 R denotes$ $ R 1 1 .P {B?zwF>@<¶� denotes$ $Ì� 1 1 .

Noticethatanalgebramodeldoesnotdistinguishbetweenacomputationandits thunk.

Proposition121 An unrestrictedalgebramodelfor CBPVsatisfiesall theequationsof theCBPV
equationaltheory.

�
This is straightforwardto check,usingasubstitutionlemma.
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12.5.2 Examplesof Unrestricted Algebra Models

Firstly, a trivial CBPV model, in the senseof Sect.11.4, is obviously an unrestrictedalgebra
model,usingtheidentity strongmonadon ; .

It is apparentthatour runningexamplesof strongmonads,P the j g Q & monadonSet,P thelifting monadon Cpo,P the & Ö½© monadon Set,P the n�� � S & Ö&jîQ]�¡X¬« monadonCpo

provide unrestrictedalgebramodels,becauseSetandCpo have all productsandexponents,and
(usingProp.119)thatthesealgebramodelsgive, respectively, our semanticsforP printing,P divergence(theScottmodel),P errors,P printing + divergence.

SinceSetandCpo haveall productsandexponents,not just thoserequiredby Def. 97,these
examplesdonot illustrateDef. 97very well. BetterexamplesareprovidedbyP thelifting monadon SEAM,P the n�º � S & Ö&jîQ]º)Xµ« monadon SEAM.

The readerwill recall from Sect.5.2 that, unlike Cpo, the category SEAM doesnot have all
countableproductsor all exponents.But it doeshave countableproductsof, andexponentsto,
SEdomains,andthis is preciselywhatwe requirefor the lifting monadto give anunrestricted
algebramodel.The n�º � S & Ö�j�QRº
X¬« monadonSEAM alsogivesanunrestrictedalgebramodel,
because,roughlyspeaking,it is “bigger than” the lifting monad,andsoanalgebrafor it (a SEj -domain)is alsoan algebrafor the lifting monad(a SE domain). This illustratesthe general
fact1 thatwecanalways“grow” thestrongmonadwithouthaving to checkagainfor therequired
productsandexponentsin thevaluecategory ; .

12.5.3 Restricted Algebra Models

GivenastrongmonadS�� � ä � n � ��X onacountablydistributivecategory ; , wewantto constructan
algebramodelfor CBPV. We know that we needcertainproductsandexponentsin ; , but just
how many do weneed?P As in Def. 94, it is necessaryfor ; to haveall Kleisli exponentsandall countableproducts

of Kleisli exponents. We needthis much to interpretCBV, so we certainly needit to
interpretCBPV.

1The preciseargument is this. Supposewe are given any strong monad morphism from a strong monad
on ¾À¿�Á�ÂYÁ�Ã�Á�Ä�Å to a strongmonad ¾2¿zÆ<Á�ÂKÆ<Á�ÃpÆ�Á�Ä�Æ2Å on the samecartesiancategory Ç —i.e. a natural transformation¿ È \ ¿ Æ satisfyingthe evident diagrams. Thenevery ¿ Æ -algebra ¾�ÉRÁ�ÊWÅ givesa ¿ -algebrawith the same
carrier É andstructuremap È É ; Ê . Hence,givenanunrestrictedalgebramodelbasedon ¿ weobtainanunrestricted
algebramodel basedon ¿�Æ . In the caseabove, thereis a strongmonadmorphismfrom the lifting monadto theÃDËsÌ"¾�Í`ÎqÏoÐ6ËÑÅ�Ò monadon SEAM.
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carriersof � -algebras.

Sometimes; hasthe propertythat all idempotentssplit, andthenthesetwo conditionsare
equivalent,becauseevery algebrais a retractof a freealgebra.But in general; doesnot have
thisproperty2 andwe seekananswerthatliesbetweenthesetwo extremes.

unrestricted
algebra
models

Ó ? Ó CBV
monad
models

To seethedesiredstructure,supposewe have a family of algebras
� ø�4 � H _ÑÔ which contains

all freealgebrasandis closedundercountableproductand  * & (for each ). Thenwe can
interpretevery computationtypeby analgebraø�4 (moreprecisely, by the index 4 ). Sowe do
notneedtheability to form productsof, or exponentsto, algebrasoutsidethis family.

Wemake thispreciseasfollows.

Definition 98 A restrictedalgebra modelconsistsofP a countablydistributivecategory ; ;P a strongmonad S�� � ä � n � ��X on ; ;P a family
� ø�4 � H _ÕÔ of � -algebras,indexedby someclass8 —we write ´¶4 for thecarrier

and ��4 for thestructureof thealgebraø�4 ;P for each; -object  , analgebraindex µjU��8 suchthat

thefree � -algebraon Ô�¡ø�µj (12.3)P for eachcountablefamily of 8 -objects
� 4 - � -f_0` , a product � for

� ´j4 - � -2_0` andanalgebra
index ∏ -2_0` 4 - suchthat

∏ -2_0` ø�4 - @Æ �ëø ∏ -2_0` 4 - (12.4)P for each ; -object  and 8 -object 4 , an exponent� from  to ´j4 andan algebraindex * 4 suchthat  * ø�4 @! �¡ø�S� * 4 X (12.5)�
Notethat,by equatingcarriersof algebras,P (12.3)implies � Ô�U´¶µ© ;P (12.4)impliesthevertex of � is ´ ∏ -f_0` 4 - ;P (12.5)impliesthevertex of � is ´¥S� * 4 X .

Thereadermayask:whatif (12.3)–(12.5)arealgebraisomorphismsratherthanequations?

2Several peoplehave pointedout that we canuseKaroubi completionto fully faithfully embeda CBV monad
modelinto anotherin whichall idempotentsdo split in thevaluecategory.



12.6. TheAlgebra Viewpoint 197P If (12.3)isanalgebraisomorphism,thenwecanconstructanew strongmonadS��9c � ä c � n6c � ��cTX
on ; isomorphicto S�� � ä � n � ��X , suchthat,w.r.t. this new monad,(12.3)is anequation.P If (12.4)–(12.5)arealgebraisomorphisms,thenLemma120 tells us that we canchoose
suitableproductsandexponentsin ; suchthat,w.r.t. theseproductsandexponents,(12.4)–
(12.5)areequations.

In summary, it doesnot matterif (12.3)–(12.5)areonly algebraisomorphisms,becausewe can
turn theminto equations.

Froma restrictedalgebramodel,weobtainasemanticsfor CBPV asfollows:P avaluetype(andhenceacontext) denotesanobjectof ; ;P acomputationtype 4 denotesanalgebraindex $ $Ì4 1 1 ��8 ;P avalueΓ � � � :  denotesa ; -morphismfrom $ $Γ 1 1 to $ $  1 1 ;P if øW$ $ 4 1 1 is thealgebraS �t��± X thena computationΓ �W:^R : 4 denotesa ; -morphismfrom$ $Γ 1 1 to � .

In particular, $ $'´¶4 1 1 is thecarrierof øW$ $ 4 1 1 . We omit thesemanticsof terms,but notethatonce
again $ $ =@D(y�� 3 R 1 1 � $ $ÌR 1 1$ $ {B?�w�>@<¢� 1 1 � $ $¼� 1 1
Proposition122 A restrictedalgebramodelfor CBPV satisfiesall the equationsof the CBPV
equationaltheory.

�
12.6 The Algebra Viewpoint

12.6.1 Explaining the Algebra Viewpoint

Usingstrongmonads,we haveseenthatseveralof ourCBPV models,viz.P printingP divergence(theScottmodel)P errorsP printing + divergence

areinstancesof ageneralconstruction:they arealgebramodels.
Moggi [Mog91] advocateda muchwider useof strongmonadsthantheseexamples.This

stancecanbejustifiedby thefact thateverymodelof theCBPV equationaltheoryis equivalent
to analgebramodel.This is depictedin Fig. 11.1andweprove it in Chap.15. To grasptheidea,
we just look at global store. The global storemodelof Chap.6 is equivalent to the following
restrictedalgebramodel.

Take the ª * SKª Q & X strongmonadon Set. For eachset � let øp� be theevidentalgebra
with carrier ª * � . Thenthe family of suchalgebrascontainsall free algebrasandis closed
undercountableproductand  * & (for eachset  ), becausewehave

thefreealgebraon  � ø�S/ª Qi¶X (12.6)

∏ -f_g` ø�4 - Ê� ø ∏ -2_0` 4 - (12.7) * ø�4 Ê� ø�S� * 4hX (12.8)
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This givesusa restrictedalgebramodel.As explainedin Sect.12.5.3,thefactthat(12.7)–(12.8)
arealgebraisomorphismsratherthanequationsdoesnotmatter.

It is easyto seethat this restrictedalgebramodel and the global storemodel in Chap.6
provideexactly thesamesemanticsof types.Thesemanticsof termsis alsothesame,exceptthat
acomputationΓ ��:�R : 4 denotesP a functionfrom ª Q½$ $Γ 1 1 to $ $Ì4 1 1 in themodelof Chap.6;P a functionfrom $ $ Γ 1 1 to ª * $ $Ì4 1 1 in therestrictedalgebramodel.

It is becauseof this differencethat =@D(y�� 3 and {B?�w�>@< areinvisible in thealgebramodelbut not
in themodelof Chap.6.

12.6.2 Criticizing the Algebra Viewpoint

While it is possibleto view every modelof the CBPV equationaltheoryasa restrictedalge-
bramodel(aswe illustratedfor theglobal storemodelin Sect.12.6.1),this viewpoint hastwo
consequences:

1. thereis nodifferencebetweena computationandits thunk;

2. for acomputationtype 4 , its denotation$ $Ì4 1 1 is justanindex, andnot in itself important—
whatmattersis thealgebraøW$ $Ì4 1 1 that $ $Ì4 1 1 identifies.

(1) is problematicbecause,operationallyandconceptually, thereis a differencebetweena
computationandits thunk: computationsarewhat operationalsemanticsis definedon. If we
want to describea semantics(suchas the global storesemantics)that makes this difference
apparent,then“restrictedalgebramodel” is notanappropriateway to organizethedescription.

(2) is reasonableif wearemodellingthepureCBPVequationaltheory. But in specificmodels
of CBPVwith effects, $ $ 4 1 1 canbeimportant.P $ $Ì4 1 1 is usedin soundness/adequacy statements,suchasProp.36 wherebothsidesof the

equation$ $ÌR 1 1 � �î$ $ � 1 1 � c areelementsof $ $ 4 1 1 .P In modelsof control, $ $ 4 1 1 is usedin theclause$ $¼?
A 4 1 1 �Ñ$ $ 4 1 1 .
For thesereasons,wewill not take“restrictedalgebramodel”asthelastwordoncategorical

semanticsfor CBPV, but seekmoreappropriatestructures.
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Chapter 13

Models In The Style Of Power-Robinson

13.1 Intr oduction

In Chap.12andChap.14,wepursuewell-known mathematicalnotionsof monadandadjunction
to obtaincategoricalmodelsfor CBPV. In thischapterweuseadifferentmethodology, basedon
thework of Power andRobinson[PR97]. We take thetermmodelof CBPV andask: whatsort
of categoricalstructureis it?

BecauseCBPVis abig language,weproceedincrementally, first lookingatthetermmodelof
thevalue/producerfragment, shown in Fig. 13.1,wheretheonly computationsareproducersand
theonly typeconstructorsare1 � Q . (In fact,thisfragmentliesinsidethefine-grain CBV language
describedin Sect.A.3.2.) Whatcategoriesarepresentin thetermmodelof this fragment?

Firstly, aswehave seen,thereis thevaluecategory ; , acartesiancategory in whichP anobjectis avaluetype;P a morphismfrom  to 4 is an equivalenceclass(moduloprovable equality) of values+ : Ô� � � : 4 ;P compositionis givenby substitution.

Secondly, thereis theproducercategory Ö , a category in whichP anobjectis avaluetype;P a morphismfrom  to 4 is anequivalenceclass(moduloprovableequality)of producers+ : Ô� Æ R : 4 ;P compositionis givenby sequencing.

Thesetwocategoriestogetherformavalue/producerstructure, whichwedefinein Sect.13.2.2.
This is essentiallythestructuredescribedby PowerandRobinson(it is calleda“Freyd category”
in [PT99]). Thisstructureformsaprecisecategoricalsemanticsfor thevalue/producerfragment.

We will thenmove from the value/producerfragmentto the whole of CBPV. Becausethe
collection of all computations,unlike the collection of producers,doesnot form a category,
we needto introducethe moregeneralnotion of staggered category. Using this togetherwith
value/producerstructures,wewill provideacategoricalsemanticsfor CBPVwhich is veryclose
to thesyntax.
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Types  :: � 1 æ8eQb
Judgements

Γ �F��� : 
Γ � Æ R :  (think of thisasΓ �W:�R : µj )

Terms

Γ � + :  � Γ c � � + :  Γ � � � :  Γ � + : Ô� � � : 4
Γ � � ;�<z= + ÕF<j� � � : 4

Γ � � � :  Γ � + : Ô� Æ R : 4
Γ � Æ ;(<z= + ÕF<j� � R : 4

Γ � � � :  Γ � � � c :  c
Γ � � SK� � � c X : eQb c Γ � � � : eQb c Γ � + :  � â :  c � � � : 4

Γ � � vzÎ¥�îEBAbS + � â)X � � : 4
Γ � � � : aQi c Γ � + :  � â :  c � Æ R : 4

Γ � Æ vzÎ¥�ÑE
AbS + � â
X � R : 4
Γ � � � : 

Γ � Æ v(w)?@xzyW>z<¶� :  Γ � Æ R :  Γ � + : Ô� Æ 7 : 4
Γ � Æ R =)? + � 7 : 4

Equations,using conventionsof Sect.1.4.2S2�NX ;�<z= + ÕF<j� � � � � $Ì� .L+@1S2�NX ;�<z= + Õ)<j� � R � Rú$Ì� .L+@1S2�NX vzÎ½SK� � �©cTX�E
AbS + � â
X � � � � $¼� .0+ � �jc . â 1S2�NX vzÎISK� � � c X�E
AiS + � â)X � R � Rú$¼� .0+ � � c . â 1S2�NX vBw
?@x@y�>@<¶��=
? + � R � Rú$Ì� .L+@1S ä X � $¼� . í 1 � v@Î¥�ÑE
AbS + � â)X � � $TS + � â
X . í 1S ä X Rú$¼� . í 1 � v@Î��ÑEBAbS + � â)X � Rú$TS + � â
X . í 1S ä X R � R =)? + � v(w)?zx@yW>z< +S,R =
? + � 7�XO=
?dâ �Y× � R =)? + � S/7 =)?dâ �Y× X
Figure13.1:TheValue/ProducerFragmentOf CBPV
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13.2 Value/Producer Structures

13.2.1 Preliminaries

In this section,we review somewell-known material.

Definition 99 1. A monoidalcategoryconsistsofP acategory ; ;P anobject1;P a functor Ø : ; Q ; &�* ; ;P naturalisomorphisms ªØYS,44Ø = X Ê� S,9Ø 4¥X3Ø = Ê� 1 Ø]
suchthatthetwo structuralisomorphismsfrom 1 Ø 1 to 1 areequalandthediagrams9Ø�S,4*Ø�S = Ø½ÙüX�X Ê� \�S,9Ø�4hX3Ø�S = ØªÙ½X Ê� \�S�S�ªØ 4hX(Ø = X3Ø½Ù

9Ø�S�S/4*Ø = X(ØªÙüXÊ� M Ê� \�S,9Ø�S,4*Ø = X�X(ØªÙ
Ú Û Ü 9Ø�4

S�ªØ 1X3Ø�4 Ê� \Ý
Þ ß 9ØYS 1 Ø 4hXÊ�M

commute.

2. Let S ;� 1 � Ø©X beamonoidalcategoryand _ acategory. A left ; -actionon _ consistsof a
functor à from ; Q�_ to _ , togetherwith naturalisomorphisms9àYS/4*à½e¶X Ê� S,9Ø 4¥X3à½ee Ê� 1 à½e
suchthatthediagrams9àYS/4*àYS = à½e¶X�X Ê� \�S�ªØ 4hX(àYS = à½e¢X Ê� \�S�S,9Ø�4hX3Ø = X(à½e

9àYS�S/4~Ø = X(à½e¢XÊ� M Ê� \�S�ªØYS/4~Ø = X�X3àáe
â ã ä ªà½e

S,9Ø 1X(à½e Ê� \å
æ ç 9à�S 1 à½e¢XÊ�M

commute.A right ; -actionon _ is definedsimilarly. �
It is clearthatP every cartesiancategory is monoidal;P every monoidalcategoryhasacanonicalleft actionandright actionon itself.

Proposition123(coherence) 1. Given a monoidal category ; , every diagrambuilt from
structuralisomorphismscommutes.

2. Given a monoidalcategory ; anda left ; -actionon a category _ , every diagrambuilt
from structuralisomorphismscommutes. �

A precisestatementanda proof of Prop.123(1)canbefoundin [Mac71]. Prop.123(2)is stated
andprovedsimilarly.
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13.2.2 Value/Producer Structur es

Thestructurerelatingthevaluecategory ; andtheproducercategory Ö wasdescribedby Power
andRobinson[PR97].For convenience,we reformulateit asfollows.

Definition 100 Let ; be a cartesiancategory and Ö a category suchthat ����Ö �U��� ; —we

write a morphismin Ö as  � è 4 . A value/producerstructure1 from ; to Ö consists
of P anidentity-on-objectsfunctor é from ; to Ö ;P a left ; -actionon Ö , extending(along é ) thecanonicalleft ; -actionon ; .

Wecall theleft action Q , becauseit is givenonobjectsby Q .
�

Supposewe aregiven a value/producerstructurefrom ; to Ö . We canobtaina right ; -
actionon Ö , extending(along é ) thecanonicalright ; -actionon ; . This actiontoo we call Q ,
becauseit is givenon objectsby Q . In summary, we write ��Qd� in 3 situations:P if � and � areboth ; -morphisms,then ��Q]� is a ; -morphism;P if � is a ; -morphismand � is a Ö -morphism,then ��Qd� is a Ö -morphism;P if � is a Ö -morphismand � is a ; -morphism,then ��Qd� is a Ö -morphism.

By contrast,if � and � areboth Ö -morphisms,then ��Qd� is notdefined.Soit is not thecase(in
general)that Ö formsamonoidalcategoryunder Q . In thesenseof PowerandRobinson[PR97],Ö is asymmetricpremonoidalcategoryand é is astrict symmetricpremonoidalfunctor.

We interpretthevalue/producerfragmentin a value/producerstructure S ;9� Ö � é ������� X asfol-
lows:P a type(andhenceacontext) denotesanobject;P a valueΓ ����� :  denotesa ; -morphismfrom $ $Γ 1 1 to $ $  1 1 ;P a producerΓ � Æ � :  denotesa Ö -morphismfrom $ $ Γ 1 1 to $ $  1 1 .
Sometermconstructors:P If Γ �F�t� :  then v(w)?zx@yW>z<¶� denotes$ $Γ 1 1 éÍ$ $¼� 1 1 è $ $  1 1 .P If Γ � Æ R :  andΓ � + : Ô� Æ 7 : 4 then R =
? + � 7 denotes$ $ Γ 1 1 é�S £ � � £ � Xè $ $Γ 1 1 Q½$ $Γ 1 1 $ $Γ 1 1 Q½$ $ÌR 1 1è $ $ Γ 1 1 Q½$ $  1 1 $ $ 7 1 1 è $ $ 4 1 1P If Γ �F�t� :  andΓ � + :  �OÆNR : 4 then ;�<z= + Õ)<©� � R denotes$ $Γ 1 1 éÇS £ � � $ $¼� 1 1 Xè $ $ Γ Qb 1 1 $ $ÌR 1 1 è $ $Ì4 1 1

Wementionthatthemotivationfor Def. 100is thefollowing:

Proposition124 Modelsof thevalue/producerfragmentof CBPVandvalue/producerstructures
areequivalent.

�
1This is calleda “Freyd category” in [PT99].
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Wecanmakethispreciseandprove it in thesamewaythatwemadeProp.97preciseandproved
it (in outline).

Def.100containssomeredundancies,for thesakeof elegance.Wenow giveabare-essentials
characterization,which reducestheworkloadwhenconstructingavalue/producerstructure.

Proposition125 Let ; be a cartesiancategory and Ö a category suchthat ����Ö �U��� ; . A
value/producerstructurefrom ; to Ö is givenby thefollowing data:P anidentity-on-objectsfunctor é from ; to ÖP for each� �©��� ; and Ö -morphism � è 4 , a Ö -morphism� Qi � Qd�è � Qi4
suchthatP theequations

� Q £ � � £ �
� QüS�� ; �
X � S�� Qx�6X ; S�� Q]�
X� QüS�é��6X � é�S�� Qx�CX

aresatisfied;P for every ; -morphism� � \ � and Ö -morphism � è 4 , thediagram

� Qb � Qd� è � Qi4
� QbéÇS���QbjXZê

� Q]� è � Qi4éÇS���Qi4¥Xê commutes;

P theisomorphisms aQüS/4ÑQxe¶X Ê� S,aQi4¥X�Qxee Ê� 1 Qxe
in Ö , obtainedby applying é to thestructuralisomorphismsin ; , arenaturalin ee�5Ö . �

Note that it is not necessaryto verify the coherencediagramsin Ö , as theseareobtainedby
applying é to thecoherencediagramsin ; .

13.3 Staggered Categories

Wenow wishtogiveacategoricalsemanticsfor thewholeof CBPVin thespirit of value/producer
structures.But theproblemis thatwecannotform acategoryof computationsaswedid for pro-
ducers.Writing ë¥S, � 4 X for the setof equivalenceclassesof computations��W:�R : 4 , it is
clearthat ë is nota category. Rather, it is a staggeredcategory:

Definition 101 A staggeredcategory ë consistsofP aclassof sourceobjectsÒ�� � ��ì � ���
ë ;



204 Chapter13. ModelsIn TheStyleOf Power-RobinsonP a classof target objects� Ó���� � �����Rë , whoseelementswe underline;P a source-to-target function µ : Ò�� � ��ì � ���Rë * � Ó���� � �����Rë ;P for eachU��Ò�� � �\ì � ���
ë and 4 �h� Ó���� � �����
ë a set ë¥S� � 4 X of morphismsfrom  to 4 ;P for eachU��Ò�� � �\ì � ���
ë , anidentitymorphism £ � � \©µ© ;P for each � \jµÉ4 and 4 � \ = , acompositemorphism � ; � \ = ,
whichwe sometimeswrite as � è 4 � \ =

satisfyingidentityandassociativity laws£ � ; � � �� ; £ � � �S�� ; �
X ; � � � ; S\� ; � X �
Definition 102 Let ë beastaggeredcategory. We write ë/í for theordinarycategorygivenby���Rë/í � Ò�� � ��ì � ���
ëë í S, � 4hX � ë¥S, � µ©4hX
with theevidentcomposition.

�
With thisconstructionëîí in mind,weoftenwrite  � è 4 to saythat � isa ë -morphism
from  to µ©4 . Thisagreeswith thenotationfor compositionin Def. 101.

If ë is the staggeredcategory of computationsobtainedfrom the term modelasdescribed
above, then ë/í is theproducercategory Ö describedin Sect.13.1.

Givena ë -morphism � \©µj c , wewrite ë¥S�� � 4 X for themorphismfrom ë¥S, c � 4 X
to ë¥S, � 4 X that takes � to � ; � . Thusevery targetobject 4 in a staggeredcategory ë induces
a functor m�� � ë¥S�� � 4 X from ë ��í to Set. This enablesus to adaptthe notion of “representable
functor” to staggeredcategories,asfollows.

Definition 103 (cf. Def. 61(contravariant,isomorphismstyle)) Let ë be a staggeredcategory,
andlet � bea functor from ë ��í to Set. A representationfor � in ë consistsof a targetobject� (thevertex) togetherwith anisomorphism

��� Ê� ë¥S�� � � X naturalin � �5ë ��í �
Unlike for ordinarycategories,thereis nocorrespondingelement-styledefinition.
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13.4 Models For The Whole Of CBPV

Definition 104 A CBPVvalue/producermodelconsistsofP acountablydistributivecategory ; ;P astaggeredcategory ë suchthat Ò�� � ��ì � ���
ëa����� ; ;P avalue/producerstructureS�é � QtX from ; to ë í .P for eachcomputationobject 4 , a representationof thefunctor m Γ � ë¥S�é Γ � 4 X , whosevertex
we call ´¶4 —explicitly, this is anisomorphism

ë¥S�é Γ � 4 X Ê� ; S Γ � ´¶4 X naturalin Γ � ; �� (13.1)P for eachcountablefamily of computationobjects
� 4 - � -f_0` , a representationin ë of the

functor m Γ �∏ -f_g` ë¥S Γ � 4 - X , whosevertex we call ∏ -f_g` 4 - —explicitly, this is an isomor-
phism

∏ -f_g` ë¥S Γ � 4 - X Ê� ë¥S Γ � ∏ -f_g` 4 - X naturalin Γ ��ë ��í (13.2)P for eachvalueobject  andcomputationobject 4 , a representationin ë of the functorm Γ � ë¥S Γ Qb � 4 X , whosevertex we call  * 4 —explicitly, this is anisomorphism

ë¥S Γ Qb � 4 X Ê� ë¥S Γ �  * 4 X naturalin Γ �5ë ��í (13.3)�
Given a CBPV value/producermodel S ;9� ë � é ������� X , we caninterpretCBPV. In particular, a

computationΓ ��:�R : 4 denotesamorphismfrom $ $Γ 1 1 to $ $Ì4 1 1 in ë . Thebasicconstructs(those
with analoguesin thevalue/producerfragment)areinterpretedasfollows.P GivenΓ ����� :  , thecomputationv(w)?zx@yW>z<¶� denotes$ $Γ 1 1 éÍ$ $¼� 1 1 \©µl$ $  1 1 .P GivenΓ �©R : µj andΓ � + : ¡�©7 : 4 , thecomputationR =
? + � 7 denotesthecomposite$ $ Γ 1 1 é�S £ � � £ � Xè $ $Γ 1 1 Q½$ $Γ 1 1 $ $Γ 1 1 Q½$ $ÌR 1 1è $ $ Γ 1 1 Q½$ $  1 1 $ $ 7 1 1 \�$ $ 4 1 1

usingthefactthat $ $Ì7 1 1 is a ë/í -morphismfrom $ $Γ 1 1 to $ $  1 1 .P Given Γ � � :  and Γ � + : Ñ�W:8R : 4 , the computation;(<z= + ÕF<]� � R denotesthe
composite $ $Γ 1 1 éÇS £ � Γ � $ $¼� 1 1 Xè $ $ Γ 1 1 Q½$ $  1 1 $ $ÌR 1 1 \�$ $Ì4 1 1

To interprettheconstructsfor ´ , we recall from Def. 104 that ´j4 is thevertex of a repre-
sentationfor m Γ � ë¥S�é Γ � 4 X . As we saw in Sect.10.3,this representationcanbeexpressedin two
ways:

isomorphism style asanisomorphism(13.1),whichwewrite as

ë¥S�é Γ � 4 X �WC ��� � Γ
¹ HÊ� \ ; S Γ � ´¶4 X naturalin Γ naturalin Γ



206 Chapter13. ModelsIn TheStyleOf Power-Robinson

elementstyle asa terminalobject ´¶4 ãf� ��ì � H \É4 in thecategorywhereP anobjectis apair S�� � �6X where� � \É4 in ë ;P a morphismfrom S�� � �6X to S �t� �
X is a ; -morphism� � \ � suchthat

� 4I
L

�
é � ê N Q

We seefrom Prop.93(contravariant)that the two formsof the representationarerelatedasfol-
lows:P ãf� ��ì � H is obtainedby applying �WC ��� � ! 1ï H ¹ H to theidentityon ´¶4 in ; .P �WC ��� � ! 1

Γ H takesΓ
� \h´¶4 to S�é��6X ; ãf� ��ì � H .

We interprettheconstructsfor ´¶4 asfollows:P If Γ � : R : 4 then =�D�y�� 3 R denotes$ $Γ 1 1 �7C �@� �8R \i´¥$ $Ì4 1 1 .P If Γ � � � : ´¶4 then {(?zwF>@<¶� denotesthecomposite$ $Γ 1 1 éÍ$ $¼� 1 1è $ $'´¶4 1 1 ã2� ��ì �yð ð H ñ ñ\�$ $ 4 1 1
It may seemmorestraightforward to ignorethe element-styledescriptionof the representation
andsimplysaythat {B?zwF>@<¢� denotes�WC �@� � ! 1 $ $¼� 1 1 . This is perfectlyvalid, but theadvantagesof
using ãf� ��ì � H becomeevidentin Sect.15.4.2.

To interprettheconstructsfor  * 4 weusetheisomorphism(13.3).P If Γ � + : ë�W:WR : 4 then m + � R denotesthemorphism$ $ Γ 1 1 \�$ $  1 1 * $ $Ì4 1 1 correspond-
ing to $ $ÌR 1 1 along(13.3).P If Γ �F�t� :  andΓ � : R :  * 4 then � ‘ R denotesthecomposite$ $ Γ 1 1 é�S £ � � $ $¼� 1 1 Xè $ $Γ 1 1 Q½$ $  1 1 � \l$ $Ì4 1 1
where � correspondsto $ $ÌR 1 1 along(13.3).

Theisomorphismsin Def. 104for ´ � * � ∏ correspondto thereversiblederivationsfor these
typeconstructors.Thenaturalityof (13.1)in Γ correspondsto thefactthatthereversiblederiva-
tion for ´ preservessubstitutionin Γ. Thenaturalityof (13.2)and(13.3)in Γ �&ë ��í corresponds
to thefact that thereversiblederivationsfor ∏ and * preserve with sequencingin Γ aswell as
substitution.

Proposition126 All theCBPV equationsarevalidatedin avalue/producermodel.
�

Theproof is straightforward,usinga substitutionlemma.
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13.5 Examplesof Value/Producer Models

It is easyto seethateachof themodelssummarizedin Fig. 6.3arevalue/producermodels.
In thesetmodels,asourceobjectof ë is aset.Therestof ë is givenasfollows:

effect a targetobjectis amorphismfrom  to 4 is FA
printing an j -set a functionfrom  to 4 free j -seton 
globalstore a set a functionfrom ª Qb to 4 ª Qi
globalstore+ printing an j -set a functionfrom ª Qb to 4 µ�S/ª�Qb¶X
control a set a functionfrom eQi4 to � � Ò  * � � Ò
control+ printing a set a functionfrom eQi4 to � � Ò ´hS, * � � Ò X
erraticchoice a set a relationfrom  to 4 
errors an © -set a functionfrom  to 4 free © -seton 

In the cpo models,a sourceobject of ë is a cpo. The rest of ë is given as follows:
effect targ. obj. amorphismfrom  to 4 is FA
divergence acppo acontinuousfunctionfrom  to 4 lift of 
divergence+ printing an j -cpo acontinuousfunctionfrom $ $Γ 1 1 to $ $ 4 1 1 free j -seton 

13.6 Soundnessw.r.t. Big-StepSemantics

It is a curiousfactthateachof our theoremsstatingthesoundnessandadequacy of denotational
semanticsw.r.t. big-stepsemanticsis aninstanceof thefollowing assertion:thediagramin ë

ò H ó èõô H
$ $ 4 1 1ö ÷ ÷-øù ùú ú-ûü ü ý commutesfor every computationtype 4 .

This mayseemsurreal,but if we look at examples,it becomesclear. (Note thatwe cannot
usecontrolasanexample,becausethereis nobig-stepsemanticsfor it.)

For afirst example,considerdivergence.P ó
is a functionfrom

ò H to thelift of
ô H , soit is an ë -morphismfrom

ò H to µ ô H .P $ $ & 1 1 is a function,andhencean ë -morphism,from ë -morphismfrom
ò H to $ $ 4 1 1 . Simi-

larly from
ô H .P Thediagramsaysthatfor any R � ò H ,

– if R diverges,then $ $ R 1 1 �aû ;

– if R ó � , then $ $ R 1 1 �#$ $ � 1 1 .
This is preciselyProp.29.

For anotherexample,considerglobalstore.P ó
is a functionfrom ª�Q ò H to ª Q ô H , soit is an ë -morphismfrom

ò H to µ ô H .P $ $ & 1 1 is a functionfrom ª]Q ò H to $ $Ì4 1 1 , soit is an ë -morphismfrom
ò H to $ $Ì4 1 1 . Similarly

from
ô H .P Thediagramsaysthatfor any S ��� R X��lª Q ò H , if ��� R ó � c � � , then $ $ R 1 1 � �Ñ$ $ � 1 1 � c . This

is preciselyProp.36.
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13.7 TechnicalMaterial

Thetechnicalresultsin thissectionwill beneededfor Chap.15. Supposewehaveavalue/producer
model S ;� ë ������� X .
Lemma 127 1. Let 4 and = becomputationobjects.Supposewe haveamorphism

ë¥S Γ � 4 X � Γ \lë¥S Γ �%= X naturalin Γ �5ë ��í
Thenthediagram ´jµi´¶4 ãf� ��ì � í ï H è ´j4

´j4é%�7C �@� �¶S�ãf� ��ì � í ï H ; ã2� ��ì � H X ê
� ï H ãf� �\ì � H \ = � ï H ã2� ��ì

� H
M

commutes.

2. Let 4 and = be computationobjects,and let  be a valueobject. Supposewe have a
morphism

ë¥S Γ � 4 X � Γ\xë¥S Γ Qi �%= X naturalin Γ ��ë ��í
Thenthediagram ´jµi´¶4 Qb ã2� ��ì � í ï H Qi è ´j4 Qb

´j4 QbéJ�WC ��� �¢S�ãf� ��ì � í ï H ; ã2� ��ì � H X�Qi ê
� ï H ãf� ��ì � H \ = � ï H ãf� �\ì

� H
M

commutes.

�
Proof To prove (2), weshow thatbothcompositesareequalto � ï í ï H Sfãf� ��ì � í ï H ; ãf� ��ì � H X . For
thetop-then-rightcomposite,we applythecommutativediagram

ë¥S�´j4 � 4 X � ï H \lë¥S�´¶4 Qb ��= X
ë¥S�´¶µi´j4 � 4 Xë¥Sfãf� �\ì � í ï H � 4 X M � ï í ï H \lë¥S�´¶µi´j4 Qb ��= Xë¥S�ãf� ��ì � í ï H Qb ��= XM

to ãf� �\ì � H in the top left corner. For the left-then-bottomcomposite,we apply thecommutative
diagram

ë¥S�´¶4 � 4 X � ï H \lë¥S�´j4 Qb ��= X
ë¥S�´¶µi´j4 � 4 Xë¥S�é%�7C �@� �¢S�ã2� ��ì � í ï H ; ãf� �\ì � H X � 4 X M � ï í ï H\xë¥S�´jµi´¶4 Qb �%= Xë¥S�éJ�WC ��� �¢Sfãf� ��ì � í ï H ; ãf� ��ì � H X�Qb ��= XM

to ã2� ��ì � H in thetopleft corner, andusethefactthat S�éJ�WC �@� �6�CX ; ãf� �\ì ��þ �~� for any � � \ � .
Theproof of (1) is similar.

�
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Chapter 14

Adjunction Models For CBPV

14.1 Intr oduction

We have seenthatMoggi’s typeconstructor� decomposesinto ´¶µ in CBPV. This promptsthe
question:surelyit is thedecompositionof amonadinto anadjunction?In thischapterweanswer
this by describinga categoricalstructurecalledCBPVadjunctionmodel. It is themostelegant,
andarguably the most important,of the variouscategorical structuresin Fig. 11.1, andevery
concreteCBPVmodelwe havestudiedis aninstanceof it.

We first discussinformally the key ideaof obliquemorphismin an adjunction. This dis-
cussionforeshadows many of the formal definitionslater in thechapter. We thendefinestrong
adjunctionfrom acartesiancategory ; to a locally ; -indexedcategory _ , andusethis to define
CBPVadjunctionmodel.Weseehow to interpretCBPVin suchamodelandhow all themodels
wehave lookedat areinstancesof thisnotion.

In Sect.14.6,we survey the variousdefinitionsof adjunction,with the aim of proving, in
Sect.14.6.4,thatstrongadjunctionsfrom ; to _ areequivalentto adjunctionsfrom Ò ��¤ ã ; to _ .

We look at CBV andCBN in Sect.14.7,andconcludewith a treatmentof staggeredadjunc-
tion models—arelatedbut muchlesselegantstructure—andsometechnicalmaterial.

14.2 Oblique Mor phisms

Thekey ideaonwhichadjunctionmodelsarebasedis obliquemorphismin anadjunction.In this
section,wewill explainobliquemorphismsin aninformalwayonly. Theformalaccountwill be
givenin Sect.14.3.1andSect.14.6.

14.2.1 Ordinary Categories

Beforeconsideringlocally indexedcategories,we will startby explainingobliquemorphismsin
thesettingof ordinarycategories.

Supposewe have an adjunctionbetweencategories � and _ (we underlinethe objectsof_ ). Adjunction canbe definedin many ways—wewill give a list of equivalentdefinitionsin
Sect.14.6.2—but for thesake of familiarity we will saythatwe have functors ´ : _ &�* � andµ : � &�* _ andanisomorphism

�ÉS�� � ´ � X Ê� _ S,µS� ��� X naturalin � and � .

For � �l���]� and � �����]_ , we saythatanobliquemorphismfrom � to � is a � -morphism
from � to ´ � , or, equivalently, a _ -morphismfrom µR� to � . Althoughanobliquemorphism
canbe thoughtof asa � -morphismor asa _ -morphism,we tendto think of it asneitherof
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these,but ratherasa morphismthat goesacrossfrom an object in � to an object in _ . For
if � is an obliquemorphismfrom � to � , thenwe canpre-compose� with any � -morphism

� c � \R� andwe canpost-compose� with any _ -morphism� � \ � c . Conse-
quently, if we write ÿjS�� ��� X for thesetof obliquemorphismsfrom � to � —we call this setan
“obliquehomset”—thenÿ is a functorfrom � �� Q�_ to Set.

This structure,very roughlyspeaking(thepreciseaccountis givenin Sect.14.3.2),givesus
amodelfor CBPV:P a valueΓ ����� :  denotesa � -morphismfrom $ $Γ 1 1 to $ $  1 1P a computationΓ �W:�R : 4 denotesanobliquemorphismfrom $ $ Γ 1 1 to $ $Ì4 1 1 .

So importantare theseobliquemorphismsto our useof adjunctionsthat we aregoing to
usea definition of adjunctionthat emphasizesthem. To seewhy this is valuable,considerthe
continuationmodelusingsets(Sect.6.4.4).Wefirst fix aset � � Ò and,for any set � , wewrite M �
for � * � � Ò . Thecontinuationmodelis basedon theadjunctionwhere �ë� Setand _Ñ� Set�� :

SetS�� � M � X Ê� SetS �«� M1�¡X (14.1)

Now anobliquemorphismfrom � to � canbedescribedasa � -morphism,afunctionfrom � toM � . Or it canbedescribedasa _ -morphism,a functionfrom � to M � . But it is surelysimplest
to describeit asa functionfrom � Q � to � � Ò . Moreover, this agreeswith our semanticsof � :
in Sect.6.4.4: a computationΓ ��:NR : 4 denotesa function from $ $Γ 1 1 Q $ $ 4 1 1 to � � Ò . We want
to have thefreedom,whenweconstructtheaboveadjunction,to describetheobliquehomsetsin
thisway.

We will thusrequirean adjunctionto provide not oneisomorphism,asabove, but two iso-
morphisms:

�ÉS�� � ´ � X Ê� ÿjS�� ��� X naturalin �ÿjS�� ��� X Ê� _ S/µR� ��� X naturalin �
Here ´ and µ arespecifiedon objectsonly. By parametrizedrepresentability(Prop.95), there
is a uniqueway of extending ´ and µ to functorssoasto make theseisomorphismsnaturalin
both � and � , but wewill havenoneedto do this.

In thecaseof thecontinuationmodel,thesetwo isomorphismsare

SetS�� � M � X Ê� SetS�� Q �t�/� � ÒÇX
SetS�� Q �t�/� � ÒÇX Ê� SetS �t� M �¡X

This is a naturalway to decompose(14.1).

14.2.2 Locally Indexed Categories

Moving to the locally ; -indexed setting,suppose� and _ are locally ; -indexed categories
andwe aredescribingan adjunctionbetweenthem. We cannow speakof obliquemorphisms
from � �½���l� to � �ü���x_ over Γ �ü��� ; . Thesecanbepre-composed,post-composedand
reindexed,so,if we write ÿ Γ S�� ��� X for thesetof obliquemorphismsfrom � to � over Γ, thenÿ is a functorfrom �)�YB � ���7CBS�� �� Q�_�X to Set. Thetwo isomorphismslook like this:

� Γ S�� � ´ � X Ê� ÿ Γ S�� ��� X naturalin Γ and �ÿ Γ S�� ��� X Ê� _ Γ S,µR� ��� X naturalin Γ and �
For the purposesof CBPV, we shall be concernedwith an extremely specialcaseof this

situation: ; is cartesianand � is Ò ��¤ ã ; , so ; and � have thesameobjects.We canexploit this
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to simplify our terminology. Insteadof sayingthat � is anobliquemorphismfrom � to � over
Γ, we cansay, by combiningΓ and � , that � is anobliquemorphismover Γ Ql� to � . Thus,
obliquemorphismsdonot requireasourceobject—wecanreferto obliquemorphismsoverΓ to� .

If � isanobliquemorphismoverΓ to � , wecanreindex � byany ; -morphismΓ c f \ Γ

andpost-compose� with any _ -morphism� �
Γ

\ � c . Consequently, if wewrite ÿ Γ � for

thesetof obliquemorphismsover Γ to � —andwe again call this an“obliquehomset”—thenÿ
is a functorfrom �)�YB � ���7CR_ to Set.

14.3 Defining The Structure

14.3.1 Strong Adjunctions

Ournotionof adjunctionmodelisbasedonthefollowingdefinition.Asweexplainedin Sect.14.2,
it looksquitedifferentfrom theusualdefinitionsof adjunctionbecauseboth ´ (theright adjoint)
and µ (theleft adjoint)aregivenonobjectsonly.

Definition 105 Let ; beacartesiancategoryandlet _ bealocally ; -indexedcategory. A strong
adjunctionfrom ; to _ consistsofP a functor ÿ from �)�YB � ���7Cx_ to Set—we call anelement���ªÿ Γ � anobliquemorphism

over Γ to � andwewrite \ �
Γ

\ �P for each4 �����S_ , a representationfor thefunctor m Γ � ÿ Γ 4 , whosevertex we call ´j4 —
explicitly, this is anisomorphism

; S Γ � ´¶4 X Ê� ÿ Γ 4 naturalin Γ (14.2)P for each  � ��� ; , an  -representationfor the functor ÿ , whosevertex we call µj —
explicitly, this is anisomorphism

ÿ Γ
» � ^ gΓ ¹ � � Ê� _ Γ S,µj ��� X naturalin Γ and � (14.3)�

Thefunctorialityof ÿ givesusreindexing andcompositionfor obliquemorphisms.P For eachobliquemorphism \ �
Γ

\ � and ; -morphism∆
f \ Γ, we define

thereindexedobliquemorphism \ f�g �
∆

\ � to be S�ÿ6r � X�� .P For eachobliquemorphism \ �
Γ

\ � and _ -morphism� �
Γ

\ � c , wedefine

thecompositeobliquemorphism \ � ; �
Γ

\ � c to be S%ÿ Γ � X�� .

Theseoperationssatisfyidentity, associativity andreindexing laws:

� ; £ � � �� ; S � ; � c X � S�� ; � X ; � c£ � g � � �S f c ; f X g � � f c g S f g �
Xf g S�� ; � X � S f g �
X ; S f g � X
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where� is anobliquemorphism.Conversely, theseoperationsandequationsgiveusa functor ÿ
from �)�YB � ���7CR_ to Set.

We will show (Prop.133) that a strongadjunctionfrom ; to _ is preciselyan adjunction
from Ò ��¤ ã ; to _ . This canbeaddedto our list of similar results:P a distributivecoproductin ; is preciselyacoproductin Ò ��¤ ã ; (Prop.113(1));P a strongmonadon ; is preciselyamonadon Ò ��¤ ã ; (Prop.118)

for a cartesiancategory ; . A consequenceof theseresultsis that a strongadjunctionfrom ;
givesriseto astrongmonadon ; .

14.3.2 Adjunction Models and CBPV

Def. 105allowsusto make thekey definitionof thechapter.

Definition 106 A CBPVadjunctionmodelconsistsofP a countablydistributivecategory ; ;P a countablyclosed,locally ; -indexedcategory _ ;P a strongadjunction S%ÿ � ´ � µ ������� X from ; to _ . �
Wewill seeexamplesof this structurein Sect.14.4.

Givenanadjunctionmodel S ;9� _ � ÿ ������� X , wecaninterpretCBPV. Thesemanticsis organized
asfollows:P a valueΓ � � � :  denotesa ; -morphismfrom $ $Γ 1 1 to $ $  1 1 ;P a computationΓ � : R : 4 denotesanobliquemorphismover $ $ Γ 1 1 to $ $Ì4 1 1 .
(We will explain this in detail in Sect.14.5.) Notice that no term of CBPV denotesa _ -
morphism—whereasthereare 3 kinds of morphismin an adjunctionmodel, thereareonly 2
judgementsin CBPV. To seehow we canthink of the _ -morphismsfrom a CBPV perspective,
defineahomomorphiccontext from  to 4 over Γ to beacontext of theform

; $ 1 �am & * + � S�S & * � ‘ $ 1 XC=)? + � R÷X
where  is thetypeof thehole, 4 is thetypeof thewholeexpressionandall thefreeidentifiers
appearin Γ. (Theoperands& * + and & * � canincludebothvaluesandtags.)It is easyto seethatthe
operationR �* ; $ÌR 1 preservesall effectsandsequencing.For example,theequations

; $ v(wWà)�B= · ; 7 1 � v(wWà��(= · ; ; $Ì7 1; $ x�à0á)<zw�G)< 1 � xFàLá)<�w(G
<
; $ R =)? + � 7 1 � R =)? + �D; $ 7 1

areprovable.
Given an adjunctionmodel, a homomorphiccontext ; $ 1 will denotea _ -morphismfrom$ $  1 1 to $ $Ì4 1 1 over $ $Γ 1 1 . In the Scottmodel, for example, ; $ 1 will denotea continuousfunction$ $Γ 1 1 QI$ $  1 1 � \l$ $Ì4 1 1 whichis strict in thesensethat �^S�¶ � û©X��Yû for all ¶j�I$ $Γ 1 1 . Thissuggests

thatwe addto CBPV a judgement

Γ æ  � ���
: 4
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meaningthat
�

is a homomorphiccontext from  to 4 over Γ. Theattractionof addingsucha
judgementis thatwewouldat lastobtaina reversiblederivationfor µ :

Γ � Ô� : 4�W�
�)�)�
�)���
Γ æ µj � � 4

Wecanthenseethattheisomorphism(14.3)correspondsto this reversiblederivation,justasthe
isomorphism(14.2)correspondsto thereversiblederivationfor ´ :

Γ � : 4�/�)�
�)�
�/�
Γ � � ´j4

However, we cannotseethat thesehomomorphiccontexts have any specialoperationalsig-
nificance,andsowe cannotjustify addingthis judgementto CBPV, even thoughthemodelsof
theaugmentedtheoryareindeedequivalentto adjunctionmodels.

Sincewe will not augmentthe CBPV theory, if we want an equivalencetheoremwe have
no choicebut to remove someof the structureof adjunctionmodels. The resultingmutilated
structureis staggeredadjunctionmodel, discussedin Sect.14.8.

14.4 Examplesof Adjunction Models

14.4.1 Tri vial Models

It is clearthatacountablybicartesianclosedcategory ; givesaCBPVadjunctionmodel:weset_ to be Ò ��¤ ã ; andweset ÿ Γ 4 to be ; S Γ � 4¥X . ´ and µ arebothidentity (onobjects).
It is worth comparingadjunctionmodelsto countablybicartesianclosedcategories. In the

former, the requirementof finite productsandcountabledistributive coproductsis imposedon; , while therequirementof countableproductsandexponentsis imposedon _ . In thelatter, all
theserequirementsareimposedon thesamecategory. Thustheconsequenceof addingcompu-
tationaleffectsis to separateout theserequirementsinto two categoriesrelatedby anadjunction.

14.4.2 Eilenberg-Moore Models

If S ;� � ������� X is anunrestrictedalgebramodelthenwe obtainanadjunctionmodel S ;9� _ � ÿ ������� X
by setting _ to be the Eilenberg-Moore category: anobjectis a � -algebraanda _ -morphism
from  to 4 overΓ is a � -algebrahomomorphismin thesenseof Def.95. An obliquemorphism
from Γ to S �«��± X is a ; -morphismfrom Γ to � . It is easyto checkall therequiredstructurefor
anadjunctionmodel.

As we saw in Chap.12, themodelsfor printing,divergence,errorsandprinting+divergence
areall instancesof this. For example,in theScottmodel,a _ -morphismfrom  to 4 over Γ is
astrict continuousfunction,asdefinedin Def. 12.

More generally, given a restrictedalgebramodel S ;� � � � ø�4 � H _ÑÔ ������� X , we let an objectof_ beanalgebraindex (i.e. elementof 8 ) anda morphismfrom  to 4 over Γ bea � -algebra
homomorphismfrom ø@ to ø�4 over Γ. An obliquemorphismfrom Γ to 4 is definedto be a; -morphismfrom Γ to thecarrierof ø�4 . We describetheconstructionin detail in Sect.15.5.1.

14.4.3 Global Store

Supposewe have a CBPV adjunctionmodel S ;9� _ � ÿ ������� X anda valueobject ª � ��� ; . We
constructa new CBPV adjunctionmodel S ;9� _ � ÿ c ������� X wherewe set ÿ cΓ � to be ÿ ® » Γ � . The
new right adjointis ´dc���´hSKª * & X , with theisomorphism

ÿ ® » Γ 4 Ê� ; S Γ � ´hSKª * 4 X�X naturalin Γ
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Thenew left adjointis µ¶c��aµ�S/ª�Q & X , with theisomorphism

ÿ ® » | Γ » �LÏ ^ c g® ¹ Γ » � ^ gΓ ¹ � � Ê� _ Γ S/µ�SKª QbjX ��� X naturalin Γ and �
Theglobalstoremodelof Sect.6.3.2is obtainedby applyingthis constructionto thetrivial

adjunctionmodelgivenby Set. Theglobalstore+ printing modelof Sect.6.3.3is obtainedby
applyingthisconstructionto theprintingadjunctionmodeldescribedin Sect.14.4.2.

14.4.4 Cell Generation

For any countableposet� we candefinea constructionon adjunctionmodels,generalizingthe
global storeconstructionin Sect.14.4.3(for the global storeconstruction,� is the singleton
poset).

SupposewehaveaCBPVadjunctionmodel S ;9� _ � ÿ ������� X , andavalueobject ª^ôe�i��� ; for
eachôU������� . Weconstructa new CBPV adjunctionmodel S ; c � _ c � ÿ c ������� X :P Thevaluecategory ; c is $�� �µ; 1 . Clearly ; c is countablydistributive,by settingS,eQb c X�ô �  ôeQi c ôS ∑ -f_g`  - X�ô � ∑ -f_g`  - ôP A _hc -objectis acontravariantfunctorfrom � to _ 1.P A _ c -morphism� from  to 4 over Γ provides,for eachô , a _ -morphism�Fô from  ô

to 4 ô over Γ w, in suchaway thatif ô	� � then ô �Fô \É4 ô
 �SKX g  
 �
�

Γ 
 � \É4 �SKX g 4 
 �
�

commutes.

P Clearly _ c is countablyclosed,by settingS ∏ -f_g` 4 - X�ô � ∏ -f_g` 4 - ôS� * 4 X�ô � $ $  1 1 ô * $ $Ì4 1 1 ôP An ÿ c -obliquemorphismover Γ to 4 provides,for eachô , an ÿ -obliquemorphismoverª�ôeQ Γ ô to 4 ô .P Right andleft adjointsaregivenbyS�´j4 X�ô � ´ ∏ 
����
 S/ª^ôdc * 4 ôdcTXS,µjjX�ô � µ ∑ 
  ��
 SKª^ô c Qbdô c X
Theremainingdetailsarestraightforward.

The model for cell generationin Chap.7 is obtainedby applying this constructionto the
trivial adjunctionmodelgiven by Set. The cell generation+ printing modelof Sect.7.8.2 is
obtainedby applyingthisconstructionto theprintingadjunctionmodeldescribedin Sect.14.4.2.
Similarly, thecell generation+ divergenceof Sect.7.8.3is obtainedby applyingthisconstruction
to theScottadjunctionmodeldescribedin Sect.14.4.2.
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14.4.5 Control

In Sect.8.8we explainedhow to obtaina non-returnmodelfrom any kind of CBPV model(e.g.
avalue/producermodel)with achosencomputationobject � � Ò .

Now supposewe have a non-returnmodel S ;9� w ������� X . We constructfrom this an adjunc-
tion model S ;9� _ � ÿ ������� X , as follows. Recallingthe oppositeof a locally ; -indexed category
(Def. 78), we set _ to be SfÒ ��¤ ã ; X �� . Because; is countablydistributive, _ mustbecountably
closed,usingProp.113. We set ÿ Γ 4 to be w¥S Γ Q¥4¥X . Thenthe right adjoint ´ is M , with the
isomorphism

ÿ Γ 4 Ê� ; S Γ � MN4hX naturalin Γ � ; ��
andtheleft adjoint µ is M too,with theisomorphism

ÿ Γ
» ��^ gΓ ¹ � � Ê� S�Ò ��¤ ã ; X���Γ S/M� ��� X naturalin Γ � ; �� and � � SfÒ ��¤ ã ; X ��Γ

Puttingtheseconstructionstogether, wecanobtainanadjunctionmodelfrom aCBPVmodel
with a chosencomputationobject � � Ò . The model for control in Sect.6.4.4 is obtainedby
applying this compositeconstructionto the trivial CBPV model built from Set, with chosen
set � � Ò . Similarly, the model for control+printingin Sect.6.4.5 is obtainedby applying this
compositeconstructionto theCBPVprintingmodelwith chosenj -set � � Ò .
14.4.6 Erratic Choice

TheCBPVerraticchoicemodelin Sect.6.5.2is anadjunctionmodelfrom Setto Rel, whereRel
is thelocally Set-indexedcategory in which anobjectis a setanda morphismfrom  to 4 over
Γ is a relationfrom Γ Qi to 4 , with theevident identities,compositionandreindexing. Rel is
countablyclosedbecauseof theisomorphisms

∏ -f_g` RelΓ S�� � 4 - X Ê� RelΓ S�� � ∑ -f_g` 4 - X naturalin Γ and �
RelΓ » �	S�^ gΓ ¹ � � � 4hX Ê� RelΓ S�� � aQi4¥X naturalin Γ and �

An obliquemorphismfrom Γ to � is a relationfrom Γ to � , with theevidentcompositionand
reindexing operations.Theright adjoint( ´ ) is � , with isomorphism

ÿ Γ 4 Ê� SetS Γ � �É4hX naturalin Γ

Theleft adjoint( µ ) onobjectsis identity, with isomorphism

ÿ Γ
» ��^ gΓ ¹ � � Ê� RelΓ S� ��� X naturalin Γ and �

We commentthat this adjunctionis actually the Kleisli adjunctionfor the strongmonad� on
Set.

14.4.7 Pointer GameModel: The Families Construction

The pointergamemodelfor CBPV given in Sect.9.2 is an adjunctionmodelobtainedusinga
constructioncalledfamilies, basedon [AM98a]. Westartfrom thefollowing structure.

Definition 107 A pre-familiesadjunctionmodelconsistsofP acartesiancategory ´;P aclosed,locally ´; -indexedcategory ´_P a functor ´ÿ from �)�YB � ���WC ´_ to Set
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� ~ - � -f_g` , arepresentationfor thefunctor m Γ �∏ -f_g` ´ÿ Γ ~ - ,

whosevertex wecall ´ -f_g` ~ - —explicitly, this is anisomorphism

∏-f_0` ´ÿ Γ ~ - Ê� ´; S Γ � ´ -f_g` ~ - X naturalin ΓP for each countable family of ´; -objects
� ~ - � -f_0` , a representationfor the functorm Γ � �∏ -f_g` ´ÿ Γ

» ����^ gΓ ¹ � � , whosevertex we call µ -f_g` ~ - —explicitly, this is anisomorphism

∏-f_0` ´ÿ Γ
» ��� ^ gΓ ¹ � � Ê� ´_ Γ S/µ -f_g` ~ - ��� X naturalin Γ and � �

Definition 108(families construction) Let S ´;� ´_ � ´ÿ ������� X be a pre-familiesadjunctionmodel.
Weobtainanadjunctionmodel S ;9� _ � ÿ ������� X asfollows.P A ; -objectis acountablefamily of ´; -objects.P The ; homsetfrom

� ~ - � -f_g` to
� ª · � ·%_L¸ is the set∏ -f_g` ∑·%_�¸ ´; S/~ - � ª · X with the evident

identitiesandcomposition.P Thus ; is a countablydistributivecategory, with� ~ - � -2_0` Q � ª · � ·%_L¸ givenby
� ~ - Qhª · � | -f¹ · Ï _g`0»z¸

∑ -f_g` � ~ -¦· � ·%_L¸ � givenby
� ~ -¦· � | -2¹ · Ï _ ∑ -f_g`Lº -P A _ -objectis acountablefamily of ´_ -objects.P The _ homsetover

�
Γ - � -f_g` from

� ~ · � ·%_L¸ to
� ª r � r _�� is theset∏ -f_g` ∏ r _�� ∑·%_L¸ ´_ Γ � S/~ · � ª r X

with theevidentidentities,compositionandreindexing.P Thus _ is a countablyclosedcategory, with� ~ - � -f_g` * � ª · � ·%_L¸ givenby
� ~ - * ª · � | -f¹ · Ï _g`0»@¸

∏ -f_g` � ~ -¦· � ·%_L¸ � givenby
� ~ -¦· � | -f¹ · Ï _ ∑ -f_0`0º -

The ÿ homsetover
�
Γ - � -f_g` to

� ~ · � ·%_L¸ is theset∏ -2_0` ∏·%_�¸ ´ÿ Γ �/~ · with theevident reindexing
andcomposition.

This givesanadjunctionmodel,with´ � ~ - � -f_g` givenby thesingletonfamily
� ´ -f_g` ~ - �µ � ~ - � -f_g` givenby thesingletonfamily
� µ -2_0` ~ - � �

To giveagameexampleof this,wewill needyetanotherkind of pointergame.Supposethat
Γ, ~ and ª arearenas.The } -first gameover Γ § from ~ ¨ to ª § is thegamewhoserulesareas
follows:P PlayalternatesbetweenPlayerandOpponent.Opponentmovesfirst.P In eachmove,eitheratokenof Γ (acontext token), a tokenof ~ (asourcetoken) or atoken

of ª (a target token) is passed.
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– passinga root of Γ or ª , or

– pointingto aprevious } -move u andpassingasuccessorof thetokenpassedin moveu .P Opponentmoves (except in the initial move) by pointing to a previous | -move u and
passingasuccessorof thetokenpassedin move u .

It is alsopermittedfor eitherplayer to diverge insteadof moving, except for the initial move,
which Opponentmustplay. A consequenceof theserulesis thatPlayercanpassonly a | -token
of Γ § , ~ ¨ and ª § , andOpponentcanpassonly an } -token.Wewrite }	Ò�� �2Ó � Γ � S/~ ¨ � ª § X for the
setof strategiesfor the } -first gameover Γ § from ~j¨ to ª«§ . This canbedefinedformally asin
Sect.9.2.4.

Thesestrategiesgiveusthefollowing pre-familiesadjunctionmodel,from whichwe obtain,
by the families construction,the pointer gamemodel for CBPV describedin Sect.9.2. We
describethehomsetshere:theoperationson strategiessuchascomposition,reindexing etc.are
describedin Sect.B.5.2.P An objectof ´; is anarena.P A ´; -morphismfrom ~ to ª is an } -first strategy from ~É§ to ªN¨ .P ~UQh~ c is givenas ~� É~ c .P An objectof ´_ is anarena.P A ´_ -morphismfrom ~ to ª over Γ is an } -first strategy over Γ § from ~ ¨ to ª § .P ~ * ª is givenas ~� iª .P An ´ÿ -morphismover Γ to ~ (i.e. anelementof ´ÿ Γ ~ ) is a | -first strategy from Γ § to ~ § .P ´ -f_g` ~ - is givenas �g���-f_g` ~ - .P µ -2_0` ~ - is givenas ��� �-f_g` ~ - .
Similar pre-familiesmodelsareobtainedby imposingconstraintsof bracketing,visibility, inno-
cenceetc.

14.5 Inter preting CBPV In An Adjunction Model

Supposewe aregivena CBPV adjunctionmodel S ;� _ � ÿ ������� X . As we saidin Sect.14.3.2,this
givesusasemanticsfor CBPV, organizedasfollows:P avalueΓ � � � :  denotesa ; -morphismfrom $ $Γ 1 1 to $ $  1 1 ;P acomputationΓ �W:�R : 4 denotesanobliquemorphismover $ $ Γ 1 1 to $ $Ì4 1 1 .

To interpretthe constructsfor µ , we recall from Def. 106 that µj is the vertex of an  -
representationfor ÿ . As we saw in Sect.10.6.5,this  -representationcanbeexpressedin two
ways:

isomorphism style asanisomorphism(14.3),whichwewrite as

ÿ Γ
» ��^ gΓ ¹ � � Ò�� � Γ � þÊ� \x_ Γ S/µj ��� X naturalin Γ and �
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elementstyle asanobliquemorphism \ � � � � � \©µj with thefollowing “initiality” property:

for any \ �
Γ Qi \S� thereis aunique µj �

Γ
\S� suchthatthediagramµj

Q ��� � Γ � �
� �"!$# � Q

�
^ gΓ ¹ % �M

L
& L

over Γ ')( commutes.

We seefrom Prop.115(covariant)that the two formsof the ( -representationarerelatedasfol-
lows:

*,+.-0/21 % is obtainedby applying 354 -76 1 to the 8 -morphism 9:( ; 1
1

< 9:( , giving an

obliquemorphismover1 '=( to 9:( , andthenreindexingalongtheisomorphism( > < 1 '?( .

* for a 8 -morphism9:( @
Γ

<BA we have

354 - 6 1
Γ
%�C @?DFEHGJI K

Γ L % +.-0/21 %NM ; EOGPKΓ L % @ M (14.4)

Weuse354 - and +.-0/Q1 to describethesemanticsof 9:( constructs:

* If Γ RTSVU : ( , then WQXZY\[^]�_\`�U denotes < a a U�b b K +c-d/Q1Te e %�f f
a a Γ b b < 9 a a (gb b .

* If Γ R�hPi : 9:( andΓ j7k : (lR�hPm : A , then ionZY=k�p.m denotesthecomposite

< a a iqb b
a a Γ b b < 9 a a (gb b 354 - a a mrb b

a a Γ b b < a a A b b
To interpretthe constructsfor s , we recall from Def. 106 that s A is the vertex of a rep-

resentationfor t Γ pvu Γ
A . As we saw in Sect.10.3, this representationcanbe expressedin two

ways:

isomorphism style asanisomorphism(13.1),whichwe write as

u Γ
A 4 w^xzy^{ Γ L C|D <)} E

Γ j5s A M naturalin Γ

elementstyle asa terminalobject < ~ /Q-d�$� C
s A <BA in thecategorywhere

* anobjectis apair
EH� j�� M where < �� <BA

* a morphismfrom
EH� j�� M to

E7� j7� M is a } -morphism
� @ < �

suchthat � D@ K � .

We seefrom Prop.93(contravariant)that the two formsof the representationarerelatedasfol-
lows:
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* ~ /Q-d�$� C is obtainedby applying 4 w^xzy^{ 6 1� C L C to theidentityon s A in } .

* 4 w^xzy^{ 6 1
Γ
C takesΓ

� < s A to � K ~ /z-��$� C .

We interprettheconstructsfor s A asfollows:* If Γ R�hPi : A then nz�z]��Q��i denotes4 w^xzy^{ a a iqb b .
* If Γ RTSVU : s A then �2Y.X�_\`:U denotesa a U�b b K ~ /Q-d��� e e C f f

It may seemmorestraightforward to ignorethe element-styledescriptionof the representation
andsimply saythat �2Y.X�_\`BU denotes4�wzx^yz{ 6 1 a a U�b b , but theadvantagesof using ~ /Q-d�$� C become
evidentin Sect.15.5.2.

To give thesemanticsof (l� A , we will constructanisomorphism

u Γ �c� A |D u Γ (�� A naturalin Γ (14.5)

correspondingto thereversiblederivation

Γ j�(lR h AD�D�DZD�DZD�DZD�D
Γ R h (�� A

Using(14.5),we interpretthe � constructsasfollows:

* If Γ j"k : (lR h i : A then tZk�p�i denotestheobliquemorphism <
a a Γ b b< a a (�b bQ� a a A b b cor-

respondingto a a iqb b along(14.5).

* If Γ RTS�U : ( andΓ R h i : (�� A then U ‘ i denotes < E ; 1 Γ j a a U�b b M K �
Γ

< a a A b b where� corre-

spondsto a a i�b b along(14.5)

To construct(14.5),wedefineadivisionof Γ (anobjectin acartesiancategory) to bea tripleEH� j � j > M , where
�

and
�

arevalueobjectsand
>

is an isomorphismΓ |D � ' �
. We choosea

divisionof Γ andconstruct(14.5)asthecomposite

u Γ �c� A |D uV��� �c������� A |D 8 � �c� E 9 � j A M

u Γ (l� A |D u � �c� (�� A |D 8 � E 9 � j"(l� A M
|D

(14.6)

Thisconstructionappearsto dependon thechoiceof divisionof Γ, but this is not thecase:

Proposition128 1. For any Γ, thecompositeisomorphism(14.6)is independentof thepar-
ticulardivision Γ |D � ' �

used.

2. Theisomorphism(14.5)is naturalin Γ � }N�H  . ¡
Proof

(1) wedeferto Sect.14.9.3.

(2) follows from (1). As we arefree to chooseany division of Γ, we choosethe division Γ |D
Γ ' 1, andthen(14.6)is acompositeof isomorphismseachof which is naturalin Γ � } �H  .
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¡
To interprettheconstructsfor ∏ ¢O£�¤ A ¢ we provide, for eachvalueobjectΓ, anisomorphism

∏ ¢O£�¤ u Γ
A ¢ |D u Γ∏ ¢O£�¤ A ¢ naturalin Γ (14.7)

correspondingto thereversiblederivation¥¦¥§¥ Γ R h A ¢ ¥¦¥§¥D�D�DZD�DZDZD�DZD�D�D�D
Γ R h ∏ ¢O£�¤ A ¢

(14.7)is constructed,andits naturalityin Γ � } �H  proved,in asimilarwayto (14.5),althoughthe
proofsareeasier.

Proposition129 Theinterpretationof CBPVin aCBPVadjunctionmodelsatisfiesall theequa-
tionsof theCBPVequationaltheory.

¡
Wedefertheproofof this to Sect.14.9.3.

14.6 Adjunctions

14.6.1 Basic Definition

Theaim of this sectionis to explainandprove thefollowing claim thatwe madein Sect.14.3.2,
that a strongadjunctionfrom } to 8 is the sameas an adjunctionfrom 3 �.¨ ~ } to 8 . In the
courseof doing this we will examinenumerousdefinitionsof adjunction,andmake precisethe
discussionin Sect.14.2.

We take asour basicdefinitionof “adjunction” thefollowing. It is widely acceptedbecause,
likeDef. 92, it makessensein any 2-category.

Definition 109 Let © and 8 beeither* bothcategories,or* bothlocally } -indexedcategories,for thesamecategory } .

Thenanadjunctionfrom © to 8 consistsof* two functors

© 9 <ª s 8
( s is calledtheright adjoint, 9 is calledthe left adjoint);

* naturaltransformations1 « < s�9 (theunit) and 9)s ¬ < 1 (thecounit)

satisfyingthe triangle laws

s 9 9 « < 9)s�9

s�9s
« s ®

s ¬
< s

¯ °
± 9

¬ 9®
¯ °

±
¡

Proposition130 An adjunctionfrom © givesriseto a monadon © .
¡

Proof Weset ² D s:9 and ³ D s ¬ 9 . Therequireddiagramsareeasilyverified.
¡
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14.6.2 Adjunction BetweenOrdinary Categories

As we said in Sect.14.3.1,therearemany equivalentdefinitionsof adjunction. In the setting
of ordinarycategories,we make a list in which we collectsomefamiliar definitions(1)–(3)and
somenew definitions(4)–(5).

Definition 110 Let © and 8 becategories.Weunderlineobjectsof 8 .

1. An adjunctionfrom © to 8 consistsof* two functors

© 9 <ª s 8
* anisomorphism

© EO� j§s � M |D 8 E 9 � j � M naturalin
�

and
�

.

2. An adjunctionfrom © to 8 consistsof

* a functor 8 s < ©* for each
� � /Z´ © , a representationfor t � pv© EO� j � M , whosevertex wecall 9 �

.

3. An adjunctionfrom © to 8 consistsof

* a functor © 9 < 8* for each
� � /�´ 8 a representationfor t � pµ8 E 9 � j � M , whosevertex wecall s �

.

4. An adjunctionfrom © to 8 consistsof* two functions

/Z´ © 9 <ª s
/Z´ 8

* for each
� � /Z´ © and

� � /�´ 8 abijection

© EH� j5s � M |D 8 E 9 � j � M
suchthat,for each© -morphism

�¶I � < �
andeach} -morphism

� � < � I
,

thefollowing commutes:

© EH� j5s � M |D 8 E 9 � j � M

© Γ
EH�¶I j§s � M·

¸�¹Jº»Q¼ ½

8 E 9 � j � I M

¾µ¿ZÀ
ÁÃÂ�Ä

±

8 E 9 �¶I j � M
|D

© EO� j§s � I M
|D

8 E 9 �¶I j � I M
¾ ¿ À ÅÁÆÂ�Ä ± |D © EO�¶I j5s � I M· ¸ ¹ º»Q¼ Ç ½
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5. An adjunctionfrom © to 8 consistsof

* a functor u from © �O  'È8 to Set—we call anelement�)�ru EH� j � M anobliquemor-

phismfrom
�

to
�

andwrite
� � < �

* for eachobject
� �É8 , a representationfor t � pµu EH� j � M , whosevertex wecall s �

* for eachobject
� �Ê© , a representationfor t � pvu EO� j � M , whosevertex we call 9 �

.¡
Wecomparethesedefinitionsasfollows.* In Def.110(1)—likein Def.109—both9 and s aregivenonbothobjectsandmorphisms.

Accordingly, theisomorphism

© EH� j5s � M |D 8 E 9 � j � M (14.8)

is requiredto benaturalin both
�

and
�

.

* In Def. 110(2), s is givenon bothobjectsandmorphismsbut 9 is givenonly on objects.
Accordingly, theisomorphism(14.8)is requiredto benaturalin

�
but not in

�
.

* In Def. 110(3), 9 is givenon bothobjectsandmorphismsbut s is givenonly on objects.
Accordingly, theisomorphism(14.8)is requiredto benaturalin

�
but not in

�
.

* in Def. 110(4)—(5),both s and 9 aregivenonly on objects.Accordingly, in Def. 110(4)
theisomorphism(14.8)is not requiredto benaturalin either

�
or

�
, while in Def. 110(5),

it is dividedinto two isomorphisms:

© EH� j5s � M |D u EH� j � M naturalin
�

u EH� j � M |D 8 E 9 � j � M naturalin
�

It is clearthatDef. 110(5)is mostsimilar to our notionof strongadjunction.An obliquemor-
phismcanbepre-composedwith a } -morphismor post-composedwith a 8 -morphism,andthese
operationssatisfyidentityandassociativity laws.

Proposition131 Def. 110(1)–(5)andDef. 109areall equivalent.
¡

Proof Theequivalenceof Def.109)andDef. 110(1)is standard.Theequivalenceof (1)–(3)and
(5) is a consequenceof parametrizedrepresentability(Prop.95). In moving from (1) to (5) we
caneitherset u EH� j � M to be © EO� j§s � M or wecansetit to be 8 E 9 � j � M . Theequivalenceof (4)
and(5) is straightforward.

¡

14.6.3 Adjunction BetweenLocally Indexed Categories

In Def. 110we gave many definitionsfor “adjunction” in thesettingof ordinarycategories.It is
easyto adaptthesedefinitionsto thesettingof locally } -indexedcategories:

Definition 111 (cf.110)Let © and 8 belocally } -indexedcategories.We underlineobjectsof8 .

1. An adjunctionfrom © to 8 consistsof

* two functors

© 9 <ª s 8



14.6. Adjunctions 223

* abijection

© Γ
EO� j§s � M |D 8 Γ

E 9 � j � M naturalin Γ,
�

and
�

.

Note In theliterature,theconditionof naturalityin Γ is usuallyreplacedby theBeck-
Chevalley condition. The two conditionsareequivalent (assumingnaturality in

�
and

�
), but weusetheformerbecauseweconsiderit to bemoreintuitive.

2. An adjunctionfrom © to 8 consistsof

* a functor 8 s < ©* for each
� � /Z´ © , a representationfor t Γ

� pv© Γ
EH� j � M , whosevertex wecall 9 �

.

3. An adjunctionfrom © to 8 consistsof

* a functor © 9 < 8* for each
� � /�´ 8 arepresentationfor t Γ

� pµ8 Γ
E 9 � j � M , whosevertex wecall s �

.

4. An adjunctionfrom © to 8 consistsof

* two functions

/Z´ © 9 <ª s
/Z´ 8

* for each
� � /Z´ © and

� � /�´ 8 abijection

© Γ
EH� j5s � M |D 8 Γ

E 9 � j � M naturalin Γ

suchthat,for each© -morphism
�¶I �

Γ
< �

andeach} -morphism
� �

Γ
< � I

,

thefollowing commutes:

© Γ
EH� j§s � M |D 8 Γ

E 9 � j � M

© Γ
EO�¶I j5s � M· Γ

¸�¹�º»Q¼ ½

8 Γ
E 9 � j � I M

Γ ¾ ¿�À
ÁÆÂ�Ä ±

8 Γ
E 9 �¶I j � M
|D

© Γ
EO� j§s � I M

|D

8 Γ
E 9 �¶I j � I M

Γ ¾ ¿�À ÅÁÆÂ�Ä ± |D © Γ
EH�¶I j5s � I M· Γ

¸�¹Jº»Q¼ Ç ½

5. An adjunctionfrom © to 8 consistsof

* a functor u from /�+\ËV-0/ 4 w E © �H  'Ì8 M to Set—we call an element�Í�Îu Γ
EH� j � M an

obliquemorphismfrom
�

to
�

over Γ andwrite
� �

Γ
< �
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* for eachobject
� �Î8 , a representationfor t Γ

� pvu Γ
EO� j � M , whosevertex we calls �

* for eachobject
� �Ï© , a representationfor t Γ

� pµu Γ
EH� j � M , whosevertex we call9 �

. ¡
It is Def.111(5)which is closestto ournotionof strongadjunction.An obliquemorphismcanbe
pre-composedwith a morphismin © , post-composedwith a morphismin 8 or reindexedalong
amorphismin } . Theseoperationssatisfyidentity, associativity andreindexing laws.

Proposition132 Def. 109andDef. 111(1)–(5)areequivalent.
¡

This is provedthesamewayasProp.131.

14.6.4 Proof of EquivalenceTheorem

Let } beacartesiancategory andlet 8 bea locally } -indexedcategory. Our aim is to prove the
following:

Proposition133 strongadjunctionsfrom } to 8 andadjunctionsfrom 3 �.¨ ~ } to 8 areequiva-
lent.

¡
Wewill useDef. 111(5)to characterizeadjunctionsfrom 3 �c¨ ~ } to 8 .

Ourproofwill makeuseof variousfunctorsinvolving 3 �c¨ ~ } . Weintroduceausefulnotation:

Definition 112 * Given } -objectsΓ and
�

, wewrite Γ ¥ � for Γ ' �
;

* Given } -morphismsΓ
I Ð < Γ and Γ

I ' � � < �
we write Ð ¥ � for the } -

morphismΓ
I ' � E§EHG

; Ð M j�� M < Γ ' �
. ¡

This notationgivesus* thefunctor /Z+.Ë�-0/ 4�wÑ3 �c¨ ~ } <)} �H 
Γ
� � Γ ¥ �

* thefunctor /�+\ËV-d/ 4 w E¦E 3 �.¨ ~ } M �O  'Ò8 M < /Z+.Ë�-0/ 4�w�8
Γ
EO� j � M � Γ Ó � GPK

Γ L � �
It is easilyverifiedthatthesepreserve identitiesandcomposition.

We give a homsetfunctor for } , which is moregeneralthanthebasiconefrom } �H  ' } to
Set.

Definition 113 Wewrite Ô /�Õ�Ö or just } for thefunctor/�+\ËV-0/ 4 w×3 �.¨ ~ } < Set

Γ
� � } E

Γ j � M
E
Γ
� Ø � <

Γ Ù MÛÚ� t2��p E¦E ; 1 j Ð M ; E Γ I 'B� M ; � M
It is easilyverifiedthatthispreservesidentitiesandcomposition.

¡
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Theadvantageof thismoregeneralhomsetfunctorfor } is thatthehomsetfunctorfor 3 �c¨ ~ } can
berecoveredfrom it: E 3 �.¨ ~ } M Γ

EH� j � M D }
Γ Ó � GPK

Γ L � �
naturalin Γ,

�
and

�
Lemma 134 Supposewe have an adjunction

E uÜj¦p§p¦p M from 3 �.¨ ~ } to 8 . Then we obtain an
isomorphism

u Γ
EO� j � M |D u Γ Ó � E

1 j G KΓ L � � M naturalin Γ j � j � (14.9)¡
Proof Usingparametrizedrepresentability(Prop.116(contravariant)),we extend s to a functor
from 8 to 3 �c¨ ~ } in theuniqueway thatmakestheisomorphism

u Γ
EO� j � M |D E 3 �c¨ ~ } M Γ

EO� j§s � M
—which is requiredto be naturalin Γ and

�
—naturalalso in

�
. Then(14.9) is given asthe

composite

u Γ
EH� j � M |D E 3 �.¨ ~ } M Γ

EO� j§s � M |D }
Γ Ó � GPK

Γ L � s �

}
Γ Ó � s GÝK

Γ L � �
D

u Γ Ó � E
1 j GPKΓ L � � M |D E 3 �c¨ ~ } M Γ Ó � E

1 j5s GÝK
Γ L � � M D } � Γ Ó � ��Ó 1 GPKΓ Ó � L 1 s GPK

Γ L � �
|D

(by Lemma109)

¡
Proof of Prop.133.* Supposewe have a strongadjunction

E uÜj¦p¦p§p M from } to 8 . We constructan adjunctionE uÜj¦p§p¦p M from 3 �.¨ ~ } to 8 by setting u Γ
EO� j � M to be u Γ Ó � G K

Γ L � �
. The isomorphismfors A is givenby

u Γ
EH� j A M D u Γ Ó � A |D }

Γ Ó � s A DFE 3 �c¨ ~ } M Γ
EO� j§s A M

naturalin Γ and
�

. Theisomorphismfor 9:( is givenby

u Γ
E (�j � M D u Γ Ó � GPKΓ L � � |D 8 Γ

E 9B(�j � M
naturalin Γ and

�
.

* Supposewehaveanadjunction
E uÜj¦p§p¦p M from 3 �.¨ ~ } to 8 . WeconstructastrongadjunctionE uÜj¦p§p¦p M by setting u Γ

�
to be u Γ

E
1 j � M . Theisomorphismfor s A is givenby

u Γ
A D u Γ

E
1 j A M |D E 3 �.¨ ~ } M Γ

E
1 j A M |D }

Γ Ó 1 A |D }
Γ s A

naturalin Γ. Theisomorphismfor 9B( is givenby

u Γ Ó � GPKΓ L � � D u Γ Ó � E
1 j GÝKΓ L � � M |D u Γ

E (?j � M |D 8 Γ
E 9:(?j � M

naturalin Γ and
�

.
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* Supposewe have a strongadjunction
E uÜj¦p§p¦p M . We obtainanadjunction

E uÜj¦p§p¦p M andthen
anotherstrongadjunction

E u I j§p¦p¦p M . Wehave

u I
Γ
� D u Γ

E
1 j � M D u Γ Ó 1 GPKΓ L 1 � |D u Γ

�
naturalin Γ and

�
. (Theisomorphismon theright is obtainedby Lemma109.) It is easily

verifiedthatthis isomorphismpreservestheisomorphismsfor s and 9 .* Supposewe have anadjunction
E uÜj¦p§p¦p M . We obtaina strongadjunction

E uÜj¦p§p¦p M andthen
anotheradjunction

E u I j§p¦p¦p M . Wehave

u I
Γ
EO� j � M D u Γ Ó � GPK

Γ L � � D u Γ Ó � E
1 j GPKΓ L � � M |D u Γ

EO� j � M
naturalin Γ,

�
and

�
. It is easilyverified that this isomorphismpreservesthe isomor-

phismsfor s and 9 . ¡

14.7 CBV is Kleisli, CBN is co-Kleisli

Werecallfrom Sect.3.7 that* aCBV producer( 0 j¦p§p¦p.j"(�Þ 6 1 R:i : A translatesinto theCBPVcomputation( 0 j¦p¦p§p.j�(gÞ 6 1 R�hi : 9 A
* aCBNterm ( 0 j¦p§p¦p.j�( Þ 6 1 R�i : A translatesinto theCBPVcomputationsÜ( 0 j¦p§p¦p.j5s�( Þ 6 1 R hi : A

Asweshallseebelow, thismeansthatCBV is interpretedin theKleisli part of aCBPVadjunction
model,while CBN is interpretedin theco-Kleisli part.

The readeris probablyusedto thinking of a Kleisli adjunctionasgeneratedfrom a monad,
anda co-Kleisli adjunctionasgeneratedfrom a comonad.We usea different,but equivalent,
formulation.

Definition 114 1. An adjunctionbetweenordinarycategories(or anadjunctionbetweenlo-
cally } -indexedcategoriesor astrongadjunction)is Kleisli whenits left adjointonobjects
is identity. Wecustomarilywrite theright adjoint(onobjects)of a Kleisli adjunctionas ²
ratherthan s .

2. An adjunctionbetweenordinarycategories(or an adjunctionbetweenlocally } -indexed
categories)is co-Kleisliwhenits right adjoint(onobjects)is identity. Wecustomarilywrite
theleft adjointon objectsof aco-Kleisli adjunctionas ß ratherthan 9 . ¡

An exampleof aKleisli adjunctionis theadjunctionmodelfor erraticchoicegivenin Sect.14.4.6.

Definition 115 1. Given an adjunction
E ©:j58Êj§uÜj¦p§p¦p M betweenordinary categories—inthe

senseof Def. 110(5)—itsKleisli part is theKleisli adjunction
E } j§8Ìàzá�j§u=àzá M obtainedby

restrictingtheobjectsof 8 to thefamily â�9:(�ã � £�ä�åçæ . Explicitly,/Z´ 8 àzá D /�´ }
8 àzá EH� j � M D 8 E 9 � j�9 � M
u àzá EH� j � M D u EO� j�9 � M

Its right adjoint is given (on objects)by ² D s�9 with theevident isomorphismsfor left
andright adjoints.This is clearlyasub-adjunctionof theadjunction

E ©�j§8Êj§uÜj§p¦p¦p M .
Wesimilarly definetheKleisli partof anadjunctionbetweenlocally } -indexedcategories,
andtheKleisli partof a strongadjunction.
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2. Givenanadjunction
E ©:j58Éj5uÜj¦p§p¦p M betweenordinarycategories—inthesenseof Def.110(5)—

its co-Kleisli part is theco-Kleisli adjunction
E © h ä àzá�j58Êj§u h ä àzá obtainedby restrictingthe© -objectsto thefamily â.s A ã C £�äèåPé . Explicitly,

/�´ © h ä àzá D /Z´ 8© h ä àzá EO� j � M D © E s � j§s � M
u h ä àzá EO� j � M D u E s � j � M

Its left adjointis given(onobjects)by ß D 9s with theevidentisomorphismsfor left and
right adjoints.This is clearlya sub-adjunctionof theadjunction

E ©:j§8Êj5uÜj¦p¦p§p M .
We similarly definethe co-Kleisli part of an adjunctionbetweenlocally } -indexed cate-
gories,but notof a strongadjunction. ¡

If we take a CBPV adjunctionmodel,we have the following diagramof locally } -indexed
adjunctionsandembeddings:

3 �c¨ ~ } 9 <êª s 8
Kleisli co-Kleisli

8 àzá

ë
R ® ì

í

î

ë
ï
®

ð

ñ
It is worth consideringthesevariouscategoriesandadjunctionsin thesettingof, say, theScott
model:

* } is thecategoryof cposandcontinuousfunctions;

* 8 is theCpo-indexedcategoryof cpposandstrict continuousfunctions;

* 8Êà^á is an indexed form of thecategory of cposandpartial continuousfunctions,usedto
interpretCBV;

* î
is theCpo-indexedcategory of cpposandcontinuousfunctions,whosefibre over 1 is

usedto interpretCBN.

In this example, the CBPV adjunctionmodel along the top is Eilenberg-Moore, but this, of
course,will notbethecasein general.

With thisexamplein mind,ourmainresultis unsurprising:

Proposition135 Let
E } j§8Êj§uÜj§p¦p§p M beanadjunctionmodel.

1. Thedenotationof a CBV produceris anobliquemorphismin theKleisli part.

2. Thedenotationof aCBN termis (moreaccurately, it correspondsto) anobliquemorphism
over 1 in theco-Kleisli part. ¡

Proof

1. A CBV producerΓ RÍi : A denotes < a a iqb bHò5ó äèô
a a Γ b b < 9 a a A b b , which is an obliquemorphism

over a a Γ b b to a a A b b in theKleisli part.
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2. A CBN term ( 0 j¦p§p¦p.j"( Þ 6 1 RÈi : A denotes < a a iqb bs a a ( 0 b b�' ¥§¥¦¥ 'Ès a a ( Þ 6 1 b b< a a A b b . Wehave

s a a ( 0 b bZ' ¥¦¥§¥ 'Ès a a ( Þ 6 1 b b |D 1 'Ès E a a ( 0 b b Π ¥¦¥§¥ Π a a ( Þ 6 1 b b M
so a a iqb b correspondsto an obliquemorphismfrom a a ( 0 b b Π ¥§¥¦¥ Π a a ( Þ 6 1 b b to a a A b b over 1 in
theco-Kleisli part. ¡

14.8 Staggered Adjunction Models

14.8.1 Adjunction Models Contain SuperfluousData

In Sect.14.3.2,weconsideredthesemanticsof CBPVin anadjunctionmodel
E } j58Éj5uÜj¦p§p¦p M . We

saidthata termof CBPV denoteseithera } -morphism(if it is a value)or anobliquemorphism
(if it is a computation):therefore,no termdenotesa 8 -morphism.But 8 is useful,becauseit
helpsusto organizethemodel.

We ask the question: which morphismsof 8 are genuinelyinvolved in the semanticsof
CBPV?Inspectionof thesemanticequations1 revealstheanswer:only thosewhosesourceis of
the form 9:( . From the viewpoint of CBPV, all the otherhomsetsof 8 aresuperfluous.This
suggeststhatperhaps

1. somemodelof CBPVdoesnotarisefrom any CBPV adjunctionmodel;

2. somemodelof CBPVarisesfrom 2 non-equivalentCBPVadjunctionmodels.

While (1) is actuallyfalse(asis evidentfrom Fig. 11.1),(2) is true.
To remedythis situation,we will modify Def. 106so thatonly theappropriatehomsetsare

included.Unfortunately, theresultingstructure,staggeredadjunctionmodel, is notatall elegant.
It is not clearatpresenthow significantit is.

14.8.2 Removing The SuperfluousData GivesStaggered Adjunction Models

Our problemis that removing thesuperfluoushomsetsfrom 8 in Def. 106takesusoutsidethe
realm of category theory, because,for eachΓ, if 8 Γ is to be a category then it must specify
a homset 8 Γ

E ( j A M for all objects ( and A . We thus requirea generalizationof “category”
wherethehomset© E ( j A M is requiredonly for ( in acertainfamily â�9:(Bã � £�õ of objects.In the
following definition,weusethenotationöç( to mean“technicallytheindex ( , but intuitively the
object 9:( ”. Theintuition is notquiteaccuratebecauseif 9:( D 9:( I

but (q÷D ( I
then 8 E öP(?j A M

and 8 E öP( I j A M canbedifferent;but in practice9 is usuallyinjective.

Definition 116 A staggeredcategory 8 consistsof

* a class4¦ø -0ù^� 4 /�´ 8 of target objects(whoseobjectswe underline)

* a family â�9:(�ã � £�õ in 4¦ø -0ù^� 4 /Z´ 8 , indexed by someclass ú —this is called the source
family

* for each(��ûú andeachA �4¦ø -0ù^� 4 /�´ 8 , asetwritten 8 E ö (?j A M —its elementsarecalled
morphismsfrom öN( to A

* for each(,�Òú anidentitymorphismö ( ; 1zü � < 9B(
1andof theproofof Prop.129
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* for eachö ( � < 9 A andö A � <�ý acompositemorphismö ( � ; � <�ý
alsowrittenas

ö ( � < ö A � <�ý
satisfyingidentityandassociativity laws:

; 1 ; � D �� ;
; 1 D �E � ; � M ; @ D � ;

E � ;
@ M ¡

Technically, Def. 116andDef. 101areequivalent,but thenotationandterminologyis different
becausethepurposeis different.

Therequireddefinition,which involvesterminologywehavenot yet defined,is asfollows:

Definition 117 A CBPVstaggeredadjunctionmodelconsistsof

* acountablydistributivecategory } ;

* a countablyclosed,locally } -indexed staggeredcategory 8 , whosesourcefamily is in-
dexedby /�´ } ;

* astaggeredstrongadjunctionfrom } to 8 . ¡
Theonly differencebetweenDef. 106andDef. 117is thatin thelatter 8 is staggered.We must
now define,stepby step,theterminologyusedin Def. 117.

Definition 118 (cf. Def. 75) Let } be a category. A locally } -indexedstaggered category 8
consistsof

* aclass4¦ø -0ù^� 4 /Z´ 8 of target objects(whoseobjectswe underline)

* a family â�9:(�ã � £�õ in 4¦ø -0ù^� 4 /Z´ 8 , indexed by someclass ú —this is called the source
family

* for eachΓ � /�´ } , each(q�Éú andeach A �Í4¦ø -0ù^� 4 /Z´ 8 , a setwritten 8 Γ
E öç(?j A M —its

elementsarecalledmorphismsfrom ö ( to A over Γ

* for each(,�Òú , anidentitymorphismö ( ; 1zü �
Γ

< 9:(
* for eachö ( �

Γ
< 9 A andö A �

Γ
<�ý , acompositemorphismö ( � ; �

Γ
<�ý

* for eachö ( �
Γ

<BA andeach} -morphismΓ
I Ð < Γ, a reindexedmorphism

ö ( Ð K �
Γ I <BA
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suchthat

; 1 ; � D �� ;
; 1 D �E � ; � M ; @ D � ;

E � ;
@ M

Ð K ; 1 D ; 1
Ð K�E � ; � M D E Ð K � M ; E Ð K � M ¡

We first have to defineproductsandexponentsin a locally } -indexedstaggeredcategory 8 .
This canonly bedonein isomorphismstyle—thereis noelementstyledefinition.

Definition 119 Let 8 bea locally } -indexedstaggeredcategory.

1. (cf. Def. 86(2))A productfor a family of targetobjectsâ A ¢ ã ¢O£�¤ consistsof a targetobjectU (thevertex) togetherwith anisomorphism

∏ ¢O£�¤ 8 Γ
E ö � j A ¢ M |D 8 Γ

E ö � j�U M (14.10)

naturalin Γ and ö � , in thesensethatthediagram

∏ ¢O£�¤ 8 Γ
E ö � j A ¢ M |D 8 Γ

E ö � j�U M

∏ ¢O£�¤ 8 Γ þ E ö � I j A ¢ M
∏ ¢O£�¤ 8 Ø E �Tj A ¢ M ® |D 8 Γ þ E ö �¶I j�U M

8 Ø E �Tj�U M
® commutesfor each

Γ 9 �

Γ
I

Ð
ë

ö �¶I
� Γ I
ë

2. (cf. Def. 86(4))Suppose} is cartesianand ( is a } -object.Thenan ( -productfor atarget
object A consistsof a targetobject U (thevertex) togetherwith anisomorphism

8 Γ �c� EOGPK
Γ L � ö � j A M |D 8 Γ

E ö � j�U M (14.11)

naturalin Γ and ö � , in thesensethatthediagram

8 Γ �c� E ö � j A M |D 8 Γ
E ö � j�U M

8 Γ þ0�c� E ö �¶I j A M
8 Ø �c� EHG K

Γ L � �Tj A M
® |D 8 Γ

E ö �¶I j�U M
8 Ø E �Tj�U M

® commutesfor each

Γ 9 �

Γ
I

Ð
ë

ö �¶I
� Γ I
ë

3. (cf. Def. 87 Suppose} is cartesian. 8 is countablyclosedwhenit is equippedwith all
countableproductsand ( -products,for every (,� /�´ } . ¡

It is easyto seethat thejoint naturalityconditionfor (14.10)is equivalentto separatenaturality
in Γ and ö � . Similarly for (14.11).

Definition 120 (cf. Def. 105) Let } be a cartesiancategory andlet 8 be a locally } -indexed
staggeredcategory with sourcefamily indexedby /Z´ } . A staggeredstrongadjunctionfrom }
to 8 consistsof
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* “a functor u from /�+\ËV-0/ 4 wÜ8 to Set” i.e. thefollowing structure

– for eachΓ � /�´ } and A �Ò4§ø -0ù\� 4 /�´ 8 a set u Γ
A , whoseelementswe call oblique

morphismsover Γ to A ;

– for eachoblique morphism < �
Γ

< �
and } -morphismΓ

I Ð < Γ, a

reindexedobliquemorphism < Ð K �
Γ

< �
;

– for eachobliquemorphism < �
Γ

< 9 �
and 8 -morphismö � @

Γ
< � I

, a

compositeobliquemorphism < � ;
@

Γ
< � I

satisfyingidentity, associativity andreindexing laws:

� ;
; 1 D �� ;

E"@
;
@�I M D E � ;

@ M ; @�I; 1 K � D �E Ð I ; Ð M K � D Ð I K E Ð K � MÐ K�E � ;
@ M D E Ð K � M ; E Ð Kÿ@ M

where� is anobliquemorphism;

* for eachA �4¦ø -0ù^� 4 /Z´ 8 , a representationfor thefunctor t Γ pµu Γ
A from } �H  to Set, whose

vertex wecall s A ;

* for each(,� /Z´ } , an“ ( -representationfor thefunctor u ” i.e. thefollowing structure

isomorphism style anisomorphism

u Γ �c� GPKΓ L � � 354 - Γ ���|D < 8 Γ
E ö (?j � M (14.12)

jointly naturalin Γ and
�

in thesensethatthediagram

u Γ �c� 9 � |D 8 Γ
E ö (�j�9 � M

u Γ þ0�c� � I
u Ø �c� G KΓ L � @

® |D 8 Γ þ E ö (?j � I M
8 Ø E ö (?j @ M ® commutesfor each

Γ ö �

Γ
I

Ð
ë

� I
@

Γ I
®

elementstyle anobliquemorphism < +.-0/21 �( < 9:( with thefollowing “initiality” prop-

erty: for any < �
Γ ')( < �

thereis a unique ö ( @
Γ

< �
suchthat thedia-

gram

ö (
� ��� � Γ �

���
	��  � �

�
G K

Γ L � @
®

�
& �

over Γ '?( commutes.
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¡

As we saw in Sect.14.5for adjunctionmodels,the isomorphismstylecharacterizationandthe
elementstylecharacterizationof thestructurefor 9:( areequivalent:

*,+.-0/21 � is obtainedby applying 354 - 6 1 to the 8 -morphism ö ( ; 1
1

< 9:( , giving an

oblique morphism over 1 'Û( to 9:( , and then reindexing along the isomorphism

( > < 1 '?( .

* for a 8 -morphismö ( @
Γ

<BA wehave

354 - 6 1
Γ � C @?D GJIÆK

Γ L � +c-d/Q1 � ;
GÝK

Γ L � @
(14.13)

The analogousequivalencein Sect.14.5(betweenisomorphismstyle andelementstyle defini-
tions)wasaninstanceof theYonedaLemma,andwe canuseessentiallythesameYoneda-style
argumentto prove thisequivalencehere.

It is a corollaryof (14.13)that, for (14.12),joint naturalityandseparatenaturalityin Γ and�
areequivalent.(We cannotusetheusualproof that joint naturalityandseparatenaturalityare

equivalent,becauseit doesnotwork for staggeredcategories.)

Proposition136 Suppose
E } j§8Êj§uÜj§p¦p¦p M is a CBPV adjunctionmodel.We obtaina CBPV stag-

geredadjunctionmodel
E } j§8 I j§uÜj¦p§p¦p M by setting 8 I

Γ
E ö � j � M to be 8 Γ

E 9 � j � M . ¡

This “forgetful” constructionshows that a staggeredadjunctionmodel is, as we intended,an
adjunctionmodelwithout thesuperfluoushomsets.

We canadaptSect.14.5 (replacing 9:( by öç( whererequired),to interpretCBPV in any
staggeredadjunctionmodel. Prop.128,andProp.129apply to staggeredadjunctionmodelsas
well asto adjunctionmodels—theproofsareeasilyadapted.

14.9 TechnicalMaterial

14.9.1 Intr oduction

Theaim of this sectionis to prove Prop.128(1)andProp.129.Beforewe do this,we give some
lemmasaboutstrongadjunctionsthatwill beusedalsoin Chap.15.

Weshallpresenttheresultsandproofsin thissectionfor adjunctionmodels.They canall be
adaptedto staggeredadjunctionmodelsby replacing9:( by öN( whereappropriate.

14.9.2 LemmasAbout Strong Adjunctions

Supposethatwe have a strongadjunction
E } j§8Êj5uÜj¦p¦p§p M . It musthave the following properties.

In fact,thestructurefor s is notusedat all here,just thestructurefor 9 .
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Lemma 137

G IÆK
Γ L � +c-0/21 � ;

GPK
Γ L � 354 - � D � for < �

Γ ')( <:A (14.14)

354 - EHGJI KΓ L � +c-d/Q1 � ;
GPK

Γ L � @ M D @
for ö ( @

Γ
<�A (14.15)

354 - E Ð '?( M K � D Ð K 354 - � for Γ
I Ð < Γ and < �

Γ '?( <BA (14.16)

354 - E � ;
GPK

Γ L � @ M D E 354 - � M ; @ for < �
Γ '?( <BA and A @

Γ
<BA I

(14.17)

354 - GJI KΓ L � +c-0/21 � D ; 1 � (14.18)

354 - E � ;
GPK

Γ L � 354 - � M D 354 - � ; 354 - � for < �
Γ ')( < 9 A and < �

Γ ' A <?ý (14.19)

Ð K +c-0/21 � ; 354 - � D E ; 1
Γ j Ð M K � for Γ

Ð < ( and < �
Γ ')( <:A (14.20)E 354 - Ð K +.-0/21 C�M ; E 354 - � M D 354 - EOG Γ L � j Ð M K �

for Γ ')( Ð <BA and < �
Γ ' A <�ý (14.21)

G I K
Γ L � 354 - G IÆK� L C � D GÝK

Γ L � 354 - GJIÆKΓ L C � for < �A <�ý (14.22)¡
Proof (14.14)–(14.15)statethat 354 - 6 1, asdescribedin (14.4), is the inverseof 354 - . (14.16)and
(14.17)statethat 354 - Γ � C is naturalin Γ and A respectively. (14.18)is a specialcaseof (14.15),
putting

; 1 � for
@
. For (14.19)we seethat the LHS (by (14.14))andthe RHS (by (14.15))are

bothequalto

354 - EOG I KΓ L � +c-d/Q1 � ;
GÝK

Γ L � 354 - � ;
GPK

Γ L � 354 - � M
For (14.20),we seethattheRHS(by (14.14))andtheLHS arebothequalto

E ; 1
Γ j Ð M K�EHGJIÆKΓ L � +c-d/Q1 � ;

GÝK
Γ L � 354 - � M

For (14.21),we seethat

LHS

by (14.19)
D 354 - E Ð K +c-d/Q1 C ;

GÝK
Γ L � 354 - � M

by (14.16)
D 354 - E Ð K +c-d/Q1 C ; 354 - EOG Γ L � ' A M K � M

by (14.20)
D 354 - E¦E ; 1 Γ �c� j Ð M K�EOG Γ L � ' A M K �D

RHS

For (14.22),bothsidesareequalby (14.16)to 354 - G IÆKΓ �c� L C � .
¡

Recallthatadivisionof Γ (anobjectin acartesiancategory) is definedto beatriple
EO� j � j > M ,

where
�

and
�

arevalueobjectsand
>

is anisomorphismΓ |D � ' �
.

Lemma 138 For any division Γ
>|D < � ' �

, thereis a } -morphismΓ
Ð < �

and

a 8 -morphism9 1

@
Γ

< 9 �
with thefollowing properties:
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* for every A � /�´ 8 , thediagram

8 � E 9 � j A M 8 Ø E"@ j A M < 8 Γ
E 9 1 j A M

u � �c� A
|D

u�� ; ¢ A < u Γ � 1
A
|D

commutes; (14.23)

* for every A � /�´ 8 and( � /Z´ 8 , writing
> � for theevidentisomorphismfrom

E
Γ 'Ü( M ' 1

to
EO� '?( M ' �

, thecomposite

8 � �c� E 9 � j A M 8 Ø �c� EHG K
Γ L � @ j A M < 8 Γ �c� E 9 1 j A M

u ��� ���J���c� A
|D

u ¢�� A < u � Γ ���J��� 1
A

|D
commutesp (14.24)

¡

Proof We set Ð to be
>
;
G � L � and we set

@
to be 354 - EOG

Γ L 1;
>
;
G I� � M K +c-0/21 � . We then verify

(14.23)–(14.24)by following anarbitrarymorphismfrom top left to bottomright, using(14.4)
andLemma137.

¡

Lemma 139 Supposewehaveanobliquemorphism < �
Γ

< 9 ý . Thenthefollowing com-

mutes:

8 Γ
E 9 ý j A M |D u Γ ��� A

8 Γ
E 9 1 j A M

8 Γ
E 354 - G KΓ L 1 �Tj A M

®
|D u Γ

A
� ; 354 -��

®
¡

Proof Follow a typicalmorphismfrom top left to bottomright.
¡

14.9.3 Proof of SemanticsTheorems

Proof of Prop.128(1). It is sufficient to show that every division Γ |D � ' �
gives the same

isomorphisms(14.6)asthe“canonical”division Γ |D Γ ' 1.

FromthedivisionΓ |D � ' �
, weobtaina } -morphismΓ

Ð < �
anda 8 -morphism

ö 1

@
Γ

< 9 �
with the propertiesgiven in Lemma138. Then the requiredresult for the
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isomorphism(14.6)is givenby thediagram

u Γ �c� A

uV��� ���J���c� A�
� �

uV� Γ �c����� 1
A

��
�

8 � �c� E ö � j A M
|D

® 8�� �c� EHG K
Γ L � �Tj A M < 8 Γ �c� E ö 1 j A M

|D
®

8 � E ö � j�(l� A M
|D

® 8�� E �Tj"(l� A M < 8 Γ
E ö 1 j"(l� A M

|D
®

u � ��� ( � A
|D

® u Γ � 1 (l� A
|D

®

u Γ (l� A�
 !"#

$

Thetopandthebottompentagonscommuteby theconstructionof Ð and
@
, accordingtoLemma138.

Themiddlesquarecommutesbecausetheisomorphism

8 Γ �c� EOGPK
Γ L � � j A M |D 8 Γ

EH� j�U M is naturalin Γ and
�

.

¡
We proveProp.129.Proof We first show thatsubstitutionis interpretedby reindexing. This

is straightforward,usingProp.128(2).

Mostof theequationsthenfollow directly from Lemma137.For example

* the % -law for 9 follows from (14.20);

* the « -law for 9 follows from (14.18);

* theassociativity law for 9 follows from (14.19).

To prove theequation

ionZY=k�p.t'&�p�m D t'&�p E ion�Y=k�pcm M (14.25)
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wereasonasfollows. Fix anobliquemorphism < �
Γ

< 9 ý . Considerthediagram

u � Γ ���J���c� A
|D < u Γ ��� (�� A

uV� Γ �c�J����� A |D

( )

8 Γ �c� E 9 ý j A M
|D

|D < 8 Γ
E 9 ý j"(l� A M

* +

8 Γ �c� E 9 1 j A M
8 Γ �c� E�@ j A M

®
|D < 8 Γ

E 9 1 j�( � A M
8 Γ

E 354 - G KΓ L 1 �Tj"(�� A M
®

u Γ �c� A

EHG K
Γ L � � M ; 354 -,�

® |D <
( )

u Γ ( � A

� ; 354 -,�

®
-.

The right quadrilateral,like the left, commutesby Lemma139. The top and bottom quadri-
lateralscommuteby Prop.128(1),choosingthe division of Γ 'û( into Γ and ( . Whetherthe
left quadrilateraland the middle squarecommutedependson what we choosethe morphism

9 1

@
Γ '?( < 9 ý to be.Wewantit to be

* 354 - G KΓ �c�ÝL 1 G KΓ L � � to make theleft quadrilateralcommute(by Lemma139);

* G K
Γ L � 354 - G KΓ L 1 � to make themiddlesquarecommute.

Fortunately, Lemma137(14.16)tells us that thesetwo morphismsareequal. Sowe set
@

to be
thismorphismandtheentirediagramthencommutes.

Now, if � is a a iqb b and < �E
Γ ' ý M '?( <�A is a a mÉb b thenthe imageof � alongthe top andright

edgesis theLHS of (14.25)while theimageof � alongtheleft andbottomedgesis theRHSof
(14.25).

Theproof of theequation

ionZY=k�p.tJâ\p¦p¦p.j > p�m ¢ j§p¦p¦pµã D tJâ^p§p¦p.j�ionZY=k�pcm ¢ j¦p§p¦pµã
is similarbut easier.

¡
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Chapter 15

Relating Categorical Models

15.1 Intr oduction

In this chapter, we constructthe variousrelationshipsdepictedin Fig. 11.1. In the first part
of the chapter(Sect.15.2–15.4)we show that direct models,staggeredadjunctionmodelsand
restrictedalgebramodelsandvalue/producermodelsareall equivalent. The easiestway to do
this, asdepictedin Fig. 11.1, is to show that value/producermodelsareequivalent to eachof
the others. Equivalencedoesnot meansthat the variousmodelscorrespondexactly, only that
they correspondup to isomorphism,andtherearesignificantdifferencescontainedwithin these
isomorphisms:

* A value/producermodelcorrespondsto a staggeredadjunctionmodelwherethe isomor-
phism

u Γ ��� � |D 8 Γ
E ö (?j � M

is identity.

* A restrictedalgebramodelcorrespondsto avalue/producermodelwheretheisomorphism

/ E
Γ j A M |D } E

Γ j§s A M
is identity.

Consequently

* staggeredadjunctionmodelsprovide themostflexibility , which is helpfulwhenconstruct-
ing particularmodelsof CBPV;

* restrictedalgebramodelsarethemostrigid, which is helpful whenproving resultsabout
“all modelsof CBPV”.

We thenin Sect.15.5–15.6turn to thefull reflectionbetweenrestrictedalgebramodelsand
adjunctionmodels,depictedin Fig. 11.1. Becauseof theequivalences,this givesusalsoa full
reflectionbetween

* value/producermodelsandadjunctionmodels;

* staggeredadjunctionmodelsandadjunctionmodels;

* directmodelsandadjunctionmodels.
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In particular, this meansthat in any of the variousequivalentmodels,we have a notion of
homomorphism:

Definition 121 A homomorphismfrom ( to A over ý is

in a restrictedalgebramodel
E } j"²gj5â10 A ã C £�õ j§p¦p§p M analgebrahomomorphismfrom 0^( to 0 A

over ý
in a value/producermodel

E } j / j¦p§p¦p M amorphism/ E
Γ j"( M < / E

Γ ' ý j A M naturalin Γ � / �H ö
in a staggeredadjunction model

E } j§8Êj§uÜj§p¦p§p M a morphism

8 Γ
E ö � j"( M < 8 Γ ��� EHGPK öΓ L � � j A M naturalin Γ and ö �

in a dir ectmodel
E32 j34 M a derivation

Γ R h (
Γ j ý R h A

—i.e. a function
2^E

Γ; ( M 4 Γ< 2^E Γ j ý ; A M¦M for eachsequenceΓ of value objects—that
preservessubstitutionandsequencingin Γ. ¡

Wewill seein Sect.15.6thatthesedefinitionsaccuratelycharacterizethehomomorphismsin the
inducedadjunctionmodel.

Def. 121 givesus alsoa notion of isomorphismin eachof the models. For example,we
arenow ableto saythat, in any CBPV model, ( � A � ý is isomorphicto

E (,' A M � ý —a
statementthatwaspreviouslymeaningless.An isomorphismfrom ( to A is* in a restrictedalgebramodel

E } j7²gj§â50 A ã C £�õ j¦p§p¦p M : an algebraisomorphismfrom 0^( to0 A ;* in a value/producermodel
E } j / j¦p§p¦p M : anisomorphism

/ E
Γ j"( M |D < / E

Γ j A M naturalin Γ � / �H ö* in a staggeredadjunctionmodel
E } j58Éj5uÜj¦p§p¦p M : anisomorphism

8 Γ
E ö � j�( M |D < 8 Γ

E ö � j A M naturalin Γ and ö �
* in a directmodel

E32 j34 M : a reversiblederivation

Γ R h (DcDZD�DcD
Γ R h A

—i.e. a bijection
2^E

Γ; ( M 4 Γ < 2^E Γ; A M¦M for eachsequenceΓ of valueobjects—thatpre-
servessubstitutionandsequencingin Γ.

This explainsDef. 22(2),becausethetermmodelof CBPV is anexampleof a directmodel.
Werecallthatin anadjunctionmodel,ahomomorphism( 8 -morphism)from ( to A over ý

corresponds,by theYonedaembedding(Def. 88), to anaturaltransformation

8 Γ
EH� j"( M < 8 Γ �6� EHGÝKΓ L � � j A M naturalin Γ and

�
Ourdefinitionof homomorphismin a staggeredadjunctionmodelis avariantof this.
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15.2 Equivalence:Dir ect Models and Value/Producer Models

This equivalenceis straightforwardto construct,andis alongthe linesof theproof of Prop.99.
Wegive it in outline.

* Let
E } j / j§p¦p§p M beavalue/producermodelbasedon 7 . Thenweconstructa 7 -multigraph

2
by setting

–
2 S98ÿá E ( 0 j§p¦p§p.j�( Þ 6 1; A M to be } E ( 0 ' ¥¦¥§¥ '?( Þ 6 1 j A M ;

–
2 h ä Ð ò E ( 0 j§p¦p¦p.j"( Þ 6 1; A M to be

/ E ( 0 ' ¥§¥¦¥ ')( Þ 6 1 j A M
We definea structure4 on

2
in theevidentway, by inductionover terms,andverify all the

requiredequations.

* Let
E32 j34 M be a direct modelbasedon 7 . Thenwe constructa value/producermodelby

setting

– } E (?j A M to be
2 S98ÿá E ( ; A M ;

–
/ E (?j A M to be

2 h ä Ð ò E ( ; A M .
Thestructureis definedin theevidentway andall requiredequationsverified.

* Let
E } j / j¦p§p¦p M beavalue/producermodel.Obtainadirectmodel

E:2 j;4 M andthenavalue/producer
model

E } I j / I j¦p¦p§p M asabove. Weseethat

} IOE (�j A M D 2 S98¦á E (?j A MD } E
1 '?(?j A M|D } E (�j A M/ IOE (�j A M D 2 h ä Ð ò E (?j A MD / E
1 '?(?j A M|D / E (?j A M

This bijectioncanbeshown to preserveall structure,asrequired.

* Let
E:2 j;4 M bea directmodel. Obtaina value/producermodel

E } j / j§p¦p¦p M andthena direct
model

E32 I j;4 I M asabove. We seethat

2$IS98ÿá E ( 0 j¦p¦p§p.j�(gÞ 6 1; A M D } E ( 0 ' ¥¦¥§¥ '?(�Þ 6 1 j A MD 2 S98ÿá E ( 0 ' ¥§¥¦¥ ')( Þ 6 1; A M|D 2 S98ÿá E ( 0 j§p¦p§p.j�( Þ 6 1; A M2$Ih ä ÐÝò E ( 0 j¦p¦p§p.j�( Þ 6 1; A M D / E ( 0 ' ¥§¥¦¥ ')( Þ 6 1 j A MD 2 h ä Ð ò E ( 0 ' ¥¦¥§¥ '?( Þ 6 1; A M|D 2 h ä Ð ò E ( 0 j§p¦p¦p.j"( Þ 6 1; A M

This bijectionis easilyconstructed,andshown to bestructurepreserving.
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15.3 Equivalence:Value/Producer Modelsand Staggered Adjunction Models

15.3.1 From Value/Producer Model To Staggered Adjunction Model

Givena value/producermodel
E } j / j§p¦p§p M , weconstructa staggeredadjunctionmodelby setting

* u Γ
A to be

/ E
Γ j A M ;

* 8 Γ
E öç(?j A M to be

/ E
Γ ')(�j A M .

with identities,compositionandreindexing definedasfollows.

* The 8 -morphism
; 1zü � over Γ is givenasΓ '?( < G I>= ( .

* For 8 -morphismsö ( �
Γ

< 9 A and ö A �
Γ

<?ý , the composite� ; � is given

as

Γ ')( < EHG j ; 1 M=
Γ ' E

Γ '?( M Γ '�=
Γ ' A � <Bý

* For } -morphismΓ
I Ð < Γ and 8 -morphism ö ( @

Γ
<:A , the 8 -morphism

Ð K @ is definedto be

Γ
I '?( < E Ð '?( M=

Γ ')( @ <�A
* For obliquemorphism < �

Γ
< 9 A and 8 -morphism ö A @

Γ
<?ý , theoblique

morphism� ;
@

is givenby

Γ
< E ; 1 j ; 1 M=

Γ ' Γ
Γ 'B�=

Γ ' A @ <�ý
* For } -morphismΓ

I Ð < Γ and oblique morphism < �
Γ

<BA , the oblique

morphismÐ K � is givenby

Γ
I < Ð =

Γ
� <BA

Wesettheisomorphism

u Γ �c� GPKΓ L � � |D 8 Γ
E ö (�j � M

to betheidentity, asthetwo sidesarethesame.It follows that +c-0/21 � is givenas
; 1 � in

/
.

The structurefor s , ∏ and � in the staggeredadjunctionmodel is exactly given by the
structurefor s ,∏ and � (respectively) in thevalue/producermodel.

Theverificationof equationsis entirelystraightforward.

15.3.2 From Staggered Adjunction Model to Value/Producer Model

Givena staggeredadjunctionmodel
E } j§8Êj§uÜj§p¦p¦p M , we wantto obtainavalue/producermodel.

Weconstructa staggeredcategory
/

asfollows.

* We set
/ E (�j A M to be u � A .

* ( ; 1 � < 9B( is definedto be +c-d/Q1 � .
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* Given ( � < 9 A and A � <�ý , thecomposite� ; � is definedto be

< �( < ö A 354 - G IÆK�ÝL C �
( < 9 ý

Associativity andidentity lawsareeasilydeducedfrom Lemma137.

Given a } -morphism ( � <�A , the
/

-morphism ( < � < 9 A is given as� K +c-0/21 C .

Given
� � /Z´ } and a

/
-morphism ( � < 9 A , the

/
-morphism� '?( � '� < 9 EH� ' A M is definedto be

< G IÆK� L � �� ')( < ö A G K� L � 354 -J+c-0/21 � � C� '?( < 9 EH� ' A M
To besurethatwe have describeda value/producerstructurefrom } to

/ ö , we mustverify
theequationslistedin Prop.125.As anexample—themostdifficult, in fact—wemustprove� ' E � ; � M DFEO� 'û� M ; EH� 'B� M
for ( � < 9 A and A � < 9 ý . Hereis aproof:

RHS
D G I K� L � � ;

GPK� L � 354 -J+c-0/21 � � C ; 354 - G I K� �c�ÝL � � C EOG I K� L C � ;
GÝK� L C 354 -J+c-0/21 � ��� M

by (14.16)
D G I K� L � � ; 354 - EHG � L � ' A M K +c-d/Q1 � � C ; 354 - GJIÆK� �c� L � � C EOG I K� L C � ;

GÝK� L C 354 -J+c-0/21 � ��� M
by (14.21)

D G I K� L � � ; 354 - EHG � L � ' A M K�EHGJIÆK� L C � ;
GPK� L C 354 -J+c-0/21 � ��� M

by (14.16)
D G I K� L � � ;

GPK� L � 354 - EOG I K� L C � ;
GPK� L C 354 -J+c-0/21 � ��� M

by (14.19)
D G I K� L � � ;

GPK� L � E 354 - GJIÆK� L C � ; 354 -�+c-0/21 � ��� M
by (14.22)

D G I K� L � E � ; 354 - GJI K�ÝL C � M ; GPK� L � 354 -J+c-0/21 � ���D
LHS

Thestructurefor s , � and∏ is straightforward,but to prove therequirednaturalitycondi-
tionsweneedsomelemmas.

Lemma 140 GivenΓ
I � < Γ in } andΓ

� <BA in
/

, thecomposite
E < � M ; � in

/
is theobliquemorphism� K � .

¡

Lemma 141 Let Γ
I � < 9 Γ beaproducerin

/
. Then

1. �?'?( , for any valueobject ( is givenby

< G KΓ þ�L � �
Γ I '?( < ö Γ

354 - EHG IΓ þ0�c�ÝL Γ j EOG Γ þ0���ÝL Γ;
G I K

Γ þ�L � +c-0/21
Γ �c�

Γ I '?( < 9 E
Γ '?( M

2.
/ E ��j A M , for any computationobject A , is givenby

u Γ
A |D < 8 1

E ö Γ j A M

u Γ þ A ª |D 8 1
E ö Γ

I j A M
8 1

E 354 - G I K1 L Γ þ ��j A M
®
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3.
/ E ��'?(?j A M , for any valueobject ( andcomputationobject A , is givenby

u Γ �c� A |D < 8 1 �c� E ö Γ j A M

u Γ þ �c� A ª |D 8 1 �c� E ö Γ
I j A M

8 1 �c� E 354 - G IÆK1 �c�ÝL Γ þ ��j A M
®

¡
Proof (1) is straightforward.For (2)–(3),follow atypicalmorphismaround,anduseLemma137.¡

For s , we requireanisomorphism/ E < Γ j A M |D } E
Γ j§s A M naturalin Γ � } �O 

This is preciselytheisomorphism

u Γ
A |D } E

Γ j§s A M naturalin Γ � }��O 
Lemma140shows thatthenaturalityconditionsarethesame.

For � , we requireanisomorphism/ E
Γ '?(?j A M |D / E

Γ j"( � A M naturalin Γ � / �O ö
This is preciselytheisomorphism

u Γ ��� A |D u Γ (l� A
constructedin Sect.14.5.To prove therequirednaturalityin Γ � / �O ö , let Γ

I � < 9 Γ bea
producerin

/
. Thenthediagram

u Γ �c� A |D < u Γ (�� A

8 1 ��� E ö Γ j A M |D <

?@

8 1
E ö Γ j"(l� A M

A B

8 1 �c� E ö Γ
I j A M

8 1 ��� E 354 - G IÆK1 �c�ÝL Γ þ ��j A M
® |D < 8 1

E ö Γ
I j�( � A M

8 1
E 354 - G IÆK1 L Γ þ ��j A M

®

u Γ �c� A

/ E �B')(�j A M

® |D <
A B

u Γ (�� A

/ E ��j"( � A M

®
?@

commutesasrequired:theleft andright quadrilateralsby Lemma141,thetopandbottomquadri-
lateralsby Prop.128(1),usingthedivisionof Γ into 1 andΓ andthedivisionof Γ I

into 1 andΓ I
,

andthecentralsquareby thenaturalityof theclosureisomorphismandtheequation

354 - G I K1 �c�ÝL Γ þ � D GPK
1 L � 354 - G I K1 L Γ þ �

Therequiredstructurefor ∏ is constructedsimilarly.
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Proposition142 The semanticsof CBPV in the staggeredadjunctionmodel
E } j§8Êj§uÜj§p¦p§p M , as

describedin Chap.14, is preciselythatobtained,asin Chap.13, from thevalue/producermodelE } j / j§p¦p§p M thatwe have just constructed.
¡

15.3.3 Value/Producer to Staggered Adjunction to Value/Producer

Givenavalue/producermodel
E } j / j§p¦p¦p M , first obtainastaggeredadjunctionmodel

E } j58Êj§uÜj¦p§p¦p M
andthenobtainanothermodel

E } j / I j¦p§p¦p M . Weseethat

/ IHE (�j A M D / E (?j A M
sowesettheidentitymorphismto betherequiredisomorphismfrom theoriginalvalue/producer
modelto thenew value/producermodel. Of course,we mustverify that all thestructureis the
same,sothatthis isomorphismis structurepreserving,but thisverificationis entirelystraightfor-
ward.

15.3.4 Staggered Adjunction to Value/Producer to Staggered Adjunction

Givenastaggeredadjunctionmodel
E } j58Êj§uÜj¦p§p¦p M , first obtainavalue/producermodel

E } j / j¦p§p¦p M
andthenobtainanotherstaggeredadjunctionmodel

E } j§8 I j§u I j¦p¦p§p M . We seethat

u I
Γ
A D u Γ

A
8 I

Γ
E öP(?j A M D u Γ �c� A |D 8 Γ

E öç(?j A M
This givesthe requiredisomorphismbetweenthe old andthe new model. We mustprove that
this isomorphismis structurepreserving,andthis is straightforwardwith thehelpof Lemma137.

15.4 Equivalence:Restricted Algebra Models and Value/Producer Models

15.4.1 From Restricted Algebra Model To Value/Producer Model

Givenarestrictedalgebramodel
E } j7²gj§â50 A ã C £�õ j§p¦p§p M , wewanttoobtainavalue/producermodel.

We constructa staggeredcategory
/

as follows. Clearly 3 / x -d��� /Z´ / D /Z´ } andwe set4¦ø -0ù^� 4 /�´ / D ú . We definethehomset
/ E (?j A M to be } E (?j§s A M . In particular, a producerfrom( to A will bea } -morphismfrom ( to s:9 A D ² A .

* The
/

-morphism
; 1 � is givenas « ( .

* For
/

-morphisms( � = A and A � <�ý , thecomposite� ; � is givenas

( � < ² A ²×� < ²:s ý % ý < s ý
* For } -morphism( � <BA , < � is givenas

( � <BA « A < ² A
* For

/
-morphism( � = A ,

� '� is givenas

� '?( � '� < � '�² A C EO� j A M < ² EH� ' A M
It is easyto verify that

/
is a staggeredcategory and that we have defineda value/producer

structurefrom } to
/ ö , andto prove thefollowing lemma.
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Lemma 143 Given ( � <:A in } and A � <Bý in
/

, the composite
E < � M ; � in/

is givenas � ; � in } .
¡

Wesetthe s isomorphism / E < Γ j A M |D } E
Γ j§s A M

to bethe identity—itsnaturalityin Γ � }N�H  follows from Lemma143. Consequently~ /Q-d�$� C is; 1 C .
For any ( and A , we have anexponentfrom ( to s A with vertex s E (�� A M , i.e. we have

anisomorphism

} E
Γ '?(?j5s A M |D } E

Γ j5s E ( � A M§M
This servesfor our requiredisomorphism/ E

Γ ')(�j A M |D / E
Γ j"( � A M

It is straightforward to show that this is naturalin Γ � / �H ö asrequired. The structurefor ∏ is
similar.

Proposition144 Thesemanticsof CBPV in therestrictedalgebramodel
E } j7²gj5â10 A ã C £�õ j§p¦p¦p M ,

as describedin Chap.12, is preciselythat obtained,as in Chap.13, from the value/producer
model

E } j / j§p¦p§p M thatwehave just constructed.
¡

15.4.2 From Value/Producer Model To Restricted Algebra Model

Givena value/producermodel
E } j / j§p¦p§p M wewantto obtaina restrictedalgebramodel.

Thestrongmonadis constructedasfollows.* For (,� /�´ } , ²g( is definedto be s�9:( .

* For ( � <BA , ²=� is definedto be 4 w^x^yz{ E ~ /Q-d��� ö � ; < � M .
* « ( is definedto be 4 w^xzy^{ ; 1 � .

* ³ ( is definedto be 4 w^xzy^{ E ~ /z-d��� ö � ö � ; ~ /Q-d��� ö � M .
* C E (�j A M is definedto be 4 w^xzy^{ E ( ' ~ /Q-d��� ö C M .

The family of algebrasis â50 A ã C £
D 8 óFEHG Ddä�å�I , where 0 A is the ² -algebrawith carrier s A and
structure4 w^xzy^{ E ~ /Q-d�$� ö � C ; ~ /z-d��� C M .

Checkingthe variousstrongmonadandalgebraequationsis easywhenwe observe that to
prove � D � , where

( � <
� < s A

it sufficesto prove that

( < � = s A

s A
< �KJ

~ /Q-d��� C <BA
~ /z-d��� C

®
commutes.
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For � , we mustfirst constructanexponentfrom ( to s A , with vertex s E ( � A M . This is
givenby

} E
Γ j§s E ( � A M¦M |D / E < Γ j�( � A M|D / E¦E < Γ M '?(?j A MD / E < E Γ '?( M j A M|D } E

Γ '?(?j5s A M
which is naturalin Γ becauseeachfactoris. If wewrite L Γ for theisomorphismfrom

/ E
Γ j�( �A M to

/ E
Γ '?(�j A M , thentheevaluationmap �NM is givenby 4�wzx^y^{OL � � �,P C � ~ /z-��$� ��P C . Wemust

show thatthestructureof 0 E ( � A M is thatgivenby thisexponent;this followsstraightforwardly
from Lemma127(2).

Thestructurefor ∏ is constructedsimilarly.

Lemma 145 (usedin proofof Prop.148)GivenΓ
I @ =

Γ andΓ
� < ( then

s:9 Γ
²Ñ4�wzx^y^{V� < s:9)sÜ(

Γ
I

4�wzx^y^{ @
ë

4�wzx^yz{ E�@
; � M < s�(

%ç(
®

¡

15.4.3 Value/Producer to Restricted Algebra to Value/Producer

Givenavalue/producermodel
E } j / j¦p§p¦p M , firstobtainarestrictedalgebramodel

E } j7²gj§â50 A ã C £�õ j§p¦p§p M
andthenobtainanothermodel

E } j / I j¦p§p¦p M . Weseethat

/ IHE (�j A M D } E (?j§s A M |D / E (?j A M
It is easyto checkthatthis is structurepreserving.

15.4.4 Restricted Algebra to Value/Producer to Restricted Algebra

Givenarestrictedalgebramodel
E } j7²gj5â10 A ã C £�õ j¦p¦p§p M , weobtainavalue/producermodel

E } j / j§p¦p§p M
andthenanotherrestrictedalgebramodel. It is easyto checkthat this latter restrictedalgebra
modelis exactly thesameastheformer, sotherequiredstructurepreservingisomorphismis the
identity.

15.5 Full Reflection: Restricted Algebra Models and Adjunction Models

15.5.1 From Restricted Algebra Model To Adjunction Model

Givenarestrictedalgebramodel Q D�E } j"²Ñj§â50 A ã C £�õ j¦p§p¦p M , weobtainanadjunctionmodel RSQ
asoutlinedin Sect.14.4.2.Herearethedetails:

* 8 Γ
E ( j A M is definedto bethesetof ² -algebrahomomorphismsfrom 0^( to 0 A over Γ.

* Theidentity ( ; 1
Γ

< ( is
G

Γ L � .

* Thecomposite( @
Γ

<�A @ I
Γ

<�ý is givenby
EOG

Γ L � � j @ M ; @ I .
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* Thereindexing of ( @
Γ

<BA by ∆
Ð < Γ is givenby

E Ð 'ÒsÜ( M ; @ .

* u Γ
A is definedto be } E

Γ j§s A M .
* Thecomposite < �

Γ
< ( @

Γ
<BA is givenby

E ; 1
Γ j7� M ; @

* Thereindexing of < �
Γ

< ( by ∆
Ð < Γ is givenby Ð ; � .

* Given < �
Γ '?( <BA , the 8 -morphism354 - � is givenby C E Γ j"( M ; ²Ü� ; % A . Equivalently,+.-0/21 � is givenby « � .

* Given < �
Γ

<�A , the } -morphism4�wzx^yz{Ñ� is just � . Equivalently, ~ /Q-d��� C is given

by
; 1 � C .

* Therequiredisomorphism

8 Γ �c� EHGÝK
Γ L � � j A M |D 8 Γ

EH� j�(l� A M (15.1)

is givenby

} E¦E
Γ '?( M 'Ès � j§s A M |D

} E¦E
Γ 'Ès � M '?(�j§s A M |D } E

Γ 'Òs � j§s E (l� A M¦M
It is easilyverified that this bijection restrictsto a bijection betweenalgebrahomomor-
phisms,asrequired;similarly for ∏.

All therequiredequationsfor anadjunctionmodelareeasyto prove. It is alsoeasyto show that
theisomorphism

u Γ ��� A |D u Γ (l� A
derivedfrom (15.1)is just theisomorphism

} E
Γ '?(?j5s A M |D } E

Γ j5s E ( � A M§M
expressings E (l� A M asthevertex of anexponentfrom ( to s A ; similarly for ∏.

15.5.2 From Adjunction Model To Restricted Algebra Model

Let T DFE } j58Éj5uÜj¦p§p¦p M beanadjunctionmodel.Obtainastaggeredadjunctionmodel(by forget-
ting mostof thehomsets),thenavalue/producermodel(by Sect.15.3.2),thenarestrictedalgebra
model(by Sect.15.4.2)—callthis UVT D E } j"²Ñj§â10 A ã C £�äèåPé j¦p§p¦p M .

Explicitly:

² E ( � <�A M D 4 w^xzy^{ E ~ /z-��$� ö � ; 354 - GJIÆK� ö � L � � K +c-d/Q1 CVM
« ( D 4 w^xzy^{ +c-0/21 �³ ( D 4 w^xzy^{ E ~ /z-��$� ö � ö � ; 354 - G IÆK� ö � ö �PL � ö � ~ /Q-d��� ö � M

C E (?j A M D 4 w^xzy^{ EOG I K� L � ö C ~ /z-d��� ö C ;
GÝK�ÝL � ö C 354 -�+c-d/Q1 ��� C M

% A D 4 w^xzy^{ E ~ /z-��$� ö � C ; 354 - GJI K� ö � C L � C ~ /Q-d��� C M
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Theexponentfrom ( to s A with vertex s E (�� A M is givenasthecomposite

} E
Γ '?(�j A M |D

u Γ �c� A |D u Γ ( � A|D } E
Γ j§s E ( � A M¦M

Similarly for ∏.

15.5.3 Restricted Algebra To Adjunction To Restricted Algebra

Proposition146 Let Q bea restrictedalgebramodel.Then UWRXQ D Q .
¡

This is straightforwardto prove.
Wecanthussetthecounitof our full reflectionto betheidentity.

15.5.4 Adjunction To Restricted Algebra To Adjunction

Let T D E } j§8Êj5uÜj¦p¦p§p M be an adjunctionmodel. We obtain a restrictedalgebramodel UVT DE } j"²Ñj§â50 A ã C £�äèåçé j¦p¦p§p M . We thenobtainanotheradjunctionmodel RSUVT . We wish to construct
anadjunction-model-morphismx^y ; 4ZY from T to RSU�T —this will be theunit of our full reflec-
tion.

* xzy ; 4ZY leaves } -morphismsunchanged.

* xzy ; 4ZY takesanobliquemorphism < �
Γ

< ( to Γ
4�wzx^y^{V� < s�( .

* xzy ; 4ZY takesa 8 -morphism( @
Γ

<:A to Γ 'Ès�( 4�wzx^yz{ EHG I K
Γ L � � ~ /z-��$� � ;

G K
Γ L � � @ M < s A .

In the last case,we mustcheckthat Ð D x^y ; 4[Y @ is a ² -algebrahomomorphismfrom 0^( to 0 A
over Γ, i.e. thatthediagram

Γ 'Òs�9)s�( C E Γ j§sÜ( M < s:9 E
Γ 'ÈsÜ( M ² Ð < s�9s A

Γ 'Ès�(
Γ '\%ç(

®
Ð < s A

% A
®

commutes.

It is sufficient to prove that

C E Γ j5s�( M K M E ² Ð M K�E % A M K ~ /z-d��� C DFE
Γ '\%ç( M K�E Ð M K ~ /Q-d��� C

Expandinganddistributing theLHS gives
EHG I K

Γ L � ö � � ~ /Q-d��� ö � � M ; ] where ] is the 8 -morphism

EOG K
Γ L � ö � � 354 -J+.-0/21 Γ � � � M ; E C E Γ j§sÜ( M K 354 - G IÆK� ö � Γ � � � ��L Γ � � � Ð K +c-0/21 � C M ;E C E Γ j§sÜ( M K E ² Ð M K 354 - G I K� ö � C L � C ~ /z-��$� C M

by (14.16)
D EHG K

Γ L � ö � � 354 -J+c-d/Q1 Γ � � � M ; E 354 - G I KΓ � � ö � � L Γ � � � Ð K +.-0/Q1 � C M ; E 354 - G IÆKΓ � � ö � � L � C ~ /z-��$� C M
by (14.19)

D E 354 - EHG Γ L � ö � � 'Ès�( M K +.-0/Q1
Γ � � � M ; E 354 - G I KΓ � � ö � � L Γ � � � EHG I K

Γ L � � ~ /z-��$� � ;
G K

Γ L � � @ M§M
by (14.19)

D 354 - EHG Γ L � ö � � 'Ès�( M K EHG I K
Γ L � � ~ /Q-d�$� � ;

G K
Γ L � � @ M

by (14.16)
D G K

Γ L � ö � � 354 - EHG I KΓ L � � ~ /Q-d��� � ;
G K

Γ L � � @ M
by (14.17)

D EHG K
Γ L � ö � � 354 - G I KΓ L � � ~ /Q-d��� � M ; EOG KΓ L � ö � � @ M
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Expandinganddistributing theRHSgives
EHG I K

Γ L � ö � � ~ /Q-d��� ö � � M ; ] I where ] I is the 8 -morphism

EHGJI K
Γ L � ö � � 354 - GJIÆK� ö � � L � � ~ /Q-d�$� � M ; EHGÝKΓ L � ö � � @ M

by (14.22)
D EHGÝK

Γ L � ö � � 354 - GJIÆKΓ L � � ~ /z-d��� � M ; EOGPKΓ L � ö � � @ M
Thus ] D ] I . For brevity, wehaveomittedall theinstancesof reducing

E 4�wzx^y^{N� M K ~ /z-��$� C to � and
of distributing reindexing over composition.

Showing that x^y ; 4 � preservesidentities,compositionandreindexing isstraightforward.Preser-
vationof the s isomorphismis trivial, andfor preservationof the 9 isomorphismit sufficesto
show preservationof +c-0/21 x �$� � , which is trivial.

For the � and∏ isomorphisms,weneed

Lemma 147 Thediagram

8 Γ
EH� j A M 8 E 354 - G IÆKΓ L � � ~ /Q-d��� � j A M < 8 Γ

E 9)s � j A M

} E
Γ 'Òs � j§s A M
x^y ; 4ZY ®

|D < u Γ � � � A
|D

ë
commutes.

¡
Proof Followingamorphism

� @
Γ

<BA down, rightandupgives354 - EHG I KΓ L � � ~ /Q-d��� � ;
G K

Γ L � � @ M
whichby Lemma137(14.17)is equalto

E 354 - G I KΓ L � � ~ /z-��$� � M ; @ .
¡

Now thefactthat xzy ; 4[Y preservesthe � isomorphismis givenby thecommutativity of

8 Γ ��� EH� j A M |D 8 Γ
EO� j�( � A M

8 Γ �c� E 9)s � j A M |D
^\_:`ba

Γ c dfe6g3h ikj 8 Γ
E 9)s � j�(l� A Ml m�nZoqp[r\sut v

} E¦E
Γ '?( M 'Ès � j§s A M
x^y ; 4ZY ®

u � Γ �c�J��� � � A
|D

wx

} E¦E
Γ 'Ès � M '?(�j§s A M

|D
} E

Γ 'Ès � j5s E (l� A M¦M

xzy ; 4ZY

®

uV� Γ � � � ���c� A
|D

|Dwx u Γ � � � (l� A

|D

y z
where

@
is 354 - G IÆKΓ L � � ~ /Q-d��� � . Theright quadrilateralcommutesby Lemma147,asdoestheupper

left quadrilateral,usingthe fact that
G K

Γ L � @
is 354 - G IÆKΓ �c�ÝL � � ~ /z-d��� �

by Lemma137(14.16).The
centralpentagoncommutesby Prop.128(1)—wehavechosento divideΓ 's �

into Γ and s �
.

Theupperquadrilateralcommutesby thenaturalityof the � isomorphismin T . Thebottomleft
quadrilateralcommutesby thenaturalityof the s isomorphismin T .

Similarly, we canprove that x^y ; 4ZY preservestheisomorphismfor ∏.

15.5.5 Triangle Laws

To completeour constructionof the full reflection,we mustverify the trianglelaws for an ad-
junction.Becausethecounitis identity, thesearequitesimple.
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1. U¶x^y ; 4ZY D ; 1|{ Y . Thissimplysaysthat x^y ; 4 � is identityon } -morphisms,which is trueby
definition.

2. xzy ; 4H}f~ D ; 1 }K~ . This is easilyverified.

15.6 Notions Of Homomorphism

We now show that thevariousdefinitionsof homomorphismgiven in Def. 121accuratelychar-
acterizethehomomorphismsin theinducedadjunctionmodel.

Proposition148 Let Q bearestrictedalgebramodel,value/producermodel,staggeredadjunc-
tion modelor direct modelgiving rise to the adjunctionmodel

E } j§8Êj5uÜj¦p¦p§p M , as in Fig. 11.1.
Thenthereis a bijectionbetweenthehomomorphismsfrom ( to A over ý in Q , asdefinedin
Def. 121,and 8 � E ( j A M . ¡
Proof

restrictedalgebramodel This is just theconstructionof theadjunctionmodel.

value/producermodel Let
E } j / j¦p§p¦p M be a value/producermodelgiving rise to the restricted

algebramodel
E } j"²gj5â10 A ã C £
D 8 óFEHG Ddä�å�I j¦p§p¦p M . We have to constructa bijection between

morphisms / E
Γ j"( M < / E

Γ ' ý j A M naturalin Γ � / �H ö
andalgebrahomomorphismsfrom 0^( to 0 A over ý .

* Givenamorphism

/ E
Γ j�( M L Γ< / E

Γ ' ý j A M naturalin Γ � / �H ö
we set � to be

ý 'Ès�( EOG I j G M < sÜ( ' ý 4�wzx^yz{�L � � ~ /Q-d�$� � < s A
UsingLemma127(2),we canprove that this is analgebrahomomorphismfrom 0^(
to 0 A over ý .* Givenanalgebrahomomorphism� from 0^( to 0 A over ý , we obtainthemorphism

L Γ takingΓ
� < ( to

Γ ' ý < 4�wzx^yz{ ��' ý= sÜ( ' ý < EOG I j G M= ý 'Ès�( < � = s A ~ /Q-d��� C <:A
Thenaturalityof L Γ in Γ � / �H ö is provedusingLemma145.

Thattheseareinverseconstructionsfollows from a Yoneda-styleargument.

staggeredadjunction model Let
E } j58Êj§u M bea staggeredadjunctionmodelgiving rise to the

value/producermodel
E } j / j¦p§p¦p M , Wehave to constructabijectionbetweenmorphisms

8 Γ
E ö � j�( M < 8 Γ ��� EOGPK ö � j A M naturalin Γ and ö �

andmorphisms

/ E
Γ j"( M < / E

Γ ' ý j A M naturalin Γ � / �H ö
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* Givenamorphism

8 Γ
E ö � j�( M < 8 Γ ��� EOGPKΓ L � ö � j A M naturalin Γ and ö �

we useanarbitrarydivision of Γ to obtaina morphismfrom
/

Γ ( to
/

Γ ��� A —asin
Prop.128(1),this morphismis independentof theparticulardivisionused.We show
thatit is naturalin Γ � / �H ö just aswe provedthenaturalityof

/ E
Γ '?(�j A M |D / E

Γ j�( � A M
in Sect.15.3.2.* Givenamorphism

/ E
Γ j�( M L Γ< / E

Γ ' ý j A M naturalin Γ � / �H ö
we obtain

8 Γ
E ö � j�( M |D < u Γ � � (

8 Γ ��� E ö � j A M ª |D u � Γ � � ����� A
L Γ � �®

This canbeshown naturalin Γ and ö � usingLemma137.

It is easyto show thattheseconstructionsareinverse.

dir ectmodel Let
E:2 j;4 M be a direct modelgiving rise to the value/producermodel

E } j / j¦p¦p§p M .
We have to constructabijectionbetweenderivations

Γ R h (
Γ j ý R h A

thatcommuteswith sequencingin Γ, andmorphisms

/ E
Γ j"( M < / E

Γ ' ý j A M naturalin Γ � / �H ö
We omit thedetails,whicharestraightforward. ¡
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Chapter 16

Conclusions,Comparisonsand Further Work

16.1 Summary of Achievementsand Drawbacks

In Part I, we introducedthe CBPV paradigmasa languageof semanticprimitives for higher
orderprogrammingwith computationaleffects(even just divergence).In Part II we saw a vast
rangeof semanticsthatsupportCBPV’s claim to besucha language,subsumingbothCBV and
CBN. That rangeincludesmodelsfor printing, storage,divergence,erraticchoice,errorsand
control effects; it alsoincludespossibleworld modelsandinteraction-basedsemanticssuchas
jumping implementations(usingcontinuations)andpointergamemodels.Again andagain, we
saw theadvantagesof usingCBPVasa languageof study. For example,in theinteraction-based
semantics,theexplicit controlflow in CBPV makesit closerto thedetailedbehaviour presentin
themodelthanCBN or CBV are.

However, thereweresomeexamplesof CBV modelsthatwewereunableto decomposeinto
CBPV in anaturalway:

* themodelfor input basedon Moggi’s input monad[Mog91]—notealsothe relateddiffi-
culty in formulatinganoperationalsemanticsfor thiseffect;

* the constrainedmodel for finite erratic choicebasedon the strongmonad ����� on Set,
describedin Sect.6.5.3;

* theconstrainedmodelfor storethatincorporatesparametricityin initializations,mentioned
in Sect.7.9.

In Part III, we saw thatall of our semanticsfor CBPV areinstancesof adjunctionmodels.It
is thereforereasonableto saythatwhatCBPVachievesis to decomposeMoggi’sstrongmonads
into strongadjunctions.However, aswe explainedin Sect.14.3.2,whilst all thesesemanticsex-
hibit adjunctionstructure,theCBPVlanguageitself doesnot. Wethereforeprovidedotherforms
of categorical semanticsthat, althoughlesselegant, agreeexactly with the CBPV equational
theory.

16.2 Contrast With Other Decompositions

Wecontrastthesuccessof theCBPVdecompositionsof CBV andCBN typeconstructorswith 2
otherwell-known decompositions:

* Moggi’sdecompositionof (�� CBV
A as (l� ² A by contrastwith our s E (l� 9 A M

* thelinearlogic decompositionof ( � CBN
A as! ( � A by contrastwith our

E sÜ( M � A .
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Both thesedecompositions/translationsaregivenin [BW96].
For discussion’ssake,wewill saythatthetypesof Moggi’s targetlanguageinclude

( ::
D � YzY|���?���\n�� (�')(���(�� (��V²�(�� ¥¦¥§¥

althoughMoggi doesnotexplicitly include
� YQY�� and ���\n . In categoricalterms,Moggi’sdecom-

positionof � CBN is isomorphicto ours,becauses E ( � 9 A M mustbethevertex of anexponent
from ( to ² A . But muchis lost in Moggi’s translation,aswe now explain.

* As wesaidin Sect.1.2.3,themonadiclanguagedoesnothaveanoperationalsemantics(at
leastnot a simpleonein thesameway asCBV, CBN andCBPV) becauseit is a language
of values.

* Althoughthemonadiclanguagedoeshave a denotationalsemanticsusingcpos,in which( � A denotesthecpoof total functionsfrom a a (�b b to a a A b b , this is notaSEAM predomain
semantics(Def. 23). For example, ���\n��¢���\n denotesanuncountableflat cpo,which is
notaSEAM predomain.

* We cannotaddgeneraltype recursionto themonadiclanguage,becausefor examplewe
couldnot interpret³,��p E �=� � YzY|� M —thereis nocpo

�
suchthat

� |D � � 2. Theheartof
theproblemis thattotal functionspacebetweencposdoesnot definea locally continuous
functor.

* We cannottranslatethemonadiclanguageinto Jump-With-Argument(preservingseman-
tics), sowe do not have a jumpingimplementationfor it. To put this anotherway, look at
thecontinuationsemanticsfor (l� CBV

A givenby thetwo decompositions:

(l� ² A gives (l����� As E ( � 9 A M gives � E ( '�� A M
Theseareisomorphic.But thelatteris meaningfulin a jumpingsense—itsaysthataCBV
functionis a point to which we jump takingbothanargumentanda returnaddressfor the
result.By contrast,the � usedin theformercannotbeunderstoodin jumpingterms.

The target languageof the linear logic decompositionis a linear t -calculuswith typesin-
cluding

( ::
D

! ( �×( �Û( ��( � ( � ¥¦¥§¥
(Weareunderliningthetypesbecausethey denotepointedcpos.)

Much is lost in thetranslationfrom CBN into this language.For example,O’Hearn’sseman-
tics of globalstore

a a ( � CBN
A b b DFE:� � a a ( b b M � a a A b b

andtheStreicher-Reuscontinuationsemantics

a a ( � CBN
A b b DFE � a a ( b b M ' a a A b b

do notexhibit thelineardecomposition.Onereasonfor this is that,aswe saidin Sect.1.2.3,the
linear t -calculusassumescommutativity of effects.

For thesamereason,thepointergamemodelfor CBN (givenby theCBPVmodelof Chap.9)
doesnot exhibit the lineardecompositionof � CBN. This is perhapssurprising,giventhe influ-
enceof linearlogic on thedevelopmentof gamesemantics.
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16.3 Beyond Simple Types

In this thesiswehavestudiedonly simply typedlanguages,togetherwith recursiveandinfinitary
types.We havenot lookedat polymorphismor dependenttyping.

16.3.1 DependentTypes

Dependenttypesand computationaleffects are a problematiccombination,as Moggi found.
FromaCBPV perspective,theproblemis asfollows.

On the onehand,it is easyandeven beneficialto adddependenttypesto CBPV. ∑ and '
canbothbeseenasinstancesof dependentsum,while ∏ and � canbothbeseenasinstancesof
dependentproduct.Theonetyping rule thatrequirescareis thesequencingrule

Γ R h i : 9:( Γ j7k : (lR h m : A
Γ R h ionZY=k�p.m : A

In this rule, we muststipulatethat A doesnot dependon k , only on Γ. This restrictionis indis-
pensableif wewantto retainourdenotationalmodels.Thecategoricalsemanticsof this language
remainto bestudied,but we donotexpectdifficulties.

Theproblemis thatthereis noobvioustranslationfrom t -calculuswith dependentsumsand
dependentproductsinto this “dependentlytypedCBPV”. In the simply typedcasewe have 2
translations(CBV andCBN); but theCBV translationof applicationandtheCBN translationof
pattern-matchingbothusesequencing,andwhenwe try extendto thedependentlytypedsetting,
weviolatetheabove restriction.

Thusit appearsthat this “dependentlytypedCBPV” may not be asexpressive asa depen-
dentlytypedlanguagewithouteffects.However, furtherinvestigationis required.

16.3.2 Polymorphism

From an operationalperspective, we speculatethat we could addpolymorphismto CBPV by
addingthefollowing typeconstructors:

( ::
D ¥¦¥§¥ � � � ∑

� pÃ(�� ∑
� p�(A ::

D ¥§¥¦¥ � � � ∏
� p A � ∏

� p A
However, whetherthis is suitablefrom the point of view of impredicative denotationalse-

manticsremainsto beinvestigated.

16.4 Further Work

In additionto theinvestigationof dependentandpolymorphictypesmentionedabove, thereare
anumberof holesin variousplacesin thethesisthatneedto befilled, andtheproblemsinvolved
areby no meanstrivial.

* Developmentof aCBPV modelcombiningerraticchoiceanddivergence.

* Formulationof a big-stepsemanticsfor the combinationof divergenceandprinting, as
discussedin Sect.6.7.1.

* Developmentof parametricmodelsfor cell generation.

* In the pointergamemodel,presentingthe interpretationof term constructorsin a clean
way.
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Appendix A

TechnicalTreatmentof CBV and CBN

A.1 The RevisedSimply Typed � -Calculus

A.1.1 Intr oduction

This chapterlooks in detail at the relationshipbetweenCBV, CBN andCBPV. We will prove
varioustechnicalresults,includinguniversalityandfull abstractionof transforms.Thevarious
languages,translationsandresultsarelistedin Sect.A.2.

Beforewecometo these,it is helpful to recollectwhatwewereaimingto achievein Chap.2–
3:

We take a purelyfunctionallanguage,adda computationaleffect (e.g.printing)
andexplore variouspossiblechoices:aboutevaluationorder, aboutobservational
equivalenceetc. Thenwe seeka singlelanguagethat includesall of thesepossible
choices.

The wider the rangeof languagepossibilitiesthat we explore andshow to be includedwithin
CBPV, thestrongerourclaim thatCBPV is a “subsumingparadigm”.

In this chapterwe carefully retreadthis path. In order that our explorationof possibilities
beasthoroughaspossible,we wantourstartingpoint (thepurelyfunctionallanguage)to havea
wider rangeof typeconstructorsthanwasprovidedin t � YQY���� .

For example,we want to look at producttypes. Ratherthandecidea priori whetherthese
will beprojectionproductsor pattern-matchproducts(in thesenseof Sect.2.3.2),we will pro-
vide both. We will thenseehow eachis affectedby theadditionof computationaleffects,and
eventuallyverify thateachpossibilityis includedwithin CBPV.

Similarly, we will provide not just unarybut multi-ary functions.For althoughtherearevar-
iousisomorphismsthatjustify thedecompositionof multi-ary functiontypesinto unaryfunction
types,it is not cleara priori thatthesewill continueto bevalid wheneffectsareadded.

The purely functional languagethat we useis called the revisedsimply typed t -calculus,
or Revised-t for short. Becauseit is intendedas an exploratory tool, as we have explained,
Revised-t hasextremelygeneraltypeconstructors:

tuple types includebothsumsandpattern-matchproductsasspecialcases.

function types includebothunaryfunctiontypesandprojectionproductsasspecialcases.

We work with infinitely wide languages(seeSect.5.1 for a discussion).Thereaderwishing
to consideronly finitely widelanguagesshouldsubstitute“finite” for “countable”throughoutthis
chapter.
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A.1.2 Tuple Types

Tuple typesarea generalizationof the usualsumtypes. Somethingof sumtype is formedas
a pair consistingof a tag and a term; the type of this term dependson the tag. By contrast,
somethingof tuple type is formedas a finite tuple consistingof a tag and several terms; the
numberof termsandtheir typesdependon thetag. This is themostliberal tupletypeformation
possiblewithin a simply typedlanguage,becausesimpletyping requiresthat thetypeof a term
cannotdependon thetypeof anotherterm,only on a tag.

Tupletypesarebuilt asfollows. Let � beacountableset—thiswill bethesetof tags.Suppose
thatfor each

> ��� we have a finite sequenceof types ( ¢ 0 j¦p§p¦p.j�( ¢ ��� � 6 1� . Thenwe form thetuple

type∑
�¢¡:£ $ ¤ �¢O£�¤ ( ¢Z¥ . This denotestheset∑ ¢O£�¤ E a a ( ¢ 0 b bT' ¥¦¥¦¥ ' a a ( ¢ ���9� 6 1� b b M , or, isomorphically, theset

of tuples
E > j3¦ 0 j§p¦p§p.j3¦ �9� 6 1

M , where¦ ¥ � a a ( ¢Z¥ b b .
Wheneach§ ¢ D 1weobtaintheusualsumtypewritten∑ ¢�£�¤ ( ¢ . In particular, when � D â 0 j 1 ã

weobtainthebinarysum (X� A andwhen � is emptyweobtainthezerotype0.
When � is a singletonset â�¨.ã and § K D

2, we obtaina pattern-matchbinary producttype( ' A . Similarly, when � is a singletonset â6¨\ã and § K D
0, we obtainthe pattern-match-unit

type1.
In the effect-freesetting,∑, ' and 1 are sufficient to give all tuple typesbecauseof this

decomposition:

∑
��¡3£ $¤ �¢�£�¤ ( ¢Z¥ |D ∑ ¢O£�¤ E ( ¢ 0 ' ¥§¥¦¥ '?( ¢ ���9� 6 1� M (A.1)

However, it is notapparenta priori whether(A.1) will remainvalid whenweaddeffects.This is
thereasonfor providing generaltupletypes.(In fact,(A.1) is valid in CBV but not in CBN.)

Another specialcaseof tuple types is when each § ¢ D
0. Sucha tuple type is called a

ground type. Its closedterms are of the form
E > M , for

> �©� ; sometimeswe write this just
as

>
. In particularwhen � D â�4 - x � j ~ ø ¨ 3 � ã we call this type

� YzY|� and when � D«ª
we call

this type ���.n . We write nQX^]T` for
E 4 - x � M , �¬���'\` for

E ~ ø ¨ 3 � M and ®.�Êi nz�Z`6�Ûm `��'^`Ím I
forW�¯i��¬:â E 4 - x � M p.mÛj E ~ ø ¨ 3 � M pcm I ã .

A.1.3 Function Types

Revised-t function typesarea generalizationof the usualunaryfunction types. Somethingof
unaryfunctiontypeis appliedto asingleoperand.By contrast,somethingof Revised-t function
typeis appliedto severaloperands.Thefirst operandis a tagandtherestareterms.Thenumber
of termsandtheir typesdependon the tag, andthe type of the resultalsodependson the tag.
This is themostliberal functiontypeformationpossiblewithin asimplytypedlanguage,because
simpletypingrequiresthatthetypeof a termcannotdependon thetypeof anotherterm,only on
a tag.

We usea novel notation: whenwe apply a function to several operands,we delimit these
operandson the left with the symbol ° . For example m applied to i 0 and i 1 is written°Ñi 0 j�i 1‘ m . The reasonwe do not write it

E i 0 j�i 1
M ‘ m is that this notationsuggeststhatE i 0 j�i 1

M is asubterm,which it is not.
Functiontypesarebuilt as follows. Let � be a countableset—thiswill be the setof tags.

Supposethatfor each
> �±� wehaveafinite sequenceof types( ¢ 0 j¦p¦p§p.j�( ¢ ��� � 6 1� andanothertypeA ¢ . Thenwe form the function type∏

P²¡:£ $ ¤ �¢O£�¤ ( ¢Z¥ A ¢ . This denotestheset∏ ¢O£�¤ E a a ( ¢ 0 b bZ� ¥§¥¦¥ �
a a ( ¢ ���9� 6 1� b bZ� a a A ¢ b b M , or isomorphicallythesetof functionsthat takesthesequenceof operands° > j3¦ 0 j¦p§p¦p.j:¦ �9� 6 1, where¦ ¥ � a a ( ¢Z¥ b b , to anelementof a a A ¢ b b .

Whereeach§ ¢ D 1 we obtaina projectionproducttypewritten ∏ ¢O£�¤ ( ¢ . In particular, when� D â 0 j 1 ã we obtainthebinaryprojection-productwhich we write ( Π A , andwhen � is empty
weobtaintheprojection-unit1Π.

When� is asingletonset,say â6¨\ã , and§ K D 1 weobtaintheusualunaryfunctiontype (Ï� A .
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In the effect-freesetting∏ and � aresufficient to give all function typesbecauseof this
decomposition:

∏
P ¡:£ $¤ �¢O£�¤ ( ¢Z¥ A ¢ |D ∏ ¢O£�¤ E ( ¢ 0 � ¥¦¥¦¥ � ( ¢ ��� � 6 1� � A ¢ M (A.2)

However, it is notapparenta priori whether(A.2) will remainvalid whenweaddeffects.This is
thereasonfor providing generalfunctiontypes.(In fact,(A.2) is valid in CBN but not in CBV.)

Types ( ::
D

∑
� ¡:£ $ ¤ �¢O£�¤ ( ¢Z¥ � ∏

P ¡:£ $¤ �¢O£�¤ ( ¢Z¥ ( ¢
whereeachset � is countable.

Terms

Γ j"k : (?j Γ I Rk : (
Γ Rûi : ( Γ j"k : (�Rm : A

Γ R³�z`\n:k � `�i�pcm : A
Γ Rûi 0 : ( ˆ´ 0 ¥§¥¦¥ Γ Rûi � ˆµ 6 1 : ( ˆ´ ��� ˆµ 6 1�

Γ R E
ˆ¶ j�i 0 j¦p§p¦p.j�i � ˆµ 6 1

M : ∑
��¡3£ $¤ �¢�£�¤ ( ¢Z¥

Γ Rûi : ∑
�·¡:£ $¤ �¢O£�¤ ( ¢Z¥ ¥§¥¦¥ Γ j"k 0 : ( ¢ 0 j¦p§p¦p.j7k �9� 6 1 : ( ¢ �F�9� 6 1� Rûm ¢ : A ¥¦¥§¥
Γ R?W�¯i��':â^p§p¦p.j E > j"k 0 j§p¦p¦p.j7k �9� 6 1

M p�m ¢ j¦p§p¦pµã : A
¥¦¥¦¥ Γ j"k 0 : ( ¢ 0 j¦p§p¦p.j"k � � 6 1 : ( ¢ �9� 6 1 Ri ¢ : A ¢ ¥¦¥§¥

Γ RÈtJâ\p¦p¦p.j;° > j7k 0 j¦p§p¦p.j"k � � 6 1 p�i ¢ j§p¦p¦pµã : ∏
P²¡:£ $¤ �¢O£�¤ ( ¢Z¥ A ¢

Γ Rûi 0 : ( ˆ´ 0 ¥§¥¦¥ Γ Rûi � ˆµ 6 1 : ( ˆ´ ��� ˆµ 6 1� Γ Rûm : ∏
P²¡:£ $¤ �¢O£�¤ ( ¢[¥ A ¢

Γ R³° ˆ¶ j�i 0 j§p¦p¦p.j�i � ˆµ¹¸ 1‘ m : A ˆ´
whereˆ¶ is any elementof � .

% -laws�Q`.n:k � `:i�pcm D m a i»º�kzbW�¯ E
ˆ¶ j � �i ¥ M �':â\p¦p§p.j E > j � �k ¥ M p�m ¢ j¦p¦p§pµã D m ˆ´ a

�:����� �i ¥ º�k ¥ b° ˆ¶ j � �i ¥ ‘ tJâ\p¦p§p.j;° > j � �k ¥ p�m ¢ j¦p¦p§pµã D m ˆ´ a
�:����� �i ¥ º�k ¥ b

« -lawsm a i»º¢¼\b D W�¯i��':â^p§p¦p.j E > j � �k ¥ M p�m a E > j � �k ¥ M º¢¼^b"j¦p§p¦p�ãi D t�â^p¦p§p.j9° > j � �k ¥ p E ° > j � �k ¥ ‘ i M j§p¦p§p�ã
FigureA.1: SyntaxandEquationsof Revised-t

A.2 Languagesand Translations

In the restof this chapterwe will look in detail at variouslanguagesinvolving effects,andthe
translationsbetweenthem,shown in Fig. A.2. Arrows of the form ½ � indicatelanguageexten-
sions.For thethreelanguagesmarkedwith anasterisk,weprovide anequationaltheory.

Becausewe areconsideringsomany languages,we have many variantsof thesameresults.
To reduceclutter, we omit many of thesepropositions,wherethey arestraightforward. Further-
more,whentreatingCBV andCBN, we omit proofswhenthey aresimilar to thecorresponding
proofsfor CBPV. Wegiveasummaryof theresultshere.
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FigureA.2: Effectful Languages

Eachlanguagehasthefollowing properties:

* the big-stepsemanticsis total, becausethe only effect we areusing in our languagesis
printing;

* denotationalsemanticscommuteswith substitutionandwith weakening;

* denotationalsemanticsagreeswith operationalsemantics(soundness);

* denotationalequalityimpliesobservationalequivalence.

Eachequationaltheoryhasthefollowing properties:

* provableequalitycommuteswith substitutionandweakening;

* provableequalityimpliesdenotationalequality;

* provableequalityimpliesobservationalequivalence.

Eachtranslationhasthefollowing properties:

* thetranslationpreservesdenotationalsemantics;

* thetranslationcommuteswith substitutionandweakeningup to provableequality;

* the translationpreservesprovableequality(wherethesourcelanguagehasan equational
theory);

* thetranslationpreservesandreflectsoperationalsemanticsfor groundterms;

* thetranslationreflectsobservationalequivalence.
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Wewould likeeachtranslationto have thefollowing properties:

* thetranslationcommutesexactlywith substitutionandweakening;

* thetranslationpreservesandreflectsoperationalsemanticsfor all terms.

However, thesepropertiesusually fail, and to achieve themwe have to extend the translation
from a functionbetweentermsto a relationbetweenterms.

Thetwo translationsinto CBPV1 have thefollowing properties:

* every typein thetargetlanguageis isomorphicto thetranslationof sometypein thesource
language;

* every termin thetargetlanguage(of appropriatetypeandcontext) is provablyequalto the
translationof sometermin thesourcelanguage;

* thetranslationreflectsprovableequality;

* thetranslationpreservesobservationalequivalence(full abstraction).

A.3 Call-By-Value

A.3.1 Coarse-Grain Call-By-Value

For CG-CBV weevaluateto thefollowing terminalclosedterms:

² ::
D E

ˆ¶ j"² 0 j¦p§p¦p.j"² � ˆµ 6 1
M �×tJâ^p§p¦p.j;° > j � �k ¥ p�i ¢ j¦p¦p§pµã

Therelation iÀ¿Ò² is giveninductively by therulesof Fig. A.3. We extendit to printing as
in Sect.3.4.1.

iÁ¿û² m a ²Âº�kzb�¿û² I
�z`\n:k � `�i�pcmÃ¿û² I

i 0 ¿Ò² 0
¥§¥¦¥ i � ˆµ 6 1 ¿È² � ˆµ 6 1E

ˆ¶ j�i 0 j¦p§p¦p.j�i � ˆµ 6 1
M ¿ E

ˆ¶ j"² 0 j¦p§p¦p.j7² � ˆµ 6 1
M

iÁ¿ E
ˆ¶ j � �² ¥ M m ˆ´ a

�N��� �² ¥ º�k ¥ b�¿È²
W�¯i��':â^p§p¦p.j E > j � �k ¥ M p�m ¢ j§p¦p¦pµã�¿È²

t�â^p§p¦p\j;° > j � �k ¥ p�i ¢ j§p¦p§pµã�¿ÌtJâ\p¦p¦p.j;° > j � �k ¥ p�i ¢ j§p¦p§pµã
i 0 ¿û² 0

¥¦¥§¥ i � ˆµ 6 1 ¿È² � ˆµ 6 1 mÄ¿ÌtJâ\p¦p¦p.j;° > j � �k ¥ p�m ¢ j§p¦p§pµã m ˆ´ a
�N�'� �² ¥ º�k ¥ b�¿È²

° ˆ¶ j�i 0 j¦p§p¦p.j�i � ˆµ 6 1‘ mÄ¿û²
FigureA.3: Big-StepSemanticsfor CG-CBV—No Effects

Proposition149 Propertiesof big-stepsemantics:
1We havenot investigatedthesepropertiesfor theothertranslations.
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1. If ² is terminal,then ²Å¿È² .

2. For every closedterm i , iÁ¿Ò² for aunique² . ¡
Denotationalsemanticsfor printing is given as in Sect.2.6.2. The type constructorsare

interpretedasfollows.* ∑
�·¡:£ $¤ �¢O£�¤ ( ¢Z¥ denotes∑ ¢O£�¤ E a a ( ¢ 0 b b�' ¥§¥¦¥ ' a a ( ¢ �F�9� 6 1� b b M .* ∏
P²¡:£ $¤ �¢O£�¤ ( ¢Z¥ A ¢ denotes∏ ¢O£�¤ E a a ( ¢ 0 b bQ� ¥¦¥¦¥ � a a ( ¢ �F�9� 6 1� b bQ� E T K ' a a A ¢ b b M¦M .

A.3.2 Fine-Grain Call-By-Value

TheLanguage
Thecoarse-grainCBV languagethatwe haveseensuffersfrom two problems.

1. Wehadto makeanarbitrarychoiceasto theorderof evaluationof tuplesandapplications.

2. A value U hastwo denotations:a a U�b b S98¦á , its denotationasa value,and a a U�b bOò§ó äèô , its denota-
tion asaproducer.

How canwerefinethelanguageto avoid theseproblems,while leaving unchangedthetypesand
theirdenotations?

In orderto have a singledenotationfunction a a � b b , we make a syntacticdistinctionbetween
valuesandproducers,so that every term is eithera valueor a producerbut not both. Thuswe
have two judgements

Γ R S U : ( Γ R ò i : (
which respectively saythat U is a valueof type ( andthat i is a producerof type ( (i.e. i
producesavalueof type ( ).

Thecalculusthatthis leadsto is calledfine-grain CBV. Thetermsandbig-stepsemanticsare
given in Fig. A.4. We do not evaluatevalues,so the operationalsemanticsis definedonly on
producers.

It is convenientin FG-CBV to write ²�( assyntacticsugar for ∏ ¢O£·Æ K Ç ( . Thusin theprint-
ing semantics²�( denotesT K ' a a (gb b , andin the Scottsemantics²�( denotesa a (gb bÉÈ . We writenz�z]��z�?i for tV¨�p�i and �2Y\XT_^`:U for ¨ ‘ U . Becauseof theimportanceof ²g( , we presentrules
andequationsfor it explicitly, eventhoughthey arejust specialcasesof therulesandequations
for functiontypes.

Notethatin FG-CBV �z`\n is usedonly for bindingidentifiers.Thesequencingof producers,
which waswritten in CG-CBV as �z`\nk � `i�pQm is in FG-CBV written moresuggestively asi n�Y�k�p�m . Furthermorethis is theonlyconstructin FG-CBVthatsequencesproducers,soboth
operationalanddenotationalsemanticsfor otherterms(suchasapplication)is muchsimplerthan
before. In particular, thearbitrarinesspresentin CG-CBV (evaluationorderfor applicationand
for tupling) is no longerpresentin FG-CBV.

FG-CBV is basedon Moggi’s “monadicmetalanguage”[Mog91]. But unlike Moggi’s cal-
culus,FG-CBV distinguishesbetweena produceri of type ( andits thunk, a valueof type²�( .

To addourexampleeffect to thelanguage,weaddtherule

Γ R ò i : (
Γ R ò WQXq®)�2nËÊ ; i : (

andadaptandthenextendthebig-stepsemanticsexactlyasin Sect.3.4.1.We thenobtain:

Proposition150 For every closedproduceri , thereis auniqueÌ j�U suchthat iÁ¿³Ì j�U .
¡
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Γ j7k : (?j Γ I R S k : (
Γ R S U : ( Γ j"k : (lR ò i : A

Γ R S �Q`.n:k � `:U p.i : A
Γ R S U : (

Γ R ò WQXZY\[^]�_\`ÜU : (
Γ R ò i : ( Γ j"k : (lR ò m : A

Γ R ò ion�Y=k�pcm : A�����'�����'��� �Γ R S U ¥ : ( ˆ´ ¥
Γ R S E

ˆ¶ j � �U ¥ M : ∑
� ¡:£ $¤ �¢O£�¤ ( ¢Z¥

Γ R S U : ∑
�·¡:£ $¤ �¢O£�¤ ( ¢[¥ ¥¦¥¦¥ Γ j �����'� �k ¥ : ( ¢Z¥ R ò i ¢ : A ¥¦¥§¥

Γ R ò W�¯ÈUÍ�':â\p¦p§p E > j � � k M p�i ¢ j§p¦p¦pµã : A
¥¦¥§¥ Γ j ���'�'� �k ¥ : ( ¢Z¥ R ò i ¢ : A ¢ ¥§¥¦¥

Γ R S tJâ\p¦p§p.j9° > j � �k ¥ p�i�j¦p¦p§pµã : ∏
P ¡:£ $¤ �¢O£�¤ ( ¢[¥ A ¢

�·�'�����'�'��� �Γ R S U ¥ : ( ˆ´ ¥ Γ R S�Î : ∏
P²¡:£ $¤ �¢O£�¤ ( ¢[¥ A ¢

Γ R ò ° ˆ¶ j � �U ¥ ‘ Î : A ˆ´
Γ R ò i : (

Γ R S nz�z]��z��i : ²�(
Γ R S U : ²�(

Γ R ò �2Y\XT_^`�U : (
i a UOº�kzb6¿ Î�Q`.n:k � `:U p.iÁ¿ Î

WQXZY^[\]�_\`�UÏ¿ÌU
iÁ¿ÌU m a UOº�kzb�¿ ÎionZY=k�pcmÄ¿ Î

i ˆ´ a
�1�'� �U ¥ º�k ¥ b�¿ Î

W�¯ E
ˆ¶ j � �U ¥ M �':â^p§p¦p.j E > j � �k ¥ M p�i ¢ j¦p¦p§pµã�¿ Î

i ˆ´ a
�1�'� �U ¥ º�k ¥ b�¿ Î

° ˆ¶ j � �U ¥ ‘ tJâ^p§p¦p.j;° > j � �k ¥ p�i ¢ j¦p¦p§pµã�¿ Î
iÁ¿ Î

�QY\XT_^`�n^�Q]��z�?iÁ¿ Î
FigureA.4: TermsandBig-StepSemanticsfor FG-CBV—No Effects
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ObservationalEquivalence

Definition 122 Giventwo producersΓ R ò i�j�i I
: A , wesaythat

1. iÑÐ Eèó ä1Ò � ô i I
whenfor all groundproducercontexts } a b , } a iqb6¿³Ì j > if f } a i I b�¿³Ì j > ;

2. i�Ð 8 �9Ó D Ó òÔG i I
whenfor all producercontexts } a b of any type, } a iqb�¿�Ì j7² for some²

if f } a i I b�¿±Ì j"² for some²
Similarly for values.

¡

Proposition151 Thetwo relationsÐ Eèó ä1Ò � ô and Ð 8 �9Ó D Ó òHG arethesame.
¡

DenotationalSemanticsfor Printing

Thesemanticsof typesis thesameasCG-CBV.
If Γ RTSÑU : ( then U denotesa function from a a Γ b b to a a (�b b , whereasif Γ R ò i : ( then i

denotesa functionfrom a a Γ b b to T K ' a a (gb b . Weomit thesemanticsof terms.

Complex ValuesandEquationalTheory

For all purposesexceptoperationalsemantics,we extendtheFG-CBV calculuswith thefollow-
ing rulesfor complex values:

Γ R S U : ( Γ j"k : (lR S�Î : (
Γ R S �z`\n:k � `:U p Î : (

Γ R S U : ∑
�·¡:£ $ ¤ �¢O£�¤ ( ¢Z¥ ¥¦¥§¥ Γ j �����'� �k ¥ : ( ¢[¥ RTS Î ¢ : A

Γ R S W�¯ûUÍ�':â\p¦p§p.j E > j � �k ¥ M p Î ¢ j¦p§p¦pµã : A
We thenform theequationaltheoryshown in Fig. A.5. i , m and Õ rangeover producers,

while U and Î rangeover values.
The equationfor W2Xq®)�2n is of coursespecificto our exampleeffect, but therearedirectly

analogousequationsfor many othereffects.For example,if wewereconsideringdivergence,we
wouldhaveanequation

[b®�ÖZ`\X�×Z`�n�Y=k�pci D [b®�ÖZ`\X�×Z`
Wecall this theory(without the WQXq®��Qn equation)theCBVequationaltheory.

Proposition152 1. Thereis aneffective procedurethatgivena producerΓ RJò�i : ( , pos-
sibly containingcomplex values,returnsa producerΓ R ò ˜i : ( without complex values,
suchthat i D ˜i is provable.

2. Thereis an effective procedurethat, given a closedvalue RTSgU : ( , possiblycontaining
complex values,returnsaclosedvalue R�S ˜U : ( withoutcomplex values,suchthat U D ˜U
is provable. ¡

This is provedlikeProp.26.



266 AppendixA. TechnicalTreatmentof CBVandCBN

% -laws�z`\n:k � `:U pci D i a UOº�kzb�z`\n�k � `BU p Î D Î a UOº�k^bE W2X�Y^[\]�_^`ÜU M n�Y=k�pci D i a UOº�kzbW�¯ E
ˆ¶ j � �U ¥ M �':â\p¦p§p\j E > j � �k ¥ M p�i ¢ j¦p§p¦p�ã D i ˆ´ a

�N�'� �U ¥ º�k ¥ bW�¯ E
ˆ¶ j � �U ¥ M �':â^p¦p§p.j E > j � �k ¥ M p Î ¢ j§p¦p¦p�ã D Î ˆ´ a

�1�'� �U ¥ º�k ¥ b° ˆ¶ j � �U ¥ ‘ tJâ\p¦p§p.j9° > j � �k ¥ p�i ¢ j¦p¦p§pµã D i ˆ´ a
�N�'� �U ¥ º�k ¥ b�2Y\XT_^`�nz�z]��Q�Bi D i

« -lawsi D ionZY=k�p�W2X�Y^[^]�_^`gki a UØº¢¼^b D W�¯ûUÍ�':â^p§p¦p.j E > j � �k ¥ M p�i a E > j � �k ¥ M º·¼^b"j¦p¦p§p�ãÎ a UOº·¼^b D W�¯ûUÍ�':â\p¦p§p\j E > j � �k ¥ M p Î a E > j � �k ¥ M º·¼^b"j¦p¦p§p�ãU D tJâ^p§p¦p.j;° > j � �k ¥ p E ° > j � �k ¥ ‘ U M j§p¦p§pµãU D nz�z]��z�?�QY\X�_\`:U
sequencinglawsE ion�Y=k�pcm M n�YV&�p¢Õ D i nZY=k�p E m nZYV&�p6Õ M

WQXq®��Qn lawsE W2Xq®)�2nËÊ ; i M n�Y=k�p.m D W2Xq®)�2nËÊ ; E i nZYÜk�pcm M
FigureA.5: CBV equations,usingconventionsof Sect.1.4.2

Γ Rûi : ( Γ R ò i h:E : (k W2X�Y^[^]�_^`gk�Q`.n:k � `�i pcm i h3E nZY=k�p.m h:EE
ˆ¶ j�i 0 j§p¦p§p.j�i � ˆµ 6 1

M i h3E
0 nZY=k 0 pçp¦p§p�i h3E�

ˆµ 6 1 n�Y=k � ˆµ 6 1 p�W2X�Y^[\]�_^` E
ˆ¶ j � �k ¥ MW�¯i��¬:â^p¦p§p.j E > j � �k ¥ M p�m ¢ j¦p§p¦pµã i�h3E�nZY�¼Tp�W�¯Ù¼Ú�':â\p¦p¦p.j E > j � �k ¥ M p�m h:E¢ j¦p¦p§pµãtJâ\p¦p§p.j9° > j � �k ¥ p�i ¢ j¦p¦p§pµã W2X�Y^[^]�_^`ÜtJâ\p¦p§p\j9° > j � �k ¥ p�i h3E¢ j¦p§p¦pµã° ˆ¶ j�i 0 j§p¦p§p.j�i � ˆµ 6 1‘ m i h3E

0 nZY=k 0 pçp¦p§p�i h3E�
ˆµ 6 1 n�Y=k � ˆµ 6 1 p.m h:E nZY:�Zp�° ˆ¶ j � �k ¥ ‘ �W2Xb®��QnËÊ ; i W2Xb®��2n�Ê ; i h:E

Γ RÈU : ( Γ R�S U h3E S98ÿá : (k kE
ˆ¶ j�U 0 j¦p§p¦p.j�U � ˆµ 6 1

M E
ˆ¶ j�U h3E S98ÿá

0 j§p¦p§p.j�U h:E S98ÿá�
ˆµ 6 1

M
tJâ\p¦p§p.j9° > j � �k ¥ p�i ¢ j¦p¦p§pµã tJâ\p¦p¦p.j;° > j � �k ¥ p�i h:E¢ j§p¦p¦pµã

FigureA.6: Translationfrom CG-CBV to FG-CBV
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A.3.3 From CG-CBV To FG-CBV

Thetranslationfrom CG-CBV to FG-CBV is givenin Fig. A.6. It is in two parts: � h:E is defined
on producersand � h3E S98ÿá on values.The translation� h:E reflectsour choiceof evaluationorder
for CG-CBV.

We now addressthetechnicalpropertiesof thetranslation.It neithercommuteswith substi-
tutionnorpreservesoperationalsemantics.

substitution It is not thecasethat
E i a UOº�k^b M h3E and i�h3E a U:h3E S98ÿá º�kzb arethesameterm(although

they will areprovably equalin theCBV equationaltheoryof Fig. A.5). To seethis, let i
be k and U be

E
0 j E 0M¦M , where0 is a tag.Then

E i a UOº�kzb M h3E D W2X�Y^[\]�_^` E
0M n�YÜk�p�W2XZY\[^]�_^` E

0 j"k Mi h3E a U h3E S98¦á º�k^b D W2X�Y^[\]�_^` E
0 j E 0M¦M

operational semantics It is not thecasethat iÁ¿³Ì j�U implies i h:E�¿³Ì j�UBh3E S98ÿá . For example,
let i be �Q`.n:k � ` E

0 j E 0M¦M pctV¨çpÃk .

The issueis that CG-CBV cannotrecognizethat what is substitutedis not a certainkind of
producer(to betrivially reevaluatedwhenrequired)but somethinggenuinelydifferent—avalue.

To salvagewhat we can, we proceedas follows. First, we write the two translationsas
relations Ú� h3E and Ú� h:E S98ÿá from CG-CBV to FG-CBV terms. We canpresentFig. A.6 by rules
suchasthese:

i Ú� h3E i I m Ú� h3E m I
�Q`.n:k � `:i�pcm Ú� h:E i I n�YÜk�pcm I

¥¦¥§¥ Õ ¢ Ú� h3E Õ I¢ ¥¦¥§¥
tJâ\p¦p§p.j9° > j � �k ¥ pFÕ ¢ j¦p§p¦pµã Ú� h:E S98ÿá tJâ^p§p¦p.j9° > j � �k ¥ pFÕ I¢ j§p¦p¦pµã

To theserulesweaddthefollowing

i Ú� h3E WQXZY\[^]�_\`�U 0 n�Y=k 0 pçp¦p¦pHWQXZY\[^]�_\`ÜU � ˆµ 6 1 nZY=k � ˆµ 6 1 p�W2X�Y^[^]�_^` E
ˆ¶ j � �k ¥ M

i Ú� h3E W2XZY\[^]�_^` E
ˆ¶ j � �U ¥ M

(By analogywith convention (3) in Sect.1.4.2, it is assumedthat k ¥ is not in the context ofU ¥ þ .) We have thusdefinednon-functionalrelationsÚ� h3E and Ú� h3E S98¦á , andwe will show thatthey
commutewith substitutionandpreserveandreflectoperationalsemantics.

Proposition153 For any produceri , we have i Ú� h3E i h3E , andif i Ú� h3E m then m D i h3E
is provablein theCBV equationaltheoryof Fig. A.5; similarly for values.

¡
Proposition154 1. If U Ú� h3E S98ÿá�U I

then U Ú� h3E WQXZY\[^]�_\`�U I
.

2. If i Ú� h3E�i I
and U Ú� h3E S98¦á U I

then i a UØº�kzb Ú� h3E�i I a U I º�kzb .
3. If Î Ú� h3E Î I

and U Ú� h3E S98ÿá U I
then Î a UOº�kzb Ú� h3E Î I a U I º�k^b . ¡

Proposition155 1. If iÛ¿ÒU and i Ú� h:E i I
, then,for someU I

, i I ¿ÒU I
and U Ú� h3E S98ÿá U I

.

2. If i Ú� h3E�i I
and i I ¿ÊU I

, then,for someU , iÁ¿ÍU and U Ú� h3E S98ÿá U I
. ¡
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To prove this,we introducethefollowing.

Definition 123 1. In CG-CBV, thefollowing producersaresafe:�
::
D kÄ�Ü�z`\n:k � ` � p � � E

ˆ¶ j � �� ¥ M� W�¯ � �¬:â^p§p¦p\j E > j � �k ¥ M p � ¢ j§p¦p§pµãÝ�ÑtJâ\p¦p¦p.j;° > j � �k ¥ p�i ¢ j¦p§p¦p�ã
2. In FG-CBV thefollowing producersaresafe:�

::
D WQXZY^[\]�_\`�UÞ�Ü�Q`.n:k � `:U p � � � n�Y=k�p ��VW�¯ûUÍ�¬:â^p¦p§p\j E > j � �k ¥ M p � ¢ j§p¦p¦pµã ¡

In summary, aproduceris safeiff, insideit, every applicationoccursin thescopeof a t .

Lemma 156 Suppose( 0 j§p¦p¦p.j"( Þ 6 1 Rûi Ú� h3E i I
: A . Then

1. i is safeiff i I
is safe.

2. Supposei is safeand s 0
Ú� h3E S98¦á�s I

0 j¦p¦p§p.j§s Þ 6 1
Ú� h3E S98ÿá�s IÞ 6 1 ( s ¢ and s I¢ maynotbesafe).

* If i a
�ß�'� �s ¢ º�k ¢ b�¿ÌU , then,for someU I

, i I a
�Ô��� �s I¢ º�k ¢ b�¿ÌU I

and U Ú� h3E S98¦á�U I
.* If i I a

�Ô��� �s I¢ º�k ¢ b�¿ÌU I
, then,for someU , i a

�ß�'� �s ¢ º�k ¢ b�¿ÌU and U Ú� h3E S98¦á�U I
. ¡

We prove this by inductionon i Ú� h3E i I
. Finally we prove Prop.155by inductionon iÀ¿ÉU

(for (1)) andon i I ¿ÍU I
(for (2)).

A.4 Call-By-Name

For CBN we evaluateto thefollowing terminalclosedterms:

² ::
D E

ˆ¶ j � �i ¥ M �Á�×tJâ\p¦p¦p.j9° > j � �k ¥ p�i ¢ j¦p§p¦pµã
Therelation iÁ¿û² is definedin Fig. A.7.

Proposition157 For eachclosedterm i , we have iÀ¿û² for auniqueterminalterm ² .
¡

m a iÝº�kzb6¿È²
�z`\n:k � `�i�pcmÄ¿È²

E
ˆ¶ j � �i ¥ M ¿ E

ˆ¶ j � �i ¥ M
iÁ¿ E

ˆ¶ j � �m ¥ M Õ ˆ´ a
�¬�'� �m ¥ º�k ¥ b�¿È²

W�¯i��':â^p§p¦p.j E > j � �k ¥ M pFÕ ¢ j¦p¦p§pµã�¿û²

tJâ\p¦p§p\j9° > j � �k ¥ p�i ¢ j¦p§p¦pµã�¿Êt�â^p§p¦p.j9° > j � �k ¥ p�i ¢ j¦p§p¦pµã
mÄ¿Ìt�â^p¦p§p.j9° > j � �k ¥ p�m ¢ j¦p§p¦pµã m ˆ´ a

�3���'� �i ¥ º�k ¥ b�¿È²
° ˆ¶ j � �i ¥ ‘ mÄ¿È²

FigureA.7: Big-StepSemanticsfor CBN—NoEffects

To addour exampleeffect, we adaptandextendFig. A.7 exactly asin Sect.3.4.1. We then
have
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Proposition158 For every closedterm i , thereis a uniqueÌ j"² suchthat iÀ¿±Ì j"² .
¡

Theprinting semanticsfollows Sect.2.7.4. The interpretationof typeconstructorsis given
by

* If a a ( ¢Z¥ b b DFEO� ¢Z¥ j ¨ M , then a a ∑ � ¡:£ $ ¤ �¢O£�¤ ( ¢Z¥ b b is thefree T -seton ∑ ¢�£�¤ EH� ¢ 0 ' ¥§¥¦¥ ' � ¢ ��� � 6 1� M .
* If a a ( ¢Z¥ b b D EH� ¢[¥ j ¨ M and a a A ¢ b b D EH� ¢ jß¨ M then a a ∏ P ¡:£ $¤ �¢O£�¤ ( ¢[¥ A ¢ b b is the T -set ∏ ¢O£�¤ EH� ¢ 0 �¥¦¥¦¥ � � ¢ ��� � 6 1� � E7� ¢ jß¨ M§M
Wedefineanequationaltheoryfor CBN , whoseaxiomsaretheequationsin Fig. A.8.

% -laws�z`\n:k � `�i�pcm D m a i»º�kzbW�¯ E
ˆ¶ j � �i ¥ M �¬:â^p§p¦p\j E > j � �k ¥ M p�m ¢ j§p¦p§pµã D m ˆ´ a

�:���'� �i ¥ º�k ¥ b° ˆ¶ j � �i ¥ ‘ t�â^p§p¦p.j9° > j � �k ¥ p�m ¢ j¦p§p¦pµã D m ˆ´ a
�:���'� �i ¥ º�k ¥ b

« -lawsi D tJâ\p¦p¦p.j9° > j � �k ¥ p E ° > j � �k ¥ ‘ i M j§p¦p§p�ã
pattern-matching lawsi D W�¯i��':â\p¦p¦p.j E > j � �k ¥ M p E > j � �k ¥ M j§p¦p§pµãW�¯ik�¬:â^p§p¦p\j E > j � �k ¥ M p E W�¯)m ¢ �¬:â^p¦p§p.j E Ð j � � &|àcp¹Õ Ø j¦p¦p§pµã M j¦p¦p§pµãD W�¯ E W�¯i��'Bâ\p¦p§p.j E > j � �k ¥ M p�m ¢ j¦p¦p§pµã M �¬Bâ^p§p¦p.j E Ð j � � & à M pFÕ Ø j¦p§p¦pµãW�¯ik�¬:â^p§p¦p\j E > j � �k ¥ M p�tJâ^p§p¦pcj9° Ð j � � & à p�m ¢ Ø j¦p§p¦pµã^j§p¦p§pµãD tJâ\p¦p§p\j9° Ð j � � & à p E W�¯)i��':â^p§p¦p.j E > j � �k ¥ M p�m ¢ Ø j¦p§p¦pµã M j¦p§p¦p�ã

WQXq®��Qn lawsW2Xq®)�2nËÊ ; E W�¯ik�¬:â^p§p¦p.j E > j � �k ¥ M p�m ¢ j¦p§p¦pµã M D W�¯ E W2Xb®��QnËÊ ; i M �'Bâ\p¦p§p.j E > j � �k ¥ M p�m ¢ j¦p¦p§pµãW2Xq®)�2nËÊ ; t�â^p§p¦p\j;° > j � �k ¥ p�i ¢ j§p¦p§pµã D t�â^p§p¦p\j;° > j � �k ¥ p E W2Xb®��QnËÊ ; i ¢ M j¦p§p¦pµã
FigureA.8: CBN equations,usingconventionsof Sect.1.4.2

The equationsfor W2Xb®��2n areof coursespecificto our exampleeffect, but therewould be
directly analogousequationsfor many othereffects.For example,if we wereconsideringdiver-
gence,wewouldhave equations:

[b®·Ö�`\X�×Z` D W�¯)[�®·Ö�`\X|×�`��':â\p¦p§p\j E > j � �k ¥ M p�m ¢ j¦p§p¦p�ã[b®·Ö�`\X�×Z` D tJâ\p¦p¦p.j9° > j � �k ¥ p�[b®�ÖZ`.X|×Z`zj¦p§p¦pµã
Wecall this theory(without the WQXq®��Qn equations)theCBNequationaltheory.

A.5 The Lazy Paradigm

Recallfrom Sect.2.7.3thatthelazy paradigmis definedto have thesameoperationalsemantics
asCBN, but to useÐ 8 �9Ó D Ó òHG ratherthan Ð E�ó ä1Ò � ô asits observationalequivalence.Thusits models
mustnot satisfy, for example,the « -law for functiontypes.

Weshallsaylittle aboutthelazy paradigm,becauseit is subsumedwithin FG-CBV. First,as
in CG-CBV, we introduceavalue/producerterminology.

Definition 124
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A valueis a lazy termwhosesubstitutioninstancesareall terminal.Unlike in CBV anidentifier
is nota valuebecauseany termcanbesubstitutedfor it, sovaluesarejust thefollowing:

U ::
D E

ˆ¶ j � �i ¥ M �á�ÑtJâ\p¦p§p.j9° > j � �k ¥ p�i ¢ j¦p§p¦p�ã
A produceris a lazy term(so-calledbecauseaclosedproducerproducesa closedvalue).

¡
We translatethe lazy languageinto FG-CBV in Fig. A.9. The translationis essentiallythat

given in [HD97]. Like the translationfrom CG-CBV to FG-CBV, the translationon termsis
definedin two parts: � á 8 â Ó is definedonproducers,and � á 89â Ó S98ÿá is definedon values.

Thetranslationis motivatedasfollows.* Identifersin thelazy languageareboundto unevaluatedterms,sowe regardthem(from a
CBV perspective)asboundto thunks.

* Similarly, tuple-componentsandoperandsin the lazy languageareunevaluatedterms,so
we regardthemasthunks.

* Consequently, identifiers,tuple-componentsandoperandsall havetypeof theform ²�( —a
thunktype.

Thetranslationfrom lazy to FG-CBV is very similar to thetranslationfrom CBN to CBPV.

ý ý á 8 â Ó
∑
�·¡:£ $¤ �¢�£�¤ ( ¢Z¥ ∑

��¡3£ $¤ �¢�£�¤ ²�( á 8 â Ó¢[¥
∏
P ¡3£ $¤ �¢�£�¤ ( ¢Z¥ A ¢ ∏

P ¡3£ $¤ �¢�£�¤ ²�( á 8 â Ó¢[¥ A á 89â Ó¢
( 0 j¦p§p¦p.j"( Þ 6 1 RÈi : A ²g( á 8 â Ó

0 j¦p¦p§p.j"²g( á 8 â ÓÞ 6 1 R ò i á 8 â Ó : A á 8 â Ók �QY\X�_\`�k�Q`\n:k � `�i�pcm �z`\n:k � `=nz�z]��Q��i á 89â Ó p.mÎá 8 â ÓE
ˆ¶ j�i 0 j¦p§p¦p.j�i � ˆµ 6 1

M WQXZY^[\]�_\` E
ˆ¶ j7nz�z]��Q�Bi á 8 â Ó

0 j§p¦p¦p.j7nz�z]��Q��i á 89â Ó�
ˆµ 6 1

M
W�¯i��':â\p¦p¦p.j E > j � �k ¥ M p�m ¥ j§p¦p¦pµã i á 8 â Ó n�Y�¼�p�W�¯Ù¼ã�¬:â^p¦p§p.j E > j � �k ¥ M p�m á 89â Ó¥ j¦p¦p§pµãtJâ^p§p¦p.j;° > j � �k ¥ p�i ¢ j¦p¦p§pµã WQXZY^[\]�_\`�t�â^p§p¦p\j;° > j � �k ¥ p�i á 8 â Ó¢ j§p¦p¦p�ã° ˆ¶ j�i 0 j§p¦p§p.j�i � ˆµ 6 1‘ m m á 8 â Ó nZY��Tp6° ˆ¶ j E nz�z]��Q�Bi 0

M j§p¦p§p.j E n^�Q]��Q��i � ˆµ 6 1
M ‘ �W2Xq®)�2nËÊ ; i WQXq®��QnËÊ ; i á 89â Ó

( 0 j¦p§p¦p.j"(�Þ 6 1 RÒU : A ²�( á 8 â Ó
0 j¦p§p¦p.j7²�( á 8 â ÓÞ 6 1 R S U á 8 â Ó S98¦á : A á 8 â ÓE

ˆ¶ j�i 0 j¦p§p¦p.j�i � ˆµ 6 1
M E

ˆ¶ j7nz�Q]��Q��i á 8 â Ó
0 j§p¦p§p.j"nz�z]��z��i á 8 â Ó�

ˆµ 6 1
M

tJâ^p§p¦p.j9° > j � �k ¥ p�i ¢ j¦p¦p§pµã tJâ^p§p¦p.j;° > j � �k ¥ p�i á 8 â Ó¢ j¦p§p¦pµã
FigureA.9: Translationfrom lazy to FG-CBV: types,producers,values

Thistranslationdoesnotcommutewith substitutionorpreserveoperationalsemanticsprecisely—
onlyupto theprefix �QY\XT_^` nz�z]��Q� . (Recallthatin theCBV equationaltheory, wehave �QY\XT_^` nz�z]��Q�gi D
i .)

substitution It is not thecasethat
E i a mäº�kzb M á 8 â Ó and i á 8 â Ó a nz�z]��Q�ûm á 89â Ó º�k^b arethesameterm

(althoughthey will beprovably equalin theCBV equationaltheory).. To seethis, let i
be k . Then

E i a mäº�kzb M á 89â Ó D m á 8 â Ó but i á 8 â Ó a nz�z]��Q�Bm á 8 â Ó º�kzb D �2Y.X�_^`�nz�z]��z�?m á 8 â Ó .
operational semantics It is not thecasethat iÁ¿³Ì j�U implies i á 8 â Ó ¿³Ì j�U á 8 â Ó S98ÿá . For exam-

ple, let i be �Q`\n�k � ` E
0M p E 0 j7k M .
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To make therelationshipprecise,we proceedasfollows. First,we write thetwo translations
asrelations Ú� á 8 â Ó and Ú� á 8 â Ó S98ÿá from lazy to FG-CBV terms. We canpresentFig. A.9 by rules
suchasthese:

i Ú� á 8 â Ó i I m Ú� á 8 â Ó m I
�Q`.n:k � `:i�pcm Ú� á 8 â Ó �Q`\n:k � ` E nz�Q]��Q��i I M pcm I

¥§¥¦¥ Õ ¢ Ú� á 8 â Ó Õ I¢ ¥¦¥§¥
t�â^p¦p§p.j9° > j � �k ¥ p¹Õ ¢ j§p¦p¦p�ã Ú� á 8 â Ó S98ÿá tJâ\p¦p¦p.j;° > j � �k ¥ pFÕ I¢ j¦p§p¦pµã

To theserulesweaddthefollowing:

i Ú� á 8 â Ó i I
i Ú� á 8 â Ó �QY\XT_^`�nz�Q]��Q��i I

Proposition159 For any produceri , we have i Ú��á 8 â Ó i á 8 â Ó , andif i Ú��á 89â Ó i I
then i I D

i á 89â Ó is provablein theCBV equationaltheory;similarly for values.
¡

Proposition160 1. If U Ú� á 8 â Ó S98ÿá U I
then U Ú� á 89â Ó W2X�Y^[\]�_^`ÜU I

.

2. If i Ú��á 8 â Ó i I
and m Ú� á 8 â Ó S98ÿá$m I

then i a m³º�k^b Ú��á 8 â Ó i I a nz�z]��z��m I º�kzb .
3. If Î Ú� á 8 â Ó S98ÿá Î I

and m Ú� á 89â Ó S98ÿá m I
then Î a mäº�kzb Ú� á 89â Ó S98ÿá Î I a nz�z]��Q�Bm I º�k^b . ¡

Proposition161 1. If iÁ¿ÊU and i Ú� á 8 â Ó i I
, then,for someU I

, i I ¿ÊU I
and U Ú� á 8 â Ó S98ÿáU I

.

2. If i Ú� á 8 â Ó i I
and i I ¿ÌU I

, then,for someU , iá¿ÌU and U Ú� á 89â Ó S98ÿá U I
. ¡

Weprove theseby inductionprimarily on ¿ andsecondarilyon Ú��á 8 â Ó .
A.6 SubsumingFG-CBV and CBN

Thetranslationsinto CBPVareeasilyobtainedby consideringdenotationalsemantics.

A.6.1 From FG-CBV to CBPV

Thetranslationfrom FG-CBV is givenin Fig. A.10.

Proposition162 For aproduceri ,
E i a UOº�kzb M S and iqS a U�S�º�kzb arethesameterm;andsimilarly

for values.
¡

Proposition163 For producersΓ R ò i�j�m : ( , if i D m is provablein theCBV theorytheniqS D mÉS is provablein theCBPVtheory;andsimilarly for values.
¡

Proposition164 Thetranslation� S preservesandreflectsoperationalsemantics:

1. if iá¿ÌU then i�Sf¿ûWQXZY^[\]�_\`�U:S ;
2. if iqSf¿W2XZY\[^]�_^`�U I

then iÁ¿ÌU for someU suchthat U:S D U I
. ¡
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ý ý S (avaluetype)

∑
�¢¡:£ $¤ �¢O£�¤ ( ¢Z¥ ∑ ¢O£�¤ E (�S¢ 0 ' ¥¦¥§¥ '?(gS¢ ��� � 6 1� M

∏
P²¡:£ $ ¤ �¢O£�¤ ( ¢Z¥ A ¢ s ∏ ¢O£�¤ E (�S¢ 0 � ¥§¥¦¥ � (�S¢ ���9� 6 1� � 9 A S¢ M²g( s�9B(gS

( 0 j¦p§p¦p.j�( Þ 6 1 R S U : A ( S0 j¦p¦p§p.j�( SÞ 6 1 R S U S : A Sk kE
ˆ¶ j�U 0 j§p¦p¦p.j�U � ˆµ 6 1

M E
ˆ¶ j E U:S0 j¦p§p¦p.j�U:S�

ˆµ 6 1
M¦M

tJâ\p¦p¦p.j9° > j"k 0 j¦p§p¦p.j"k � � 6 1 p�i ¢ j¦p¦p§pµã n^�Q]��z�)t�â^p§p¦p.j > p�tZk 0 p¦p§p¦p�t�k �9� 6 1 p�iqS¢ j§p¦p§pµãnz�z]��z�?i nz�Q]��Q��i S
( 0 j§p¦p§p.j�(�Þ 6 1 R ò�i : ý ( S0 j§p¦p§p.j�( SÞ 6 1 R�hÝi S : 9 ý S�z`\n:k � `:U pci �z`\n�k � `BU S pci SW2XZY\[^]�_^`�U W2X�Y^[^]�_^`�U�SionZY=k�pcm iqS nZY=k�pcmrSW�¯ûUÍ�':â\p¦p¦p.j E > j � �k ¥ M p�i ¢ j¦p§p¦p�ã W�¯ÈU S �':â\p¦p§p\j E > j E � �k ¥ M¦M p�i S¢ j¦p§p¦p�ã° ˆ¶ j�U 0 j¦p¦p§p.j�U � ˆµ 6 1‘ Î U:S�

ˆµ 6 1‘ p§p¦p ‘ U:S0 ‘ ¶̂ ‘ �2Y.X�_\` Î S�2Y.X�_\`:U �QY\X�_\`�U:SWQXq®��QnËÊ ; i W2Xb®��Qn\Ê ; iqS
Whenwe addcomplex valuesto the sourcelanguageFG-CBV, we mustaddthemalsoto the
targetlanguageCBPV, andwe thenextendthetranslationasfollows:

( 0 j¦p§p¦p.j�( Þ 6 1 RTSVU : A (gS0 j¦p§p¦p.j"(�SÞ 6 1 R�SVU�S : A S�Q`.n:k � `:U p Î �z`\n:k � `:U S p Î SW�¯ûUÍ�':â^p§p¦p.j E > j � �k ¥ M p Î ¢ j¦p¦p§pµã W�¯ûU:SO�':â^p¦p§p.j E > j E � �k ¥ M¦M p Î S¢ j§p¦p¦p�ã
FigureA.10: Translationof FG-CBVtypes,valuesandproducers
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A.6.2 From CBPV Back To FG-CBV

Ouraim is to prove thefollowing.

Proposition165 1. Any CBPVvaluetype ( is isomorphicto A S for someCBV type A .

2. For any CBPV producer ( S0 j¦p¦p§p.j�( SÞ 6 1 R�h?m : 9 A S there is an FG-CBV producer( 0 j¦p§p¦p.j"( Þ 6 1 R ò i : A suchthat iqS D m is provable in CBPV; andsimilarly for val-
ues.

3. For any FG-CBV producersΓ R ò i�j�i I
: A , if iqS D i I S is provable in CBPV theni D i I

is provablein FG-CBV; andsimilarly for values.
(2)–(3)canbeextendedto termswith holesi.e. contexts.

¡
Corollary 166(Full Abstraction) For any FG-CBV producers( 0 j§p¦p¦p.j"( Þ 6 1 R ò�i�j�i I

: A , ifiåÐli I
then iqS�Ðli I S ; andsimilarly for values.(Theconverseis trivial.)

¡
Proof Suppose} a i�S¦b�¿æÌ j7WQXZY^[\]�_\` >

, for someCBPV groundcontext } of type 9 ∑ ¢O£�¤ 1.
Constructa FG-CBV context } I

suchthat } I S D } is provable in CBPV. Then we reasonas
follows.

1. Sincein CBPVprovableequalityimpliesobservationalequivalence,
E } I a iqb M Sb¿\Ì jHW2X�Y^[^]�_^` >

usingthefactthat
E } I a iqb M S is precisely} I S a i S b .

2. By Prop.164(2), } I a iqb�¿±Ì j > .
3. Since iåÐli I

, wehave } I a i I b�¿³Ì j > .
4. By Prop.164(1),

E } I a i I b M Sf¿äÌ j > .
5. Sincein CBPVprovableequalityimpliesobservationalequivalence,} a i I S bç¿\Ì jHW2X�Y^[^]�_^` >

.

Theproof for valuesis similar.
¡

To prove Prop.165,we give a translation� S ¸ 1
from CBPV to FG-CBV. (We shallseethat,

up to isomorphism,it is inverseto � S .) At first glance,it is not apparenthow to make such
a translation.For while it will translatea valuetype into a CBV type, what will it translatea
computationtypeinto? Theansweris: a family of pairsof CBV types â E A ¢ j ý ¢ M ã ¢O£�¤ . To seethe
principleof thetranslation,wenoticethatin CBPVany computationtypemustbeisomorphicto
a typeof theform ∏ ¢O£�¤ E A ¢ � 9 ý ¢ M . (This is discussedin Sect.4.7.3.)

This motivatesthefollowing.

Definition 125 * A CBV pseudo-computation-typeis a family â E A ¢ j ý ¢ M ã ¢�£�¤ of pairs of
CBV types.

* Let ( 0 j§p¦p¦p.j§j�( Þ 6 1 bea sequenceof CBV typesandlet â E A ¢ j ý ¢ M ã ¢O£�¤ bea CBV pseudo-
computation-type.Wewrite

( 0 j¦p§p¦p.j"( Þ 6 1 R h è�éçê â�i ¢ ã ¢O£�¤ : â E A ¢ j ý ¢ M ã ¢�£�¤
to meanthat,for each

> �ã� , i ¢ is anFG-CBVproducer( 0 j¦p§p¦p.j�(gÞ 6 1 jO� : A ¢ RBi ¢ : ý ¢ . We
saythat â�i ¢ ã ¢O£�¤ is anFG-CBVpseudo-computationof type â E A ¢ j ý ¢ M ã ¢�£�¤ on thecontext( 0 j¦p§p¦p.j§j�( Þ 6 1. Given two suchpseudo-computationsâ�i ¢ ã ¢�£�¤ and â�m ¢ ã ¢O£�¤ , we saythat
they areprovablyequalin CBV whenfor each

> �ë� theequationi ¢ D m ¢ is provablein
CBV. ¡

Beforepresentingthereversetranslation,we extendtheforwardtranslationasfollows:
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* Given a CBV pseudo-computation-typeâ E ( ¢ j A ¢ M ã ¢O£�¤ , we write â E ( ¢ j A ¢ M ã S¢O£�¤ for
∏ ¢O£�¤ E (gS¢ � 9 A S¢ M .* GivenanFG-CBVpseudo-computation

( 0 j¦p§p¦p.j"( Þ 6 1 R h è�éçê â�i ¢ ã ¢O£�¤ : â E A ¢ j ý ¢ M ã ¢�£�¤
we write â�i ¢ ã S¢�£�¤ for

( S0 j¦p§p¦p.j�( SÞ 6 1 R h t�â^p¦p§p\j > p�t��Zi S¢ j¦p¦p§pµã : â E ( ¢ j A ¢ M ã S¢�£�¤
It is clearthattheextendedtranslationpreservesprovableequality.

Thereversetranslation,presentedin Fig. A.11 is organizedasfollows:

* a valuetype ( is translatedinto aCBV type (�S ¸ 1
;

* a computationtype A is translatedinto aCBV pseudo-computation-typeA S ¸ 1

* a CBPV value ( 0 j¦p¦p§p.j�( Þ 6 1 R�S×U : A is translatedinto a CBV value (�S ¸ 1

0 j¦p§p¦p.j"(�S ¸ 1Þ 6 1 RTSU S ¸ 1
: A S ¸ 1

;

* a computation( 0 j¦p§p¦p.j�( Þ 6 1 R h i : A is translatedinto anFG-CBV pseudo-computation(�S ¸ 1

0 j¦p§p¦p.j�(gS ¸ 1Þ 6 1 R h è�é�êûiqS ¸ 1
: A S ¸ 1

.

It is easyto show that the reversetranslationcommuteswith substitution(of values),and
thencethatit preservesprovableequality.

Usingthistranslation(andaresultthatit agreeswith operationalsemanticsin acertainsense)
wecanobtainfrom theprintingdenotationalsemanticsfor FG-CBVanalternativesemanticsfor
CBPV. Thusa computationtype will denotea family of pairsof setsanda computationwill
denotea family of functions. More generallywe canobtaina CBPV semanticsfrom any FG-
CBV semantics.However, theconstructionis artificial andwearenotawareof any naturalmodel
for CBPV thatarisesin thisway.

To show that the two translationsareinverseup to isomorphism,we first constructthe iso-
morphisms.

1. For eachCBV type ( wedefineafunction L � from CBV valuesΓ R�SçU : ( to CBV values
Γ R S Î : ( S�S ¸ 1

, anda function L 6 1� in theoppositedirection.

2. For eachCBPV valuetype ( we definea function % � from CBPV valuesΓ R S U : ( to
valuesΓ R�S Î : (�S ¸ 1 S , anda function % 6 1� in theoppositedirection.

3. For eachCBPV computationtype A we definea function % C from CBPV computations

Γ R h i : A to CBPV computationsΓ R h m : A S ¸ 1 S anda function % 6 1C in the opposite
direction.

(1) is definedby inductionon ( . (2) and(3) aredefinedby mutualinductionon ( and A . We
omit thedefinitions,whicharestraightforward.

Lemma 167 (propertiesof L and % )
Thefollowing equationsareprovablein theCBV equationaltheory.

L � E Î a UOº�kzb M D E L � Î M a UOº�kzbL � L 6 1� U D U
L 6 1� L � U D U
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( (�S ¸ 1
wheres A ∏ P¢O£�¤ ( ¢ A ¢ A S ¸ 1 D â E ( ¢ j A ¢ M ã ¢O£�¤

∑ Ø £çì ( Ø ∑ Ø £çì (�S ¸ 1Ø( '?( I (�S ¸ 1 '?( I S ¸ 1

A A S ¸ 1
where9:( â E 1 j�(gS ¸ 1 M ã ¢O£¢Æ K Ç

∏ Ø £çì A Ø â E ( Ø à"j A Ø à M ã Ø £çì L à £çí'î A S ¸ 1Ø D â E ( Ø à"j A Ø à M ãçà £�í¬î(l� A â E (�S ¸ 1 '?( ¢ j A ¢ M ã ¢O£�¤ A S ¸ 1 D â E ( ¢ j A ¢ M ã ¢O£�¤
U U:S ¸ 1

k k�Q`.n:k � `:U p Î �z`\n:k � `:U S ¸ 1 p Î S ¸ 1E ˆÐ j�U M E ˆÐ j�U:S ¸ 1 M
W�¯ûUÍ�¬:â^p¦p§p\j E Ð j7k M p Î Ø j§p¦p¦pµã W�¯ûU S ¸ 1 �':â^p¦p§p.j E Ð j"k M p Î S ¸ 1Ø j§p¦p¦pµãE U�j�U I M E U S ¸ 1 j�U I S ¸ 1 M
W�¯ûUÍ�¬ E k�j�& M p Î W�¯ûU S ¸ 1 �' E k�j�& M p Î S ¸ 1

nz�z]��z��i t�â^p¦p§p.j9° > jO��p�iqS ¸ 1¢ j§p¦p§pµã
i i S ¸ 1

ˆ´ where�z`\n:k � `:U pci �Q`\n:k � `:U S ¸ 1 p.i S ¸ 1

ˆ´WQXZY\[^]�_\`�U W2XZY\[^]�_^`�U�S ¸ 1

ion�Y=k�p.m i S ¸ 1K a E M º��QbznZY=k�p.m S ¸ 1

ˆ´�QY\XT_^`�U ° > jU� ‘ �QY\XT_^`ÜU:S ¸ 1

W�¯ûUÍ�'Bâ\p¦p§p.j E Ð j"k M p�i Ø j¦p§p¦p�ã W�¯ûU:S ¸ 1 �¬Bâ^p§p¦p.j E Ð j7k M p E i Ø M S ¸ 1

ˆ´ j¦p§p¦pµãW�¯ûUÍ�' E k�j�& M p�i W�¯ûU:S ¸ 1 �¬ E k�j:& M p�iqS ¸ 1

ˆ´t�â^p§p¦p.j Ð p�i Ø j¦p¦p§pµã E i ˆØ M S ¸ 1

ˆà ˆ¶ DqE ˆÐ j ˆ] M
ˆÐ ‘ i i S ¸ 1

ˆØ ˆ´t�k�p�i W�¯����¬ E k�jO� M p�i S ¸ 1

ˆ´U ‘ i i�S ¸ 1

ˆ´ a E U�S ¸ 1 jO� M º��zbWQXq®)�2nËÊ ; i W2Xq®)�2nËÊ ; iqS ¸ 1

ˆ´
FigureA.11: TheReverseTranslation� S ¸ 1
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Thefollowing equationsareprovablein theCBPVequationaltheory.

% � E Î a UOº�kzb M D E % � Î M a UOº�kzb% C E i a UØº�kzb M D E % C i M a Î º�kzb% � % 6 1� U D U% 6 1� % � U D U% C % 6 1C i D i
% 6 1C % C i D i% C E i n�Y=k�pcm M D ionZY=k�p�% C m% C E WQXq®)�2nËÊ ; m M D WQXq®��Qn\Ê ; % C mE L � U M S D % ��ï E U S M ¡

Theseareeachprovedby inductionover types.Using % � , we havenow provedProp.165(1).
Thetranslationsareinverseup to theseisomorphisms,in thefollowing sense:

Lemma 168 For anFG-CBVvalue ( 0 j¦p§p¦p.j"( Þ 6 1 R�SVU : A , wecanprove in CBV

U S�S ¸ 1 a
�����'��� �L � � k ¢ º�k ¢ b D L C U

For anFG-CBVproducer( 0 j¦p§p¦p.j�( Þ 6 1 R ò i : A , we canprove in CBV

i S�S ¸ 1K a
�����'�'� �L � � k ¢ º�k ¢ j E M º)�Qb D ionZY=k�p�WQXZY^[\]�_\`VL C k

For aCBPV value ( 0 j¦p§p¦p\j"( Þ 6 1 R�S U : A , we canprove in CBPV

U S ¸ 1 S a
�6���'�'� �% � � k ¢ º�k ¢ b D % C U

For aCBPV computation( 0 j¦p§p¦p.j�(gÞ 6 1 R�hPi : A , we canprove in CBPV

i S ¸ 1 S a
�6���'�'� �% � � k ¢ º�k ¢ b D % C i

Theseresultscanbeextendedto termswith holesi.e. contexts.
¡

This is provedby inductionover termsusingLemma167.
We arenow in a positionto prove Prop.165(2)–(3).Fix a CBV context ( 0 j¦p¦p§p.j�( Þ 6 1 and

CBV type A .

Definition 126 1. For any CBPV value (�S0 j¦p§p¦p.j�(gSÞ 6 1 RTS Î : A S definetheFG-CBV value4 Î to be

( 0 j¦p§p¦p.j"( Þ 6 1 R S L 6 1C ÎFS ¸ 1 a
�������'� �Lç( ¢ k ¢ º�k ¢ b : A

2. For any CBPVproducer( S0 j¦p¦p§p\j"( SÞ 6 1 R�h m : 9 A S definetheFG-CBVproducer4.m to be

( 0 j§p¦p¦p.j"( Þ 6 1 R ò m S ¸ 1K a
�,�'���'� �Lç( ¢ k ¢ º�k ¢ j E M º��QbznZYV&�p�W2X�Y^[^]�_^`VL 6 1C & : A ¡

Lemma 169 1. For any CBPVproducer( S0 j¦p§p¦p.j�( SÞ 6 1 R�h�m : 9 A S , theequation
E 4.m M S D m

is provablein CBPV.
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2. For any FG-CBV producer( 0 j¦p§p¦p.j�( Þ 6 1 R ò�i : A , theequation4 E i S M D i is provable
in CBV.

Similarly for values.Thiscanall beextendedto termswith holesi.e. contexts.
¡

Proof

(1) By Lemma 168, m D % 6 1ö C ï m S ¸ 1 S a
�¢�����'� �% � � k ¢ º�k ¢ b is provable, and we can see that% 6 1ö C ï m S ¸ 1 S a

�¢���'��� �% � � k ¢ º�k ¢ b DFE 4.m M S by expandingbothsidesandusingLemma167.

(2) This followsdirectly from Lemma168.

Theproof for valuesis similar.
¡

Prop.165(2)–(3)follows immediatelyfrom Lemma169.

A.6.3 From CBN to CBPV

ý ý � (acomputationtype)

∑
�·¡:£ $¤ �¢O£�¤ ( ¢Z¥ 9 ∑ ¢O£�¤ E sÜ( �¢ 0 ' ¥§¥¦¥ 'Ès�( �¢ ��� � 6 1� M

∏
P ¡3£ $¤ �¢�£�¤ ( ¢Z¥ A ¢ ∏ ¢�£�¤ E s�( �¢ 0 � ¥¦¥¦¥ � sÜ( �¢ ���9� 6 1� � A �¢ M

( 0 j¦p¦p§p.j�( Þ 6 1 Rûi : ý s�( �0 j¦p§p¦p.j5s�( �Þ 6 1 R h i � : ý �k �2Y.X�_^`�k�z`\n:k � `�i�pcm �Q`.n:k � `=nz�Q]��Q��i � p.m �E
ˆ¶ j�i 0 j¦p§p¦p.j�i � ˆµ 6 1

M W2X�Y^[\]�_^` E
ˆ¶ j E nz�z]��z��i �

0 j¦p¦p§p.j"n^�Q]��z�?i ��
ˆµ 6 1

M¦M
W�¯i��':â^p§p¦p.j E > j � �k ¥ M p�m ¢ j¦p¦p§pµã i nZY�¼�p�W�¯Ù¼ã�¬:â^p¦p§p.j E > j E � �k ¥ M¦M p�i ¢ j§p¦p¦pµãtJâ^p§p¦p.j;° > j7k 0 j¦p¦p§p.j"k � � 6 1 p�i ¢ j§p¦p§pµã tJâ\p¦p¦p.j > p�t�k 0 p§p¦p§p�tZk �9� 6 1 p�i �¢ j§p¦p¦p�ã° ˆ¶ j�i 0 j¦p§p¦p.j�i � ˆµ 6 1‘ m E n^�Q]��Q��i ��

ˆµ 6 1
M ‘ ¥¦¥§¥ E nz�z]��Q��i �

0
M ‘ ˆ¶ ‘ m

FigureA.12: Translationof CBN typesandterms

Lemma 170 Given CBN termsΓ R¶m : ( and Γ j7k : ( R i : A , the equation i a mäº�kzb � D
i � a n^�Q]��z��m � º�k^b is provablein CBPV.

¡
Proposition171 If i D m is provablein theCBN equationaltheorythen i � D m � is provable
in theCBPV equationaltheory.

¡
Thetechnicaltreatmentof this translationis alsovery similar to thetreatmentof thetransla-

tion in Sect.A.5.
Thistranslationdoesnotcommutewith substitutionorpreserveoperationalsemanticsprecisely—

only up to the prefix �QY\X�_\` nz�z]��z� . (Recall that in the CBV equationaltheory, we have�2Y.X�_\`�nz�z]��Q��i D i .)

substitution It is not the casethat
E i a mäº�kzb M � and i � a n^�Q]��z�rm � º�kzb are the sameterm (al-

thoughthey will beprovably equalin theCBPV equationaltheory).To seethis, let i bek . Then
E i a mäº�kzb M � D m � but i � a nz�Q]��Q��m � º�kzb D �2Y.X�_^`�nz�z]��z�?m � .

operational semantics It is not thecasethat ið¿�Ì j7² implies i � ¿äÌ j"² � . For example,leti be �z`\n:k � ` E
0M p E 0 j"k M .
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To make therelationshipprecise,we proceedasfollows. First, we write thetranslationasa
relation Ú� � from CBN termsto CBPVcomputations.WecanpresentFig. A.12 by rulessuchas
these:

i Ú� � i I m Ú� � m I
�z`\n:k � `:i�pcm Ú� � �Q`.n:k � `Ün^�Q]��Q��i I p.m I

To theseruleswe addthefollowing:

i Ú� � i I
i Ú� � �QY\X�_\`�nz�z]��z�?i I

Lemma 172 For any term i , wehave i Ú� � i � , andif i Ú� � i I
then i I D i � is provable

in theCBPV equationaltheory.
¡

Lemma 173 If i Ú� � i I
and m Ú� � m I

then i a mäº�k^b Ú� � i I a n^�Q]��z�?m I º�k^b , andsimilarly for
multiple substitution.

¡
Proposition174 1. If iá¿Ím and i Ú� � i I

, then,for somem I
, i I ¿Ìm I

and m Ú� � m I
.

2. If i Ú� � i I
and i I ¿Ím I

, then,for somem , iá¿Ìm and m Ú� � m I
. ¡

Weprove theseby inductionprimarily on ¿ andsecondarilyon Ú� � .
A.6.4 From CBPV Back To CBN

Ouraim is to prove thefollowing.

Proposition175 1. Every CBPV computationtype A is isomorphicto A � for someCBN
type A .

2. For any CBPVcomputationsÜ( �0 j§p¦p¦p.j5s�( �Þ 6 1 R h m : A � thereisaCBNterm ( 0 j¦p¦p§p.j�( Þ 6 1 Ri : A suchthat i � D m is provablein CBPV.

3. For any CBN termsΓ RÒi�j�i I
: A , if i � D i I �

is provablein CBPV then i D i I
is

provablein CBN.
(2)–(3)canbeextendedto termswith holesi.e. contexts.

¡
Corollary 176(Full Abstraction) For any CBN terms ( 0 j§p¦p§p.j�(�Þ 6 1 RÒi�j�i I

: A , if i�Ð i I
then i � Ðli I �

. (Theconverseis trivial.)
¡

Theproof is similar to thatof Cor. 166.
To prove Prop.175,we first give a translation� � ¸ 1

from CBPV to CBN. (We shallseethat,
up to isomorphism,it is inverseto � � .)

At first glance,it is not apparenthow to make sucha translation.For while it will translate
a computationtype into a CBN type,whatwill it translatea valuetype into? Theansweris: a
family of CBN types â�( ¢ ã ¢O£�¤ . This approachis basedon [AM98a].

To seetheprincipleof the translation,we noticethat in CBPV any valuetypemustbe iso-
morphicto a typeof theform ∑ ¢�£�¤ s�( ¢ . (This is discussedin Sect.4.7.3.)

This motivatesthefollowing.

Definition 127 * A CBNpseudo-value-typeis a family â�( ¢ ã ¢�£�¤ of CBN types.
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* Let â�( 0¢ ã ¢O£�¤ 0 j§p¦p§p.j§â�(B� Þ 6 1� ¢ ã ¢O£�¤:ñN¸ 1 beasequenceof CBNpseudo-value-typesandlet â A ¥ ã ¥ £¢ò
beanotherCBN pseudo-value-type.Wewrite

â�( 0¢ ã ¢O£�¤ 0 j§p¦p¦p.j5â�( � Þ 6 1� ¢ ã ¢O£�¤:ñN¸ 1 R S è�é�ó â E U * � � > ¥ j�U 6 P¢ ¡ M ã 6H6è6 P¢ ¡ £�¤ ¡ : â A ¥ ã ¥ £¢ò
to meanthat,for each

>
0 �±� 0 j¦p§p¦p.j > Þ 6 1 �±� Þ 6 1, wehave U * � � > ¥ �ëô and U 6 P¢ ¡ is aCBN term

( 0¢ 0 j¦p§p¦p.j�( � Þ 6 1� ¢õñ
¸ 1 RÛU 6 P¢ ¡ : A�ö�÷ 6 P¢ ¡ . We say that â E U * � � > ¥ j�U 6 P¢ ¡ M ã 676è6 P¢ ¡ £�¤ ¡ is a CBN pseudo-
value of type â A ¥ ã ¥ £·ò on the context â�( 0¢ ã ¢O£�¤ 0 j§p¦p§p.j§â�(B� Þ 6 1� ¢ ã ¢O£�¤:ñN¸ 1. Given two such

pseudo-values â E U * � � > ¥ j�U 6 P¢ ¡ M ã 676ÿ6 P¢ ¡ £�¤ ¡ and â E Î * � � > ¥ j Î 6 P¢ ¡ M ã 676ÿ6 P¢ ¡ £�¤ ¡ , we saythat they areprov-

ably equal in CBN when for each
����� �> ¥ �ä� ¥ we have U * � � > ¥ D Î * � � > ¥ and the equationU 6 P¢ ¡ D Î 6 P¢ ¡ is provablein CBN.

* Let â�( 0¢ ã ¢O£�¤ 0 j§p¦p¦p.j5â�(B� Þ 6 1� ¢ ã ¢O£�¤�ñN¸ 1 beasequenceof CBN pseudo-value-typesandlet A be
aCBN type.Wewrite

â�( 0¢ ã ¢O£�¤ 0 j¦p§p¦p.j§â�( � Þ 6 1� ¢ ã ¢O£�¤�ñN¸ 1 R h è�é�ó â�i 6 P¢ ¡ ã 676ÿ6 P¢ ¡ £�¤ ¡ : A
to meanthat,for each

>
0 �ä� 0 j¦p§p¦p.j > Þ 6 1 �ä� Þ 6 1, i 6 P¢ ¡ is a CBN term ( 0¢ 0 j§p¦p¦p.j"( � Þ 6 1� ¢�ñN¸ 1 Ri 6 P¢ ¡ : A . We saythat â�i 6 P¢ ¡ ã 676ÿ6 P¢ ¡ £�¤ ¡ is a CBN pseudo-computationof type A on the con-

text â�( 0¢ ã ¢O£�¤ 0 j§p¦p¦p.j5â�(B� Þ 6 1� ¢ ã ¢O£�¤�ñN¸ 1. Giventwo suchpseudo-computationsâ�i 6 P¢ ¡ ã 676ÿ6 P¢ ¡ £�¤ ¡ and

â�m 6 P¢ ¡ ã 676ÿ6 P¢ ¡ £�¤ ¡ , we saythat they areprovablyequalin CBN whenfor all
�b�'� �> ¥ �³� ¥ theequationi 6 P¢ ¡ D m 6 P¢ ¡ is provablein CBN. ¡

Beforepresentingthereversetranslation,we extendtheforwardtranslationasfollows:

* GivenaCBN pseudo-value-typeâ�( ¢ ã ¢�£�¤ wewrite â�( ¢ ã �¢O£�¤ for ∑ ¢O£�¤ s�( �¢ .* GivenaCBN pseudo-value

â�( 0¢ ã ¢O£�¤ 0 j§p¦p¦p.j5â�(B� Þ 6 1� ¢ ã ¢O£�¤:ñN¸ 1 R S è�é�ó â E U * � � > ¥ j�U 6 P¢ ¡ M ã 6H6è6 P¢ ¡ £�¤ ¡ : â A ¥ ã ¥ £¢ò
we write â E U * � � > ¥ j�U 6 P¢ ¡ M ã � 676ÿ6 P¢ ¡ £�¤ ¡ to meantheCBPV value

â�( 0¢ ã �¢O£�¤ 0
j¦p¦p§p.j§â�( � Þ 6 1� ¢ ã �¢�£�¤�ñ
¸ 1

R S W�¯ E � �k ¥ M �¬Bâ\p¦p¦p.j E � � > ¥ j E � �k ¥ M¦M p E U * � � > ¥ j"nz�z]��z�?U �6 P¢ ¡ M j¦p§p¦p�ã : â A ¥ ã �¥ £·ò
* GivenaCBN pseudo-computation

â�( 0¢ ã ¢O£�¤ 0 j¦p§p¦p.j§â�( � Þ 6 1� ¢ ã ¢O£�¤�ñN¸ 1 R h è�é�ó â�i 6 P¢ ¡ ã 676ÿ6 P¢ ¡ £�¤ ¡ : A
we write â�i 6 P¢ ¡ ã � 676ÿ6 P¢ ¡ £�¤ ¡ to meantheCBPV computation

â�( 0¢ ã �¢O£�¤ 0
j§p¦p¦p.j5â�(B� Þ 6 1� ¢ ã �¢O£�¤:ñN¸ 1

R h W�¯ E � �k ¥ M �¬:â^p§p¦p.j E � � > ¥ j E � �k ¥ M§M p�i �6 P¢ ¡ j¦p§p¦pµã : A �
It is clearthatthisextendedtranslationpreservesprovableequality.

Thereversetranslation,presentedin Fig. A.13 is organizedasfollows:

* avaluetype ( is translatedinto aCBN pseudo-value-type( � ¸ 1
;

* acomputationtype A is translatedinto a CBN type A � ¸ 1
;

* aCBPVvalue( 0 j¦p¦p§p.j�(gÞ 6 1 R S A is translatedintoaCBNpseudo-value( � ¸ 1

0 j¦p§p¦p.j�( � ¸ 1Þ 6 1 R S è�é�óU � ¸ 1
: A � ¸ 1
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( ( � ¸ 1
wheres A â A � ¸ 1 ã

∑ Ø £çì ( Ø â�( Ø à7ã Ø £çì L à £çí î ( � ¸ 1Ø D â�( Ø à"ã�à £çí î( '?( I â�( Ø Π ( Ià ã Ø £çì L à £�í ( � ¸ 1 D â�( Ø ã Ø £�ì and ( I � ¸ 1 D â�(Và7ãçà £çí
A A � ¸ 1

where9:( ∑ ¢O£�¤ ( ¢ ( � ¸ 1 D â�( ¢ ã ¢O£�¤
∏ Ø £çì A Ø ∏ Ø £�ì A � ¸ 1Ø(l� A ∏ ¢O£�¤ E ( ¢ � A � ¸ 1 M ( � ¸ 1 D â�( ¢ ã ¢O£�¤

U U � ¸ 1 * � �ˆ¶ ¥ U � ¸ 16 Pˆ´ ¡ where

k � > � k ��Q`\n:k � `BU�p Î Î � ¸ 1 * � �ˆ¶ ¥ ˆÐ �z`\n�k � `BU � ¸ 16 Pˆ´ ¡ p Î � ¸ 16 Pˆ´ ¡ ˆØ U � ¸ 1 * � �ˆ¶ ¥ D ˆÐE U j�U I M E U � ¸ 1 * � �ˆ¶ ¥ j�U Iõ� ¸ 1 * � �ˆ¶ ¥ MtJâ 0 p�U � ¸ 16 Pˆ´ ¡ j 1 p�U Iõ� ¸ 16 Pˆ´ ¡ ã
W�¯ûUÍ�' E k�j:& M p Î Î � ¸ 1 * � �ˆ¶ ¥ ˆÐ ˆ]�Q`.n:k � ` 0‘ U � ¸ 16 Pˆ´ ¡ j�& � ` 1‘ U � ¸ 16 Pˆ´ ¡ p Î � ¸ 16 Pˆ´ ¡ ˆØ ˆà U � ¸ 1 * � �ˆ¶ ¥ DFE ˆÐ j ˆ] ME ˆÐ j�U M E ˆÐ j�U � ¸ 1 * � �ˆ¶ ¥ M U � ¸ 16 Pˆ´ ¡W�¯ûUÍ�':â\p¦p¦p.j E Ð j"k M p Î Ø j¦p§p¦pµã E Î ˆØ M � ¸ 1 * � �ˆ¶ ¥ ˆ]�Q`.n:k � `:U � ¸ 16 Pˆ´ ¡ p E Î ˆØ M � ¸ 16 Pˆ´ ¡ ˆà U � ¸ 1 * � �ˆ¶ ¥ DFE ˆÐ j ˆ] M
nz�Q]��Q��i ¨ i � ¸ 16 Pˆ´ ¡
i i � ¸ 16 Pˆ´ ¡ where

�Q`.n:k � `:U�p.i �Q`.n:k � `:U � ¸ 16 Pˆ´ ¡ p.i � ¸ 16 Pˆ´ ¡ ˆØ U � ¸ 1 * � �ˆ¶ ¥ D ˆÐ
W�¯ûUÍ�' E k�j:& M p�i �Q`.n:k � ` 0‘ U � ¸ 16 Pˆ´ ¡ j:& � ` 1‘ U � ¸ 16 Pˆ´ ¡ pci � ¸ 16 Pˆ´ ¡ ˆØ ˆà U � ¸ 1 * � �ˆ¶ ¥ DFE ˆÐ j ˆ] M
W�¯ûUÍ�':â^p§p¦p.j E Ð j7k M p�i Ø j¦p§p¦pµã �Q`.n:k � `:U � ¸ 16 Pˆ´ ¡ p E i ˆØ M � ¸ 16 Pˆ´ ¡ ˆà U � ¸ 1 * � �ˆ¶ ¥ DFE ˆÐ j ˆ] M
�2Y.X�_^`�U U � ¸ 16 Pˆ´ ¡W2X�Y^[^]�_^`�U E U � ¸ 1 * � �ˆ¶ ¥ j�U � ¸ 16 Pˆ´ ¡ M
ionZY=k�pcm W�¯i � ¸ 16 Pˆ´ ¡ �':â\p¦p§p.j E > j"k M p�m � ¸ 16 P̂´ ¡ ¢ j§p¦p¦pµãtZk�p�i tJâ\p¦p§p.j > p�tZk�p�i � ¸ 16 P̂´ ¡ ¢ j§p¦p¦pµãU ‘ i U � ¸ 16 Pˆ´ ¡ ‘ U � ¸ 1 * � �ˆ¶ ¥ ‘ i � ¸ 16 P̂´ ¡tJâ\p¦p¦p.j Ð p�i Ø j¦p§p¦p�ã tJâ\p¦p§p.j Ð p E i Ø M � ¸ 16 Pˆ´ ¡ j¦p§p¦pµã
ˆÐ ‘ i ˆÐ ‘ i � ¸ 16 Pˆ´ ¡W2Xb®��2nËÊ ; i W2Xb®��Qn\Ê ; i � ¸ 16 Pˆ´ ¡

FigureA.13: TheReverseTranslation� � ¸ 1
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* aCBPVcomputation( 0 j§p¦p§p.j�( Þ 6 1 R�h�i : A is translatedinto aCBN pseudo-computation( � ¸ 1

0 j¦p§p¦p.j�( � ¸ 1Þ 6 1 R h è�é�ó�i � ¸ 1
: A � ¸ 1

.

It is easyto show that the reversetranslationcommuteswith substitution(of values)and
thencethatit preservesprovableequality.

Usingthistranslation(andaresultthatit agreeswith operationalsemanticsin acertainsense)
we canobtain from the printing denotationalsemanticsfor CBN an alternative semanticsfor
CBPV. Thusa computationtype will denotea family of setsanda computationwill denotea
family of functions.MoregenerallywecanobtainaCBPVsemanticsfrom any CBN semantics.
Severalimportantmodels,suchastheScottmodelandthegamemodel,canbeseenasarisingin
thisway [AM98a].

To show that the two translationsareinverseup to isomorphism,we first constructthe iso-
morphisms.

1. For eachCBN type ( we definea function L � from CBN termsΓ Rûi : ( to CBN terms
Γ RÈm : ( �Ô� ¸ 1

, anda function L 6 1� in theoppositedirection.

2. For eachCBPV valuetype ( we definea function % � from CBPV valuesΓ RTS×U : ( to
valuesΓ R�S Î : ( � ¸ 1 � , anda function % 6 1� in theoppositedirection.

3. For eachCBPV computationtype A we definea function % C from CBPV computations

Γ R�h�i : A to CBPV computationsΓ R�hVm : A � ¸ 1 � anda function % 6 1C in the opposite
direction.

(1) is definedby inductionon ( . (2) and(3) aredefinedby mutualinductionon ( and A . We
omit thedefinitions,whicharestraightforward.

Lemma 177 (propertiesof L and % )
Thefollowing equationsareprovablein theCBN equationaltheory.

L � E m a i»º�kzb M D E L � m M a i»º�kzbL � L 6 1� i D iL 6 1� L � i D i
L C E W�¯ik�¬:â^p§p¦p\j E > j � �k ¥ M p�m ¢ j§p¦p§pµã M D W�¯ik�¬:â^p§p¦p\j E > j � �k ¥ M p�L C m ¢ j§p¦p¦pµã

Thefollowing equationsareprovablein theCBPVequationaltheory.

% � E Î a UOº�kzb M D E % � Î M a UOº�k^b% C E i a UØº�kzb M D E % C i M a Î º�kzb% � % 6 1� U D U% 6 1� % � U D U
% C % 6 1C i D i
% 6 1C % C i D i% C E ionZY=k�pcm M D ionZY=k�pç% C m% C E WQXq®)�2nËÊ ; m M D WQXq®��Qn\Ê ; % C mE L � i M � D % ��ø E i � M ¡

Theseareeachprovedby inductionover types.Using % C , wehavenow provedProp.175(1).
Thetranslationsareinverseup to theseisomorphisms,in thefollowing sense:
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Lemma 178 For aCBN term ( 0 j¦p§p¦p.j"( Þ 6 1 RÈi : A , we canprove in CBV

i �Ô� ¸ 1K ùúù ù K a
�������'� �L � � k ¢ º�k ¢ b D L C i

For aCBPV value ( 0 j¦p§p¦p\j"(�Þ 6 1 R S U : A , we canprove in CBPV

U � ¸ 1 � a
�6�'�'��� �% � � k ¢ º�k ¢ b D % C U

For aCBPV computation( 0 j¦p§p¦p.j�( Þ 6 1 R h i : A , we canprove in CBPV

i � ¸ 1 � a
�6�'�'��� �% � � k ¢ º�k ¢ b D % C i

Theseresultscanbeextendedto termswith holesi.e. contexts.
¡

This is provedby inductionover termsusingLemma177.
We arenow in a positionto prove Prop.175(2)–(3).Fix a CBN context ( 0 j¦p¦p§p.j�(gÞ 6 1 and

CBN type A .

Definition 128 For any CBPV computationsÜ( �0 j¦p¦p§p.j§sÜ( �Þ 6 1 R h m : A � definethe CBN termû m to be

( 0 j¦p¦p§p.j�( Þ 6 1 R�L C m � ¸ 1K ùúù ù K a
�������'� �L � � k ¢ º�k ¢ b : A ¡

Lemma 179 1. For any CBPVcomputationsÜ( �0 j§p¦p¦p.j5s�( �Þ 6 1 R h m : A � , theequation
E�û m M � Dm is provablein CBPV.

2. For any CBN term ( 0 j¦p¦p§p.j�(gÞ 6 1 Rûi : A , theequation
ûNE i � M D i is provablein CBN.¡

Proof

(1) By Lemma178, m D % 6 1C m � ¸ 1 � a
���'���'��� �% � � � k ¢ º�k ¢ b isprovable,andwecanseethat % 6 1C m � ¸ 1 � a

�������'��� �% � � � k ¢ º�k ¢ b DE:û m M � by expandingbothsidesandusingLemma177.

(2) This followsdirectly from Lemma178.

This canall beextendedto termswith holesi.e. contexts.
¡

Prop.175(2)–(3)follows immediatelyfrom Lemma179.
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Appendix B

TechnicalMaterial For Games

B.1 Intr oduction

Theamof thisappendix(with theexceptionof Sect.B.6,which is aproofof thetypedefinability
resultProp.81) is to describesemanticsof typeconstructorsdirectly. Earlieraccountsof game
semanticshavegiventheinterpretationof categoricalcombinators(especiallycomposition),and
thenobtainedthesemanticsof termconstructorsfrom this. We have avoidedthis becausesome
readersmay want to learn the gamesemanticsfor CBPV without learningthe categorical se-
mantics,andalsobecausewe considerit useful to have a generalframework for constructing
strategiesfrom otherstrategies,of whichcategoricalcompositionis just oneinstance.

As we said in Sect.9.1.1,operationson strategiesaremessyto describe.The problemis
partly a lack of appropriateidiomsfor talking aboutgamesandstrategiesin general,andpartly
specificto pointergames.Wehopethatfuturework will remedythissituation.

B.2 StrategiesFrom Strategies

B.2.1 Discussion

All of Sect.B.2 appliesto gamesin general,not justpointergames.
Supposewehavea family of gamesâ¢ü ¢ ã ¢�£�¤ , andthatfor eachü ¢ wehaveastrategy ý ¢ . We

want to constructa strategy 7 for anothergame þ . We call ü ¢ the
>
-inner gameandwe call þ

theoutergameHow do weconstruct7 ?
Sayfor examplethat þ is ÿ -first. (This is theeasiestcase.)Wehave 3 choices:

* We canmake a ÿ -move in theoutergame,andseehow theouterOpponentwill play;

* we canstarta play of an � -first innergame ü ¢ by playinganinitial � -move,andseehow
thePlayer, following strategy ý ¢ , responds;

* wecancreateaplayof a ÿ -first innergameü ¢ , andseehow thePlayer, following strategyý ¢ , begins.

After this,we have4 choices—theabove threetogetherwith a fourth:

* we cancontinuea (previously started)play of an inner game ü ¢ by playing an � -move,
andseeinghow thePlayer, following strategy ý ¢ responds.

Theplay continuesin this way. Eachcycle (a move by us,thena move by innerPlayeror outer
Opponent)hasoneof these4 forms.Of course,theinnerPlayeror outerOpponentmaydiverge,
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andsomaywe. At theendof eachcycle, theouterplay is awaiting-ÿ andeachinnerplay that
hasbeenstartedis awaiting-� .

Play thusdevelopsasshown in Fig. B.1. What we have describedis the meta-gamefrom

awaiting meta-�awaitingmeta-ÿ
meta-Player

outerOpponent

meta-Opponent

outerplay awaits ÿ§ th >
-innerplayawaits ÿ

otherinnerplaysawait �

§ th >
-innerPlayer

§ th >
-innerOpponent(or start-move)

outerPlayer

all innerplaysawait �

outerplayawaits ÿ
all innerplaysawait �

outerplay awaits �

FigureB.1: TheMeta-Game

â¢ü ¢ ã ¢�£�¤ to þ . In this game,

* a ÿ -move consistsof eitheran inner � -move, anouter ÿ -move, or thecreationof a new
play for a ÿ -first innergame

* a � -moveconsistsof aninner ÿ -move or anouter � -move.

Noticethatit isonly themeta-Playerwhocanswitchbetweendifferentgames;themeta-Opponent
alwaysplaysa move in thesamegamethatthemeta-Playerhasjust movedin. This is calledthe
switchingcondition, variantsof whichappearthroughoutthegamesliterature.

If theoutergame þ is � -first, thenthefirst thing thathappensis theouterOpponent’s initial
move. After that,wecontinueasabove. Thusthemeta-gameis ÿ -first if þ is ÿ -first, and � -first
if þ is � -first.

B.2.2 Meta-Strategies

Wenow formalizethediscussionin Sect.B.2.1.
At any point in time, thereis asingleouterplayandfinitely many innerplays.

Definition 129 A finitemulti-play ¦ from innergamesâ¢ü ¢ ã ¢O£�¤ to outergame þ consistsof

* a finite play ¦ ä1Ò9D G5ó for þ (theouterplay);
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* for each
> � � a finite sequence¦ ¢ 0 j3¦ ¢ 1 j¦p§p¦p of finite playsfor ü ¢ (the

>
-inner plays)—we

write � ¦ ¢ � for thelengthof this sequence.

suchthatthetotal numberof innerplays∑ ¢O£�¤ � ¦ ¢ � is finite.
¡

As a recordof what hashappenedin the meta-game,a multi-play is missingonepieceof in-
formation: it describesthe orderingof themoveswithin eachplay, but not theglobal ordering
acrossall plays.

Definition 130 Let ¦ beafinite multi-play from innergamesâ¢ü ¢ ã ¢O£�¤ to outergame þ .

1. Themeta-movesof ¦ are

/ x�4 �c-"Õ=/¢Mc��� where� is amove in ¦ ä5Ò9D G�ó354¦ø - 4 Õ�/6M�� E > j:§ M where ü ¢ is ÿ -first and §Ü� $ � ¦ ¢ �; y^y �c-"Õ=/¢Mc� E > j�§cj � M where§Ü� $ � ¦ ¢ � and � is amove in ¦ ¢ �
The lengthof ¦ , written � ¦,� , is thenumberof meta-moves,which is necessarilyfinite.

2. A globalorderingfor ¦ is a total ordering � on themeta-movesof ¦ suchthat

* � extendstheorderingon eachplay in ¦ , asfollows:

– if Ì�� � aremovesin ¦ ä1Ò9D G5ó then / x�4 �c-�Õ�/6M�� Ì�� / x�4 �.-"Õ=/¢Mc���
– if Ì�� � aremovesin ¦ ¢ � then

; y^y �c-"Õ=/¢Mc� E > j:§�j:Ì M � ; yzy �.-"Õ�/6M�� E > j:§�j � M* for each
> ��� , thevarious

>
-innerplaysarenumberedaccordingto theorderin which

they begin, asfollows:

– if ü ¢ is a ÿ -first gameand §�� 2 � � ¦ ¢ � then 354¦ø - 4 Õ�/6M�� E > j�§ M �Ï354§ø - 4 Õ=/¢Mc� E > j 2 M
– if ü ¢ isan � -firstgameand§�� 2 �ë� ¦ ¢ � then

; yzy �.-"Õ�/6M�� E > j:§�j 0M � ; yzy �.-"Õ�/6M�� E > j 2 j 0M .¡
Definition 131 Let ¦ beafinite multi-playfrom innergamesâ·ü ¢ ã ¢O£�¤ to outergameþ . Suppose
that þ is ÿ -first.

1. Givena globalordering � on ¦ , let 4 bethe(necessarilyunique)orderisomorphismfrom
$ � ¦,� to � . We say that a meta-move of the form 4 E 2Ð M is a meta-ÿ -move and a meta-
move of the form 4 E 2Ð � 1M is a meta-� -move. For example,the initial meta-move is a
meta-ÿ -move,unless¦ is empty.

2. A globalordering � on ¦ satisfiestheswitchingconditionwheneachmeta-� -move � is in
thesameplay astheprecedingmeta-ÿ -move � i.e. either

* � D / x�4 �.-"Õ=/¢Mc� Ì and � D / x�4 �c-"Õ=/¢Mc� ÌÝ� 1, or* � D ; y^y �.-"Õ=/¢Mc� E > j�§�j:Ì M and � D ; y^y �c-�Õ�/6M�� E > j:§�j�ÌÝ� 1M , or* � D 354§ø - 4 Õ=/¢Mc� E > j:§ M and � D ; y^y �.-"Õ=/¢Mc� E > j�§�j 0M .
3. A finitemeta-playfrom innergamesâ¢ü ¢ ã ¢�£�¤ to outergameþ is afinite multi-play ¦ with

aglobalorderingsatisfyingtheswitchingcondition.We saythatameta-playis

* awaiting meta-ÿ , whenits length(i.e. thenumberof meta-moves)is even* awaiting meta-� , whenits lengthis odd. ¡
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Def. 131is givenin thecasethattheoutergameþ is ÿ -first. If þ is � -first, wechangeDef. 131
asfollows:

* In (1), a meta-move � of the form 4 E 2Ð M is a meta-� -move anda meta-move of the form4 E 2Ð � 1M is ameta-ÿ -move. For example,theinitial meta-move is ameta-� -move.

* In (2), we requiretheinitial meta-move,which is a meta-� -move,to be / x�4 �c-�Õ�/6M�� 0.

* In (3), a meta-playis awaiting meta-ÿ whenits lengthis odd,andawaiting meta-� when
its lengthis even.

Proposition180 Let ¦ bea finite meta-playfrom innergamesâ¢ü ¢ ã ¢�£�¤ to outergame þ . Each
meta-ÿ -move is either

* / x�4 �.-"Õ�/6M�� Ì , whereÌ is a ÿ -move in ¦ ä1Ò;D G5óµò á 8 Ó , or

* 354¦ø - 4 Õ�/6M�� E > j:§ M , where ü ¢ is a ÿ -first game

* ; yzy �.-"Õ�/6M�� E > j�§cj�Ì M , whereÌ is an � -move in ¦ ¢ � .
Eachmeta-� -move is either

* / x�4 �.-"Õ�/6M�� Ì , whereÌ is an � -move in ¦ ä1Ò9D G5óµò á 8 Ó , or

* ; yzy �.-"Õ�/6M�� E > j�§cj�Ì M , whereÌ is a ÿ -move in ¦ ¢ � . ¡
Definition 132 A meta-strategy from inner games â·ü ¢ ã ¢O£�¤ to outergame þ is a setof finite
meta-playsfrom â¢ü ¢ ã ¢O£�¤ to þ which is prefix-closed,contingentcompleteanddeterministic(as
in Def. 56).

¡
Definition 133 Let ³ beameta-strategy for innergamesâ·ü ¢ ã ¢O£�¤ andoutergameþ . If, for each> ��� we aregivena strategy ý ¢ for ü ¢ , thenwe form a strategy for þ calledthe ³ -compositeofâ�ý ¢ ã ¢O£�¤ :

³Nâçý ¢ ã ¢O£�¤ D âç¦ ä1Ò;D G5ó � ¦?�û³�j
	 > j:§�p 2 ¢ � �äý ¢ ã ¡

B.3 Descriptionsof Movesin Games

We now returnto pointergames.Suppose¦ is an � -first play on anarena� . For eachmove Ì
in ¦ , wesaythatmove Ì is describedas

* ó D
��ä S G § if Ì is a root move passingthetoken § (a rootof � )

* ò D ó Þ § if Ì is a non-rootmove pointingto move � andpassingthetoken § (a successor
of thetokenpassedin move � )

Similarly if ¦ is a ÿ -first play on � .
Suppose¦ is an � -first play from � to

�
. Recallthat every move is eithera source move,

wherea tokenof � is passed,or a target move, wherea tokenof
�

is passed.For eachmove Ì
in ¦ , wesaythatmove Ì is describedas

*  ä5Ò ó�h3Gó D
��ä S G § if Ì is asourceroot move passingthetoken § (a rootof � )
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*  ä5Ò ó�h3Gò D ó Þ § if Ì is a sourcenon-rootmove pointingto sourcemove � andpassingthetoken§ (a successorof thetokenpassedin move � )

* D 8 óFEßG Dó D
��ä S G § if Ì is a targetroot move passingthetoken § (a root of
�

)

* D 8 óFEHG Dò D ó Þ § if Ì is a targetnon-rootmove pointingto targetmove � andpassingthetoken §
(a successorof thetokenpassedin move � )

Similarly if ¦ is a ÿ -first play from � to
�

.
Finally, suppose¦ is an � -first play over Γ from � to

�
(Sect.14.4.7). Recall that every

moveis eitheracontext move, whereatokenof Γ is passed,asourcemove, whereatokenof � is
passed,or a targetmove, wherea tokenof

�
is passed.For eachmove Ì in ¦ , we saythatmoveÌ is describedas

* h ä � D G�� Dó D���ä S G § if Ì is a context rootmove passingthetoken § (a root of Γ)

* h ä � D G�� Dò D ó Þ § if Ì is a context non-rootmove pointing to context move � andpassingthe

token § (a successorof thetokenpassedin move � )

*  ä5Ò ó�h3Gó D
��ä S G § if Ì is asourceroot move passingthetoken § (a rootof � )

*  ä5Ò ó�h3Gò D ó Þ § if Ì is a sourcenon-rootmove pointingto sourcemove � andpassingthetoken§ (a successorof thetokenpassedin move � )

* D 8 óFEßG Dó D
��ä S G § if Ì is a targetroot move passingthetoken § (a root of
�

)

* D 8 óFEHG Dò D ó Þ § if Ì is a targetnon-rootmove pointingto targetmove � andpassingthetoken §
(a successorof thetokenpassedin move � )

We introduceausefulnotation.If � is adescriptionof a move in a gameand ¦ is a sequence
of moves,wewrite �p·¦ for theplay obtainedby prefixingamove described� to ¦ . Formally:

* thelengthof �p¢¦ is 1 � � ¦ � if � ¦,��� ∞, and∞ if � ¦ � D ∞

* move 0 in �p¢¦ is describedas �
* move Ì«� 1 in �Ìp|¦ hasthesamedescriptionasmove Ì in ¦ , exceptthata pointer � is

replacedby apointer � � 1 becauseof theextramove.

B.4 Copycat Behaviour

In Sect.9.2.6,welookedatcopycatstrategies,in whicheach� -moveis mimickedby thefollow-
ing ÿ -moved. This is a specialcaseof a moregeneralclassof behaviour, which we now define.
Thedefinition is circular, but it hasonly onefixpoint becausewe considerfinite playsonly. (If
weconsideredinfinite plays,wewouldhave to interpretthedefinitioncoinductively.)

Definition 134 Supposethat

* ¦ is an � -first play on � , awaiting-�
* Ì is an � -move in ¦
* thetokenplayedin Ì is §
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* thetokenplayedin ÌÝ� 1 is § I
* 4 is anisomorphismfrom ��� � to ��� � þ

We say that the move-pair Ì º�ÌÝ� 1 begins copycatalong 4 in ¦ when, for every � -move �
pointingto ÌÝ� 1 andpassingthetoken

2
,

* the ÿ -move � � 1 pointsto Ì andpassesthetoken 4 6 1 2
*�� º � � 1 beginscopycatalong 4 6 1 2 restrictedto theisomorphism

����� |D ����� ¸ 1 �
in ¦ . ¡

An alternative characterizationof copycat behaviour, usedin e.g. [McC96], is to say that
the subsequenceof moves hereditarilypointing to move Ì � 1 hasthe samestructureas the
subsequenceof moveshereditarilypointingto move Ì , transformedby 4 . However, weshallnot
requirethis formulation.

Thedefinitioncanbeadaptedto theother4 kindsof gamelistedin Sect.B.3. They canalso
be adaptedto the meta-gamesof Sect.B.2 wherethe inner andoutergamesarepointergames
of the5 typeslisted in Sect.B.3. Thedefinitionsrequiredarenumerous,becauseÌ and Ì«� 1
couldbefrom differentgames,onecouldbeasourcemove andonea targetmove,andsoforth.

B.5 Construction of Pointer GameModels

B.5.1 CBPV Term Constructors

In Sect.9.2.8,we omittedthe interpretationof termconstructors.We now give someexamples
of these;theremainingclausesaresimilar.

SupposeΓ denotesâ�� ¢ ã ¢O£�¤ and ( denotesâ � ¥ ã ¥ £·ò . ThenΓ j"k : ( RTS�k : ( at
E > j 0 M denotes0 togetherwith thestrategy givenby thesetof � -first playsawaiting-� from

E � ¢�� � ¥ M � to
�"!¥

suchthat:

* If � -move 0 is describedas
D 8 ó�EHG Dó D
��ä S G 2 then ÿ -move 1 is describedas  ä5Ò ó�h3Gó D���ä S G ; y - 2 , begin-

ningcopycatalongtheisomorphism

� ¢ � � ¥ �$# � ó � ª ; y -|D � ¥ ���

SupposeΓ denotesâ�� ¢ ã ¢�£�¤ and ( denotesâ � ¥ ã ¥ £·ò and A denotesâ�² Ø ã Ø £�ì . For given
> ���

and Ð �&% , supposethatΓ R�hNi : 9:( at
>

and
E M denotesý andthatΓ j7k : ( R S m : A at

E > j 0 M
and Ð denotes7 ¥ for each0)�Xô . Then i nZYBk�pzm at

>
and Ð denotes³ E ý�j§â�7 ¥ ã ¥ £·ò M where ³ is

thesetof meta-playsawaiting meta-� with

* outergamethe ÿ -first gamefrom � �¢ to ² �Ø* 0-innergamethe ÿ -first gamefrom � �¢ to
E + 4('¥ £¢ò � ¥ M �

* 10 -innergamethe ÿ -first gamefrom
E � ¢ � � ¥ M � to ² �Ø

suchthat:

* Theinitial meta-ÿ -move0 is astart-move for a 0-innergame;
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* keyclauseIf ameta-� -moveis a ÿ -move Ì in a0-inner-gamedescribedas
D 8 óFEHG Dó D
��ä S G -0/Q/ 4b0

(an ) -move), thenthesucceedingmeta-ÿ -move is a start-move for a 10 -innergame. If a
subsequentmeta-� -move is a ÿ -move in this 10 -inner gamedescribedas  ä1Ò óÃh3Gó D���ä S G ; y - 2
thenthe succeedingmeta-ÿ -move � � 1 is an � -move in that 0-innergamedescribedasD 8 óFEHG Dò D ó+* x^y 1z�c- E 0\j 2 M beginningcopycatalongtheisomorphism

� ¢�� � ¥ � # � ó � ª ; y -|D � ¥ � � x^y 1^�.- E 0\j � M|D < + 4 '¥ £·ò � ¥ � Ò � ô G5ó � ¥ L � �
* If ameta-� -move is a ÿ -move in a0-innergamedescribedas  ä1Ò ó�h3Gó D
��ä S G § , thenthesucceed-

ing meta-ÿ -moveis a ÿ -movein theoutergamedescribedas  ä5Ò ó�h3Gó D���ä S G § , beginningcopycat

alongtheidentityon � ¢ � � .
* If a meta-� -move is a ÿ -move in a 10 -inner gamedescribedas  ä5Ò ó�h3Gó D���ä S G ; y ¨ § , then the

succeedingmeta-ÿ -move is a ÿ -move in theoutergamedescribedas  ä1Ò ó�h:Gó D���ä S G § , beginning

copycatalongtheisomorphism

� ¢ � � ¥ � # � á � ª ; y ¨|D � ¢ � �
* If ameta-� -moveis a ÿ -move in a10 -innergamedescribedas

D 8 óFEHG Dó D���ä S G C thenthesucceed-

ing meta-ÿ -move is a ÿ -move in theoutergamedescribedas
D 8 óFEHG Dó D
��ä S G C , beginningcopycat

alongtheidentityon ² Ø ��, .
SupposeΓ denotesâ-� ¢ ã ¢O£�¤ and A denotesâ � ¥ ã ¥ £·ò . For given

> �ë� , supposethat for each0���ô , Γ R h i : A at
>
and0 denotesý ¥ . Then nz�z]��Q��i at

>
denotes

E M togetherwith thestrategy

â D 8 ó�EHG Dó D���ä S G -0/Q/ 4�0)p·¦ replacing D 8 óFEHG D 2 Ú� D 8 óFEßG D xzy 1^�.- E 0\j 2 M � ¦?�äýNã
Theadditionalmove at thestartindicatestheforcing of nz�Q]��Q��i by thecontext.

SupposeΓ denotesâ-� ¢ ã ¢O£�¤ and A denotesâ � ¥ ã ¥ £·ò . For given
> � � supposethatΓ R�S�U :s A at

>
denotes

E¦E M j3ý M . Then �QY\XT_^`Üi at
>

and 0 denotesthestrategy

âç¦ � D 8 óFEHG Dó D
��ä S G -0/Q/ 4b0p·¦ replacing D 8 óFEßG D 2 Ú� D 8 óFEßG D x^y 1^�.- E 0\j 2 M �äýNã
SupposeΓ denotesâ-� ¢ ã ¢O£�¤ and ( denotesâ � ¥ ã ¥ £·ò . For given

> �³� supposethatΓ R�S�U : (
denotes

E 0\j3ý M . Then W2XZY\[^]�_^`�U at
>

and ¨ denotesthestrategy

â D 8 ó�EHG Dó D���ä S G -0/Q/ 4�0)p·¦ replacing D 8 óFEHG D 2 Ú� D 8 óFEßG D xzy 1^�.- E 0\j 2 M � ¦?�äýNã
Control Effects
As we mentionedin Sect.9.2.2, Y' A denotesthe samearenafamily as A . The semanticsof
termsfor control effects is straightforward. As an example,we give the interpretationof the
consumera bQn�YÜk�pci :: % .

SupposeΓ denotesâ-� ¢ ã ¢O£�¤ and ( denotesâ � ¥ ã ¥ £·ò and A denotesâ�² Ø ã Ø £çì . For given
> �ã� ,

supposethatΓ R S % : Y¬ A at
>
denotes

E Ð j:7 M andthatΓ j"k : ( R�h�i : A at
E > j 0 M and Ð denotesý ¥

for each0B� ô . Thentheconsumera b^nZY�k�p�i :: % at
>

anddenotes
E M pairedwith ³ E â�ý ¥ ã ¥ £·ò j�7 M

where³ is themeta-strategy definedby themeta-playsawaiting meta-� with

* outergamethe ÿ -first gamefrom � �¢ to
E + 4 '¥ £¢ò � ¥ M � ;
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* 00 -innergamethe ÿ -first gamefrom
E � ¢ � � ¥ M � to ² �Ø ;

* 1-innergamethe � -first gamefrom � �¢ to ² !Ø .

suchthat:* key clauseIf in theinitial meta-� -move,which is theinitial � -move 0 in theoutergame,
this � -move is describedas

D 8 óFEßG Dó D
��ä S G -0/Q/ 4q0 —thus � is passingan ) -tokeni.e. thecontext

is producinga valueto this consumer—thenthesucceedingmeta-ÿ -move is a start-move
for a 00 -inner game. If a subsequentmeta-� -move is a ÿ -move in this 00 -inner game
describedas  ä1Ò óÃh3Gó D
��ä S G ; y - 2 thenthesucceedingmeta-ÿ -move is an � -move in that0-inner

gamedescribedas
D 8 óFEßG Dò D ó 0

x^y 1^�.- E 0\j 2 M beginningcopycatalongtheisomorphism

� ¢ � � ¥ �$# � ó � ª ; y -|D � ¥ ��� x^y 1^�.- E 0\j � M|D < + 4 '¥ £·ò � ¥ � Ò � ô G5ó � ¥ L � �
* If ameta-� -moveis a ÿ -movein a0-innergamedescribedas

D 8 óFEHG Dó D���ä S G C thenthesucceeding

meta-� -move is a start-move in a 1-innergamedescribedas
D 8 óFEHG Dó D���ä S G C , beginningcopycat

alongtheidentityon ² Ø ��,
* If ameta-� -move is a ÿ -move in a1-innergamedescribedas  ä1Ò ó�h3Gó D
��ä S G § , thenthesucceed-

ing meta-ÿ -moveis a ÿ -movein theoutergamedescribedas  ä5Ò ó�h3Gó D���ä S G § , beginningcopycat

alongtheidentityon � ¢ � �
* If a meta-� -move is a ÿ -move in a 00 -inner gamedescribedas  ä5Ò ó�h3Gó D���ä S G ; y ¨ § , then the

succeedingmeta-ÿ -move is a ÿ -move in theoutergamedescribedas  ä1Ò ó�h:Gó D���ä S G § , beginning

copycatalongtheisomorphism

� ¢.� � ¥ � # � á � ª ; y ¨|D � ¢ � �
Store
Supposethat ( denotesthe arenafamily â � ¥ ã ¥ £¢ò . As we statedin Sect.9.2.2, X�`z�( denotes
thesamearenafamily as s E§E 9:( M Π

E ( � _^Y�¯|¯ M¦M , this is asingletonfamily whosesolearenawe
will call ˆ� . Thetokensof this arenaare

/ -0/Q/ 4 -d� ø 1
) x^y 1^�.- E -d� ø 1 j -0/Q/ 4b0 M/ º�) x^y 1^�.- E -d� ø 1 j¦x^y 1^�.- E 0\j�§ M§M/ -0/Q/ 410 - ; 4 � 0
) x^y 1^�.- E 0 - ; 4 � 0Zj ; y -T1\/ y � M/ º�) x^y 1^�.- E 0 - ; 4 � 0Zj ; y ¨ § M

wherewewrite

-d� ø 1 for
; y ¨ E M

0 - ; 4 � 0 for
; y - E 0\j E M§M

XZ`��^[ÉU �¬k�p�i is interpretedthe sameway as
E
0‘ �QY\X�_\`ÍU M nZYÈk�p�i . U :

D Î ; i is
interpretedthesamewayas

E
1‘ �QY\XT_^`�U M ; i .
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SupposeΓ denotesâ�� ¢ ã ¢�£�¤ and ( denotesâ � ¥ ã ¥ £·ò and A denotesâ�² Ø ã Ø £�ì . For given
> ���

and Ð �2% , supposethat Γ R�SgU : ( denotes
E 0 0 j3ý M andthat Γ j"k : XZ`z�Í(qR h i : A at

E > j E M¦M
and Ð denotes7 . Then �Z`�3Ík :

D U ; i at
>

and Ð denotesthe strategy ³ E ý�j:7 M where ³ is the
meta-strategy givenby thesetof meta-playsawaiting meta-� with* outergamethe ÿ -first gamefrom � �¢ to ² �Ø* 0-innergamethe � -first gamefrom � �¢ to

� !¥ 0* 1-innergamethe ÿ -first gamefrom
E � ¢ � ˆ� M � to ² �Ø .

suchthat:* Theinitial meta-ÿ -move is astartmove for a1-innerplay;

* If a meta-� -move is a ÿ -move in a 1-innerplay describedas  ä5Ò ó�h3Gó D���ä S G ; y - -0/Q/ 410 - ; 4 � 0 —
thus passinga

/
-token i.e. i assignsto k —then the succeedingmeta-ÿ -move is a ÿ -

move in that1-innerplay describedas  ä1Ò óÃh3Gó D
��ä S G ; y ¨ x^y 1z�c- E 0 - ; 4 � 0Tj ; y -Z1^/ y � M —thuspassing

an ) -tokeni.e. theassignmentis completedandcontrolreturnsto i .

* If ameta-� -moveis a ÿ -move Ì in a1-innerplaydescribedas  ä1Ò ó�h:Gó D
��ä S G ; y ¨.-0/Q/ 4 -d� ø 1 —thus

passinga
/

-tokeni.e. i readsk —then:

– If thereis a precedingmeta-� -move designatinga ÿ -move � in that 1-inner play
describedas  ä5Ò ó�h3Gó D
��ä S G ; y - -0/Q/ 410 - ; 4 � 0 for some0 (i.e. i hasnot written to k sincek was initialized to U ), we write � á 8  D for the last such, and 0 á 8  D for the corre-
sponding 0 . Then the succeedingmeta-ÿ -move is an � -move Ì�� 1 in that 1-
innerplay describedas  ä1Ò óÃh3Gò D ó ˜*

; y - x^y 1^�.- E -d� ø 1 j -0/z/ 4b0 á 8  D M —thuspassingan ) -token

i.e. k producesthe value that it contains. If a subsequentmeta-� -move is a ÿ -
move in that1-innerplaydescribedas  ä1Ò ó�h3Gò D ó *54 1

; y ¨ x^y 1^�.- E -d� ø 1 j¦x^y 1z�c- E 0 á 8  D j 2 M¦M , then

the succeedingmeta-ÿ -move � � 1 is an � -move in that 1-innerplay describedas ä5Ò ó�h3Gò D ó ˜6�7 8:9<;
; y - x^y 1^�.- E 0 - ; 4 � 0 á 8  D j ; y ¨ 2 M , beginningcopycatalongtheisomorphism

� ¢ � ˆ� � # � á Ò � ô G5ó � óFG 8 ô L Ò � ô G5ó � ¥ 7 8�9<; L � �0�

� ¥ 7 8�9=; � �

|D ; y ¨ x^y 1z�c- E -d� ø 1 j§xzy 1z�c- E 0 á 8  D j � M§M
ë

|D; y - xzy 1^�.- E 0 - ; 4 � 0 á 8  D j ; y ¨¢� M < � ¢.� ˆ� � # � ó Ò � ô G5ó �<> ó # D G ¥ 7 8:9<; L # � á � �
– If thereis no precedingmeta-� -move which is a ÿ -move in that 1-innerplay de-

scribedas  ä5Ò ó�h3Gó D���ä S G ; y -J-0/Q/ 410 - ; 4 � 0 for some0 (i.e. i hasnot written to k since k
wasinitialized to U ), thenthesucceedingmeta-ÿ -move is an � -move ÌÍ� 1 in that
1-innerplay describedas  ä1Ò óÃh3Gò D ó * ; y - x^y 1^�.- E -d� ø 1 j -0/z/ 4b0 0 M —thuspassingan ) -token

i.e. k producesthevaluethat it contains.If a subsequentmeta-� -move is a ÿ -move
in that1-innerplay describedas  ä1Ò ó�h3Gò D ó *54 1

; y ¨ x^y 1^�.- E -d� ø 1 j¦x^y 1z�c- E 0\j 2 M§M , thenthesuc-

ceedingmeta-ÿ -move is a start-move for a 0-innerplay describedas
D 8 óFEHG Dó D
��ä S G 2 , be-

ginningcopycatalongtheisomorphism

� ¢ � ˆ� � # � á Ò � ô G5ó � óFG 8 ô L Ò � ô G5ó � ¥ L � �0� ª
; y ¨ xzy 1z�c- E -d� ø 1 j§xzy 1^�.- E 0\j � M¦M|D � ¥ �:�
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* If ameta-� -moveis a ÿ -movein a0-innergamedescribedas
D 8 óFEHG Dó D���ä S G C thenthesucceeding

meta-� -move is a start-move in a 1-innergamedescribedas
D 8 óFEHG Dó D���ä S G C , beginningcopycat

alongtheidentityon ² Ø � ,
* If the meta-� -move Ì is a ÿ -move in a 0-innergamedescribedas  ä5Ò ó�h3Gó D���ä S G § , then the

succeedingmeta-ÿ -move is a ÿ -move in theoutergamedescribedas  ä1Ò ó�h:Gó D���ä S G § , beginning

copycatalongtheidentityon � ¢ � �
* If themeta-� -move Ì is a ÿ -move in a 1-innergamedescribedas  ä5Ò ó�h3Gó D���ä S G ; y ¨ § , thenthe

succeedingmeta-ÿ -move is a ÿ -move in theoutergamedescribedas  ä1Ò ó�h:Gó D���ä S G § , beginning

copycatalongtheisomorphism

� ¢ � ˆ� � # � á � ª ; y ¨|D � ¢ � �

B.5.2 Pre-Families Adjunction Model

Wegive thedetailsomittedin Sect.14.4.7
The identity from � to � is definedby the setof � -first playsawaiting-� from � � to � !

suchthat:

* If � -move 0 is describedas
D 8 óFEßG Dó D
��ä S G § then ÿ -move 1 is describedas  ä1Ò ó�h3Gó D
��ä S G § , beginning

copycatalongtheidentityon ��� �
Givenan � -first strategy ý from � to

�
andan � -first strategy 7 from

�
to ² , thecompositeý ; 7 is ³ E ý�j:7 M , where³ is themeta-strategy givenby thesetof meta-playsawaitingmeta-� with

* outergamethe � -first gamefrom � � to ² !
* 0-innergamethe � -first gamefrom � � to

�"!
* 1-innergamethe � -first gamefrom

� � to ² !

suchthat:

* If in the initial meta-� -move 0, which is the initial � -move in the outergame,this � -
move is describedas

D 8 ó�EHG Dó D���ä S G C , thenthesucceedingmeta-ÿ -move is an initial � -move in

a 1-innergame,describedas
D 8 óFEßG Dó D
��ä S G C , beginningcopycatalongtheidentityon ²?�@, .

* If ameta-� -move is a ÿ -move in a1-innergamedescribedas  ä1Ò óÃh3Gó D���ä S G 2 , thenthesucceed-

ing meta-ÿ -move is aninitial � -move in a0-innergamedescribedas
D 8 óFEHG Dó D���ä S G 2 , beginning

copycatalongtheidentityon
� �:� .

* If ameta-� -move is a ÿ -move in a0-innergamedescribedas  ä1Ò ó�h3Gó D
��ä S G § , thenthesucceed-

ing meta-ÿ -moveis a ÿ -movein theoutergamedescribedas  ä5Ò ó�h3Gó D���ä S G § , beginningcopycat

alongtheidentityon ��� � .
Givenan � -first strategy ý from � to

�
andan � -first strategy ý I from � to

� I
, the � -first

strategy
E ý�j3ý I M from � to

� � � I is thesetof plays

âç¦ replacing D 8 óFEßG D 2 Ú� D 8 óFEßG D ; y ¨ 2 � ¦���ýçãBAâ�¦ replacing D 8 ó�EHG D 2$I Ú� D 8 ó�EHG D ; y - 2$I � ¦��äý I ã
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Givenan � -first strategy ý from � to
� � � I , thestrategy

G ý from � to
�

is thesetof plays

âç¦ � ¦ replacing D 8 ó�EHG D 2 Ú� D 8 ó�EHG D ; y ¨ 2 �äýçã
Similarly

G I ý .
This completestheconstructionof thecartesiancategory ˆ} .
The identity from � to � over Γ is definedby the setof � -first playsawaiting-� over Γ �

from � !
to � � suchthat:

* If initial � -move 0 is describedas  ä5Ò ó�h3Gó D
��ä S G § then ÿ -move 1 is describedas
D 8 óFEßG Dó D
��ä S G § ,

beginningcopycatalongtheidentity on � � �
Givenan � -first strategy ý over Γ from � to

�
andan � -first strategy 7 over Γ from

�
to ² ,

thecompositeý ; 7 is ³ E ý�j�7 M where³ is themeta-strategy givenby thesetof meta-playsawaiting
meta-� with

* 0-innergamethe � -first gameover Γ � from � !
to
� �

* 1-innergamethe � -first gameover Γ � from
� !

to ² �
* outergamethe � -first gameover Γ � from � !

to ² �

suchthat:

* If, in the initial meta-� -move 0, which is an initial � -move in the outergame,this � -
move is describedas  ä5Ò ó�h3Gó D���ä S G § , thenthesucceedingmeta-ÿ -move is aninitial � -move in

a0-gamedescribedas  ä5Ò ó�h3Gó D
��ä S G § , beginningcopycatalongtheidentityon � � � .
* If ameta-� -moveis a ÿ -movein a0-innergamedescribedas

D 8 óFEHG Dó D���ä S G 2 thenthesucceeding

meta-ÿ -move Ì � 1 is an initial � -move in a 1-gamedescribedas  ä1Ò óÃh3Gó D
��ä S G 2 , beginning

copycatalongtheidentity on
� � � .

* If ameta-� -moveis a ÿ -movein a1-innergamedescribedas
D 8 óFEHG Dó D���ä S G C thenthesucceeding

meta-ÿ -move is a ÿ -move in the outergamedescribedas  ä1Ò ó�h3Gó D
��ä S G C , beginning copycat

alongtheidentityon ² � , .
* If ameta-� -move is a ÿ -move in a0-innergamedescribedas h ä � D G�� Dó D
��ä S G C thenthesucceed-

ing meta-ÿ -move is a ÿ move in theoutergamedescribedas  ä5Ò ó�h3Gó D���ä S G C , beginningcopycat

alongtheidentityon Γ ��D .

* If ameta-� -move is a ÿ -move in a1-innergamedescribedas h ä � D G�� Dó D
��ä S G C thenthesucceed-

ing meta-ÿ -move is a ÿ move in theoutergamedescribedas  ä5Ò ó�h3Gó D���ä S G C , beginningcopycat

alongtheidentityon Γ ��D .

The remainingreindexing andcompositionconstructionsaresimilar. The closureon ˆ8 is
definedsimilarly to thecartesianstructureon ˆ} .

Given, for each
> �ë� , a ÿ -first strategy ý ¢ from Γ to � ¢ , we obtainan � -first strategy from

Γ � to
E + 4FE¢O£�¤ � ¢ M ! as

G
¢O£�¤ â

D 8 ó�EHG Dó D���ä S G -0/Q/ 4 > p·¦ replacing D 8 ó�EHG D § Ú� D 8 óFEHG D x^y 1z�c- E > j:§ M � ¦��äý ¢ ã
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Conversely, givenan � -first strategy from Γ to + 4 E¢O£�¤ � ¢ , weobtaina ÿ -first strategy from Γ �
to � �̂´ as

â�¦,� D 8 óFEßG Dó D
��ä S G -0/Q/ 4 > p·¦ replacing D 8 óFEHG D § Ú� D 8 óFEßG D x^y 1^�.- E > j:§ M �³ýNã
Theisomorphismfor 9 is definedsimilarly.

B.5.3 JWA Term Constructors

We provide the detailsomitted in Sect.9.3.5. Most of the constructs(including the storage
constructs)areinterpretedasin Sect.B.5.1.We will describehow to interpretthe � constructs.

SupposeΓ denotesâ�� ¢ ã ¢�£�¤ and ( denotesâ � ¥ ã ¥ £¢ò . Supposethat,for each0?�Xô , thenon-
returningcommandΓ j7k : (�R � i denotesat

E > j 0 M a ÿ -first strategy ý ¥ on � ¢ � � ¥ . Then H�k�p�i
denotesat

>
the � -first strategy from � �¢ to

E + 4 ¥ £¢ò � ¥ M ! definedby

G
¥ £·ò â

D 8 óFEHG Dó D���ä S G -d/z/ 4b0p¢¦ replacing
; y ¨ § Ú�  ä5Ò ó�h3G §; y - 2 Ú� D 8 óFEHG D 2 � ¦?�äý ¥ ã

SupposeΓ denotesâ-� ¢ ã ¢O£�¤ and ( denotesâ � ¥ ã ¥ £·ò . Supposethat the value Γ RTS=U : (
denotesat

>
thepair

E 0\j3ý M andthatthevalueΓ RTS Î : �N( denotesat
>

thepair
E§E M j:7 M . Thenthe

non-returningcommandUJI Î at
>

denotesthestrategy ³ E ý�j:7 M where ³ is themeta-strategy
definedby thesetof meta-playsawaiting meta-� with

* outergamethe ÿ -first gameon � �¢
* 0-innergamethe � -first gamefrom � �¢ to

�"!¥
* 1-innergamethe � -first gamefrom � �¢ to

E + 4 ¥ £·ò � ¥ M ! .

suchthat:

* Theinitial meta-ÿ -moveis theinitial � -move0 in a1-innergamedescribedas
D 8 óFEHG Dó D
��ä S G -0/Q/ 4q0 .

If asubsequentmeta-� -moveisa ÿ -movein this1-innergamedescribedas
D 8 ó�EHG Dò D ó 0

xzy 1z�c- E 0\j�§ M ,
then the succeedingmeta-ÿ -move is an initial � -move in a 0-inner gamedescribedasD 8 óFEHG Dò D ó 0

§ , beginningcopycatalong

+ 4 ¥ £·ò � ¥ � Ò � ô G5ó � ¥ L � � ª x^y
1z�c- E 0\j � M � ¥ � �

* If ameta-� -moveis a ÿ -move in a0-innergamedescribedas  ä5Ò ó�h3Gó D���ä S G C , thenthesucceed-

ing meta-ÿ -moveis a ÿ -movein theoutergamedescribedas ó D���ä S G C , beginningcopycat
alongtheidentityon � ¢ � D .

* If ameta-� -moveis a ÿ -move in a1-innergamedescribedas  ä5Ò ó�h3Gó D���ä S G C , thenthesucceed-

ing meta-ÿ -moveis a ÿ -movein theoutergamedescribedas ó D���ä S G C , beginningcopycat
alongtheidentityon � ¢ ��D .
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B.5.4 Pre-Families Non-Return Model

Wegivethedetailsomittedin Sect.8.8.2.Thecartesiancategory } is constructedasin Sect.B.5.2.
Givenan � -first strategy ý from � to

�
anda ÿ -first strategy 7 on

�
, we define ý ; 7 to be³ E ý�j�7 M where³ is themeta-strategy definedby thesetof meta-playsawaiting meta-� with* outergamethe ÿ -first gameon � �

* 0-innergamethe � -first gamefrom � � to
�"!

* 1-innergamethe ÿ -first gameon
� � .

suchthat:* Theinitial meta-ÿ -move0 is astartmovefor a1-innergame.If asubsequentmeta-� -move
designatesa ÿ -move for this 1-innergamedescribedas ó D���ä S G 2 , then the succeeding

meta-ÿ -move is an initial � -move in a 0-innergamedescribedas
D 8 óFEHG Dó D
��ä S G 2 , beginning

copycatalongtheidentity on
� �:� .

* If a meta-� -move is aninitial � -move for a 0-innergamedescribedas  ä1Ò ó�h3Gó D
��ä S G § thenthe

succeedingmeta-ÿ -moveis a ÿ -movefor theoutergamedescribedas ó D���ä S G § , beginning
copycatalongtheidentity on ��� � .

Theisomorphismfor � is describedsimilarly to theisomorphismfor s in Sect.B.5.2.

B.6 Type Definability Proof

The aim of this sectionis to constructthe isomorphisms(9.1)–(9.2)requiredin the proof of
Prop.81.

B.6.1 Global Semanticsof Types

Beforewedo this,we describethesemanticsof typesin a “global” way. Wedefinepredicates
Predicate Intendedmeaning( :

> >
is anindex in a a (�b b( :

>
: § � / § is a

/
-tokenin a a (gb b >( :

>
: § � ) § is an ) -tokenin a a (�b b >( :

>
: § � root § is a rootof a a (�b b >( :

>
: §�R 2 §�R 2 in a a (gb b >

inductively, usingthefollowing clausesfor s
s A :

E M
A :

>
s A :

E M : -0/z/ 4 > � /

A :
>
: § � /

s A :
E M : xzy 1^�.- E > j�§ M � /

A :
>
: § � )

s A :
E M : xzy 1z�c- E > j�§ M � )

A :
>

s A :
E M : -0/Q/ 4 > � root

A :
>
: § � root

s A :
E M : -0/Q/ 4 > RÌxzy 1^�.- E > j�§ M

A :
>
: §�R 2

s A :
E M : xzy 1^�.- E > j�§ M RÍxzy 1^�.- E > j 2 M

andsimilar clausesfor all the other type constructors.We have to show that this agreeswith
thesemanticsof typesthatwe gave in Sect.9.2.2. (To keepthingssimple,we will ignoretype
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recursion,asit is not usedin thetypecanonicalforms.)First we prove (bothfor valuetypesand
computationtypes)thatif (&K6��� A then

* >
is anindex of a a (�b b implies A :

>
* § is a

/
-tokenof a a (gb b > implies A :

>
: § � /

andsimilarly for theother3 predicates.This is by inductionon (&K �ç� A . Thenwe prove that

* if A :
>

then
>

is anindex of a a (�b b for some(LK6��� A
* if A :

>
: § � /

then § is a
/

-tokenof a a (gb b > for some(&K¢�ç� A
andsimilarly for theother3 predicates.This is by inductionon the5 predicates.Consequently,
for any type A ,

* >
is anindex of a a A b b if f A :

>
* § is a

/
-tokenof a a A b b > if f A :

>
: § � /

andsimilarly for theother3 predicates.Thus,asrequired,thetwo descriptionsof thesemantics
of typesagree.

B.6.2 Constructing The Isomorphisms

Now we constructthe requiredisomorphisms(9.1)–(9.2). First we have to give a bijection on
indexing sets.It is easyto seethatboth a a 4 S98¦á â�� ¢ ã ¢�£�¤ b b and a a 4 h ä � ò â-� ¢ ã ¢O£�¤ b b areindexedby �?'E
1 ' 1M . So,for both(9.1)and(9.2),thebijectionon indexing setstakes

> �³� to M > D E > j E§E M j E M§M¦M .
Wedefinetwo predicates

Predicate Intendedmeaningâ�� ¢ ã ¢O£�¤ : ¶̂ : § Ú� S98ÿá § I § in arenâ¶ correspondsacross(9.1) to § I in arenaM ˆ¶â�� ¢ ã ¢O£�¤ : ¶̂ : § Ú� h ä � ò § I § in arenâ¶ correspondsacross(9.2) to § I in arenaM ˆ¶
inductively asfollows

0B� / - 4N� ˆ´
â�� ¢ ã ¢O£�¤ : ˆ¶ : 0 Ú� S98¦á ; y ¨c-0/Q/ 4b0

â�� ˆ´ � ¥ ã ¥ £ E ó DPO ˆµ : ˆQ :
2 Ú� h ä � ò 2 Iâ-� ¢ ã ¢O£�¤ : ˆ¶ : 2 Ú� S98ÿá ; y ¨ xzy 1z�c- E M ˆQ j 2$I M

0B�R) - 4S� ˆ´
â-� ¢ ã ¢O£�¤ : ˆ¶ : 0 Ú� S98ÿá ; y - -0/Q/ 4q0

â�� ˆ´ � ¥ ã ¥ £ '2ó DPO ˆµ : ˆQ :
2 Ú� S98ÿá 2$Iâ-� ¢ ã ¢O£�¤ : ˆ¶ : 2 Ú� S98ÿá ; y - x^y 1^�.- E M ˆQ j 2$I M

0B� / - 4N� ˆ´
â-� ¢ ã ¢O£�¤ : ˆ¶ : 0 Ú� h ä � ò ; y ¨.-0/Q/ 4q0

â�� ˆ´ � ¥ 0B� / - 4S� ˆ´ ã : ˆQ :
2 Ú� h ä+� ò 2$Iâ�� ¢ ã ¢O£�¤ : ˆ¶ :

2 Ú� h ä+� ò ; y ¨ x^y 1^�.- E M ˆQ j 2$I M
0B�R) - 4S� ˆ´

â-� ¢ ã ¢O£�¤ : ˆ¶ : 0 Ú� h ä+� ò ; y -J-0/Q/ 4q0
â-� ˆ´ � ¥ 0B�R) - 4S� ˆ´ ã : ˆQ :

2 Ú� S98¦á 2$Iâ�� ¢ ã ¢�£�¤ : ˆ¶ :
2 Ú� h ä+� ò ; y - x^y 1z�c- E M ˆQ j 2$I M

Weprove that

* if § is a
/

-token of � ˆ´ then thereis a unique § I suchthat â-� ¢ ã ¢O£�¤ : ˆ¶ : § Ú� S98ÿá § I , and4 S98ÿá â�� ¢ ã ¢�£�¤ : M ˆ¶ : § I � /
* similarly for ) -tokens

* if § is a root of � ˆ´ and â-� ¢ ã ¢O£�¤ : ˆ¶ : § Ú� S98¦á § I then 4 S98ÿá â�� ¢ ã ¢O£�¤ : M ˆ¶ : § I � root
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* if §ÜR 2 in � ˆ´ and â�� ¢ ã ¢O£�¤ : ¶̂ : § Ú� S98ÿá § I and â-� ¢ ã ¢O£�¤ : ˆ¶ :
2 Ú� S98ÿá 2 I then 4 S98¦á â-� ¢ ã ¢O£�¤ : M ˆ¶ :§ I R 2 I* if § is a root of � ˆ´ and â-� ¢ ã ¢O£�¤ : ˆ¶ : § Ú� S98¦á § I then* if § is a

/
-token of � ˆ´ thenthereis a unique § I suchthat â�� ¢ ã ¢�£�¤ : ˆ¶ : § Ú� h ä � ò § I , and4 h ä+� ò â-� ¢ ã ¢O£�¤ : M ˆ¶ : § I � /

* similarly for ) -tokens* if § is a root of � ˆ´ and â-� ¢ ã ¢O£�¤ : ˆ¶ : § Ú� h ä+� ò § I then 4 h ä+� ò â-� ¢ ã ¢O£�¤ : M ˆ¶ : § I � root* if §ÑR 2 in � ˆ´ and â�� ¢ ã ¢O£�¤ : ˆ¶ : § Ú� h ä+� ò § I and â�� ¢ ã ¢�£�¤ : ˆ¶ : 2 Ú� h ä � ò 2 I then 4 h ä+� ò â-� ¢ ã ¢O£�¤ :
M ˆ¶ : § I R 2 I

simultaneously, by inductionon thedepthof § . Weprove that* if ( :
> I

: § I � /
thenif ( D 4 S98ÿá â�� ¢ ã ¢O£�¤ then

–
> I D M ˆ¶ for someunique

> �³�
– thereis aunique§ suchthat â-� ¢ ã ¢O£�¤ : ˆ¶ : § Ú� S98ÿá § I
– this § is a

/
-tokenin � ˆ´* similarly for ) -tokens* if ( :

> I
: § I � root thenif ( D 4 S98ÿá â-� ¢ ã ¢O£�¤ then

–
> I D M ˆ¶ for someunique

> �³�
– â�� ¢ ã ¢�£�¤ : ˆ¶ : § Ú� S98ÿá § I impliesthat § is a rootof � ˆ´* if ( :

> I
: § I R 2 I thenif ( D 4 S98ÿá â�� ¢ ã ¢O£�¤ then

–
> I D M ˆ¶ for someunique

> �³�
– â�� ¢ ã ¢�£�¤ : ˆ¶ : § Ú� S98ÿá § I and â-� ¢ ã ¢O£�¤ : ˆ¶ : 2 Ú� S98ÿá 2 I impliesthat §�R 2 in � ˆ´* if ( :

> I
: § I � /

thenif ( D 4 h ä+� ò â-� ¢ ã ¢O£�¤ then

–
> I D M ˆ¶ for someunique

> �³�
– thereis aunique§ suchthat â-� ¢ ã ¢O£�¤ : ˆ¶ : § Ú� h ä+� ò § I
– this § is a

/
-tokenin � ˆ´* similarly for ) -tokens* if ( :

> I
: § I � root thenif ( D 4 h ä � ò â�� ¢ ã ¢�£�¤ then

–
> I D M ˆ¶ for someunique

> �³�
– â�� ¢ ã ¢�£�¤ : ˆ¶ : § Ú� h ä � ò § I impliesthat § is a root of � ˆ´* if ( :

> I
: § I R 2 I thenif ( D 4 h ä � ò â�� ¢ ã ¢O£�¤ then

–
> I D M ˆ¶ for someunique

> �³�
– â�� ¢ ã ¢�£�¤ : ˆ¶ : § Ú� h ä � ò § I and â�� ¢ ã ¢�£�¤ : ˆ¶ :

2 Ú� h ä+� ò 2 I impliesthat §gR 2 in � ˆ´
simultaneouslyby induction.We define* isomorphism(9.1)bysayingthat §×�T� ˆ´ correspondsto § I � a a 4 S98ÿá â�� ¢ ã ¢O£�¤ b b M ˆ¶ when â-� ¢ ã ¢O£�¤ :

ˆ¶ : § Ú� S98ÿá § I* isomorphism(9.2) by saying that §Ì�U� ˆ´ correspondsto § I � a a 4 h ä+� ò â-� ¢ ã ¢O£�¤ b b�M ˆ¶ whenâ�� ¢ ã ¢�£�¤ : ˆ¶ : § Ú� h ä � ò § I
andwehave shown thattheseindeedgive isomorphisms.
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, 143
� � , 143
$, 19T (setof printablecharacters),30T -cppo,99T -set,26,37

free,38T -sethomomorphism,39T K
, 30° , 259% -law, 28,60V , 121* , 49/ ö , 204,205

���XW , 143
� , 142,156

« -law, 29,41,59,60,126,2694 h ä � ò A , 1444c( , 1574 S98ÿá ( , 144
K6��� , 78,144,157
ˆ¶ , 43t h -calculus,18,35³ -composite,286� , 119Ð 8 �9Ó D Ó òHG , 35,36Ð E�ó ä5Ò � ô , 35,36G

-calculus,17,18Ð , seeobservationalequivalenceY � , 44R in anarena,142,156R h , 43R1Z , 48R � , 119R ò , 200,263R1[ , 213R�S , 43,119,200,263
‘, 19
., 287
/, 288\ C , 44] C , 44
2-category, 178

) - 4 , 143( -coproduct,182

( -product,182( -representablefunctor, see( -representation
for functor( -representationfor functor, 181,184,211,
217,231

action
left, 201,202
right, 201,202

adequacy
cell generation+ divergence,113
erraticchoice,96
infinitely deepterms,78
infinitely deeptypes,79
of pointergamemodelfor CBPV, 155
of pointergamemodelfor JWA, 159
printing+ divergence,100
recursion,71
recursive types,76
thunkstorage,117

adjoint
left, 220
right, 220

adjunction,220–226
strong,211,212,232–234

adjunctionmodel,209–236,245–249
admissiblesubset,72
algebrafor monad

definitionof, 191
denotedby computationtype or CBN

type,40,191–198
directmodelas,169,187
exponent,193
free,192
homomorphism,191
product,192

algebramodel
restricted,196,213,238,243–249
unrestricted,194,213

algebraviewpoint,197–198
)gy�3 in continuationsemantics,91
)gy�3 in continuationsemantics,94,131
answer-movepointingto answer-move,153
answer-token,140
arena,142–143

unlabelled,156
assignment,85,103
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awaiting meta-� , 285
awaiting meta-ÿ , 285
awaiting-� , 149
awaiting-ÿ , 149

Böhmtree,77
Beck-Chevalley condition,181,223
big-stepsemantics

for CBN, 36
for CBPV, 45

with cell generation,105
with erraticchoice,95
with errors,97
with globalstore,86
with printing,51

for CBV, 32
problemswith printing+ divergence,99
soundnessw.r.t., 207
unsuitablefor controleffects,88

bracketingcondition,141

calculust � YQY|��� , 27'Û� , 171' ∏ � , 172' ∏, 169' ∑∏ � , 66' ∑, 172' , 166
directmodel,169
semanticsof types,167' ∑∏ � , 173

call-by-name,17,31,35–40,140,227,268–
269

equationaltheory, 269
call-by-need,16
call-by-value,17,31–35,227

coarse-grain,35,262–263,267–268
equationaltheory, 265
fine-grain,35,199,263–268
monadmodel,190

carrier
of T -set,37
of algebra,191

CartCat ^ , 167
category

algebraicallycompact,74
bicartesianclosed,41,173
cartesian,167
cartesianclosed,41,140,171,173
countablybicartesianclosed,173,188

countablycartesianclosed,172
countablydistributive, 131, 173, 194,

196,205,212,229
distributive,173
enriched,73,177
enriched-compact,74–76,116
monoidal,201

cell, 19
asobjectwith two methods,145,157

cell generation,102–117,141,214,290–292_���� �¬×Z`2_^Y¬ , 88
CK-machine,46–49,61–62,88–92,128

with printing,51
co-Kleisli adjunction,226
co-Kleisli part,40,227
cocone,74_\YQ`.X�_^` , 57
coherence

of monoidalcategoriesandactions,201
coinduction,80,144–145,157,287_\Y·¯�¯ , 57,114,145
command,57,114,145

non-returning,57,90
complex values,58–59,72,77,104,134

eliminability of, 63
in CBV, 265
in Jump-With-Argument,129

compositionality, 81,92,107
computability, 69
computation,20
computationedge,186
computationobject,185
computationtype,22
computationalt -calculus,seet h -calculus
computationaleffects, seeeffects
cone,170
configuration

of CK-machine,46–48,90
of rewrite machinefor JWA, 126

consumer, 49,93
contentsof cell, 105
context (list of typedidentifiers),43h ä � D G�� Dò D ó Þ § , 287

h ä � D G�� Dó D���ä S G § , 287

context token,216
contingent-complete,149
continuation,46,93,119
continuationsemantics,seecontroleffects
continuation-passing-style,seeCPS
controleffects,88–95,141,215,289–290
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combinedwith othereffects,94–95
controlflow, 21
coproduct,173,181

distributive,173–175,182,183
copycatbehaviour, 287
copycatstrategy, 152,287
counitof adjunction,220
cpo,34

pointed,39
cppo, seecpo,pointed
CPStransforms,124
currying,65
cusl,70

datatype,106
decomposition� CBN into CBPV, 55� CBN into CBPV, 55,93� CBN into linearlogic, 253� CBV into CBPV, 53� CBV into monadicmetalanguage,253
dependenttypes,255
describedas,286
deterministicstrategy, 150
Dir ect̂ , 169
directmodel

for ' -calculus,169
for CBPV, 187,238–2391 ; 3 � , 108

distributivecoproduct,seecoproduct
divergence,16,69,189

with cell generation,112–114
with printing,99–100

divisionof objectin cartesiancategory, 219,
233,234

edgein multigraph,168
effects,16
Eilenberg-Mooreconstruction,191,213�.¨ , 164
elementcategory, 164
elementstyledefinition,165,171,173,183,

184,206,218,231
environment,19E`_ j:� M -pair, 73
equalityof cells,104
equationaltheory

CBPV, 59–63
CBPV+ control,134
for CBN, 269
for CBV, 265

for JWA, 129–130
erraticchoice,95–97,215,226

finite, 96–97
errors,97–98

asanalgebramodel,189,192,195
evaluationcontext, 46
evendepthtoken,143
exceptions,97
exponent,171,182

Kleisli, 190
exponentiatingobject,133

familiesconstruction
for adjunctionmodel,215
for non-returnmodel,132

fibre,176

~ /z-��$� , 206,218
forcinga thunk,20

~ /z-dù\� 4 / ) , 159
Freyd category, 202
full abstraction

of pointergamemodel,141,155,159
of transformsinto CBPV, 19
of translationfrom CBN to CBPV, 278
of translationfrom CBV to CBPV, 273

full completeness,139
full reflection,186
fully faithful functor, 166,178,184
functiontypesin Revised-t , 259–260
functor

contravariant, denotedby computation
type,110

covariant,denotedby valuetype,107
discrete,representingstore,108

globalorderingof multi-play, 285
globalsemanticsof infinitely deeptypes

in gamesemantics,295–296
globalstore,85–88,197,213,254
groundcontext, 51
groundproducer, 33,43
groundterm,39
groundtype,27,43,259
groundvalue,43

headnormalform, 37Ô /�Õ , 164
homomorphiccontext, 212
homomorphism

betweenT -sets,39
betweenalgebras,191
betweencomputationobjects,238
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of computationobjects,249
homsetfunctor, 164,179,224

idealof aposet,70
IdealizedAlgol, 114
identifier, 19
indifference,126
infinitely deepsyntax,77–80,117,141,144,

157
infinitely widesyntax,22,69,112
initial move,149
innergame,283
innerplay, 285
innocencecondition,141
input,84
inside,46
invisibleconstructs,52,56,198
isomorphism

of T -sets,39
of arenas,143
of types,65–66

isomorphismstyledefinition,165,171,175,
180,204,205,217,218,230

jump,21,119,155
Jump-With-Argument,118–138,254

astype theoryfor classicallogic, 136–
138

categoricalsemantics,130–133
embeddinginto CBPV+a"�q , 120
equationaltheory, 129
graphicalsyntax,121
jumpingmachine,128
pointergamesemantics,155–160,294
rewrite machine,126–128

with printing,127
jumpabout,121

code,121
trace,121

JWA, seeJump-With-Argument

Kleisli adjunction,226
Kleisli exponent,190
Kleisli part,226

labellingfunction,142
lazy, 37,269–271
lengthof multi-play, 285
lengthof play, 149�Q`.n�_\Y' , 88
lift, 39
linearheadreduction,154

locally continuousfunctor, 76
locally indexed

category, 176,192
closed,182
countablyclosed,182,212

functor, 178
naturaltransformation,178
staggeredcategory, 229

countablyclosed,229,230
logic

classical,136–138
intuitionistic,41,136
linear, 18,254

meta-� -move,285
meta-ÿ -move,285
meta-game,284
meta-move,285
meta-play

finite, 285
meta-strategy, 286
metalanguage,CBPVasa,55,88,94b Ë�- ø + w , 168,186
Moggi stylemodel,189–198
monad

decompositioninto adjunction,209
definitionof, 189
strong,34,40,190–198c

on
b Ë�- ø + w ^ , 168,187

monadicmetalanguage,18,254,263
multi-cusl,70
multi-play

finite, 284
multigraph,168,186

naturality
joint, 180,230,231
separate,180,230

�Z`�Ö�`\Xz]b^`\[ , 57,90,135
�Z`�3 , 103

interpretationin pointergamemodel,291
non-returnmodel,215
non-returningmorphismmodel,130
�QX�_\Y·¯|¯ , 57,145

O-colimit, 74
� -first game,145,150
� -move,149
�×354 - ø�4 , 146,150
objectstructure' , 167

CBPV, 185
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obliquemorphism,209–211,222,223,231
observationalequivalence

for CBN andlazy, 36
for CBPV, 51

with cell generation,106
with control,91
with globalstore,86
with printing,51

for CBV, 35
for JWA, 129

odddepthtoken,143/Z+.Ë�-0/ 4 w , 179–184,211–212,222–226
opGrothendieckconstruction,see/Z+.Ë�-0/ 4�w
OPStransform,118,124,133–136,159–160Y' , 90
outergame,283
outerplay, 284
outside,46,90

top-level, 46
outside-passing-style,seeOPS

ÿ -first game,146,150ÿ -move,149ÿT354 - ø�4 , 146,151
parametricity, 115
parametrizedrepresentability, 165,172,184,

222,225
partial-on-minimalsfunction,74
pattern-match,27,56
pendingquestion-move,141
plainmap,40
play

finite, 149
infinite, 149W�¯ (pattern-match),27

point
code,121
trace,121

pointedcpo,seecpo,pointed
pointerbetweenmoves,141
pointergamesemantics,139–160,254,283–

297
adjunctionmodel,215–217,292–294
for CBPV, 142–155,288–292
for JWA, 155–160,294
non-returnmodel,132,295
problemswith, 139–140

polymorphism,255
pop,20,46
possibleworlds,102–117,214
Power-Robinsonstylemodel,199–208

pre-familiesadjunctionmodel,215
pointergames,292–294

pre-familiesnon-returnmodel,132
pointergames,295

predecessorof a token,142
prefix-closed,149
premonoidalcategory, 202
presheafcategory, 166
printing+ divergence,99–100

asanalgebramodel,189,192,195
printingsemantics

for CBN, 38
for CBPV, 52

asanalgebramodel,192,195
for CBPVasanalgebramodel,189
for CBV, 31+.-0/Q1 , 218,231

producer, 20,43
in CBV, 31

producercategory, 199
product,27,169,181,182,230

pattern-match,28,43,258,259
projection,28,43,258,259

projection,27
pseudo-computationtypein CBV, 273
pseudo-value-typein CBN, 278
pseudofunctor, 177+ 4 , 156+ 4 ' , 142+ 4 E , 142

ò D ó Þ § , 286
push,20,46

/ - 4 , 143
question-token,140

reading,85,103
realizability, 70
recursion,71–76

type,72–76,254XZ`^� , 103,145,157
reindexing functor, 177
representablefunctor, seerepresentationfor

functor
representationfor functor, 165,169,171,181,

183,204,205,211,218,231
reversiblederivation,29,62,213,219,220

preservingeffects and sequencing,63,
206

preservingsubstitution,29,62,170,172,
206
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revisedsimplytyped t -calculus,seeRevised-t
Revised-t , 258–260-0/Q/ 4 , 142,156
rootmove,149
rootof anarena,142,156- 4 , 142,156

ó D���ä S G § , 286

Scottsemantics,52,70–76,227
for CBN, 40
for CBPV

asanalgebramodel,189,192,195
for CBV, 34

Scott-Ershov, seeSEdomain
SEdomain,70
SE D ó # h D , 75
SEAM predomain,70,174,254
SEAM, 70,174
SEAM ò 8 ó D
� # � , 75
SECDmachine,463 �.¨ ~ , 177,182,190,212,213,215,224–227
sequencedcomputation,20
SFL,18
SFPL,18
signature,168,186
simplefibration,177
small-stepsemantics,99
soundnessw.r.t operationalsemantics

abstractformulation,207
for CBN

with printing,38
soundnessw.r.t. operationalsemantics

for CBPV
pointergamemodel,155
with cell generation,111
with cell generation+ printing,112
with control,91
with control+ printing,94
with erraticchoice,96
with errors,98
with globalstore,86
with globalstore+ printing,88
with printing,52
with printing+ divergence,100
with recursion,71

for CBPV
with cell generation+ divergence,113

for CBV
with printing,33

for JWA

pointergamemodel,159
with printing,128

sourcefamily, 228,229
sourceobject,203 ä5Ò ó�h3Gò D ó Þ § , 287

 ä5Ò ó�h3Gó D
��ä S G § , 286,287

sourcetoken,150,216
source-to-targetfunction,204
stack,20,46
staggeredadjunctionmodel,228–232,238,

240–243
staggeredcategory, 203–205,228
staggeredstrongadjunction,230
store,19,102

general,seecell generation
global,seeglobalstore354 - , 217,231

strengthof monad,190
strict continuousfunction,40,212
strict indexedcategory, 177
strongadjunction,seeadjunction,strong
strongmonad,seemonad,strong
structure

of T -set,37,110
of algebra,191

sub-arena,143
subsumptive translation,18,19
successorof a token,142
sumtype,27,41
switchingcondition,284,285

c
, monadon

b ËV- ø + w ^ , 168,187
tag,22
targetobject,204,228,229D 8 óFEHG Dò D ó Þ § , 287D 8 ó�EHG Dó D
��ä S G § , 287

targettoken,150,216
teacher, 121

homomorphism,124
terminalterm,30,44

in CBN, 35
thunk,20,934�wzx^y^{ , 205,218
thunkstorage,115–117
thunk-storagefreefragment,1064 / { , 142,156
token,142
translation

from CBN to CBPV, 55,277–282
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from CBPV+controlto JWA, seeOPS
transform

from CBV to CBPV, 53
from CG-CBVto FG-CBV, 267–268
from FG-CBVto CBPV, 271–277
from lazy to FG-CBV, 270–271

trivial model,68,188,213
trivializationtransform,68,188
tupletypesin Revised-t , 259
typecanonicalform

for CBPV, 66
for CBPV + Y¬ , 144
for JWA, 130,157

typedefinability, 144,157,295–297

x^y 1^�.- , 142,156
unit of adjunction,220
universalmodel,139,155,159
untypedt -calculus,37

value,20,85
in CBV, 31
in JWA, 119

valuecategory, 68,187,199
valueedge,186
valuefragment,68
valuemorphism,187
valueobject,185
valuetype,22
value/producerfragment,199
value/producermodel,199–208,238–245
value/producerstructure,199,202–203,205
variable,19
vertex

of ( -representation,181
of cocone,74
of representation,165,181,204

visibility condition,141

d -computation,104d -store,105,108d -value,104
weakening,20
world, 102,104
world-store,102,105

Yonedaembedding,166,184,238
Yonedalemma,164,182
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cheUniversiẗatDarmstadt,2000.publishedby Logos-Verlag,Berlin. (p18)

[McC96] G. McCusker. Gamesand Full Abstraction for a Functional Metalanguage with
RecursiveTypes. PhD thesis,University of London,1996. (pp79, 142, 143,144,
288)

[McC97] G. McCusker. Gamesanddefinability for FPC. TheBulletin of SymbolicLogic,
3(3):347–362,September1997. (pp139,157)

[Mog88] E. Moggi. Computationallambda-calculusandmonads.LFCSReportECS-LFCS-
88-66,Universityof Edinburgh,October1988. (pp18,35)

[Mog91] E. Moggi. Notions of computationand monads. Information and Computation,
93:55–92,1991. (pp16,18,19,34,35,37,84,100,189,190,197,253,263)

[Mog90] E Moggi. An abstractview of programminglanguages.TechnicalReportECS-
LFCS-90-113,Dept.of ComputerScience,EdinburghUniv., 90. (pp17,102,115)

[MRS99] M. Marz,A. Rohr, andTh. Streicher. Full abstractionanduniversalityvia realisabil-
ity. In LICS: IEEE SymposiumonLogic in ComputerScience, 1999. (p18)

[Mur90] C. Murthy. Extracting ConstructiveContentfrom ClassicalProofs. PhD thesis,
CornellUniversity, Departmentof ComputerScience,1990. (p137)

[Nic96] H. Nickau. Hereditarily SequentialFunctionals: A Game-Theoretic Approach to
Sequentiality. Shaker-Verlag, 1996. Dissertation,Universiẗat Gesamthochschule
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